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Preface

Matter consists from atoms and elementary particles. It is desirable to get informa-
tion about atoms and use it in various fields of technology. It was discovered in the
twentieth century that elementary particles, atoms and molecules are governed by
quantum laws which are different from the classical Newton mechanics. The infor-
mation treated at the level of atom is called quantum information which is based on
the description by quantum states of various quantum systems.

Achievements of the fundamental research are going to be useful in the techno-
logical industrial applications. Nanotechnology or quantum technology is the ability
to engineer at atomic or molecular levels, it is the creation of materials, devices and
systems through the control of matter on the nanometer (one-billionth (10−9) me-
ter) scale. Nanotechnology requires quantum mechanics and quantum information
theory to reach its goals.

Quantum information theory is a rather old subject. Quantum mechanics was
created by Heisenberg, Schrödinger, Dirac and others in the 1920s. Quantum infor-
mation theory is based on quantum mechanics, and it has its origins in the 1930s
when von Neumann introduced quantum entropy and Einstein, Podolsky and Rosen
considered a sort of information gained as a result of measurement on the entangled
particle.

In 1950s, in particular after Shannon, the sciences named “information” and
“communication” were extensively developed. In the same vein, the processing abil-
ity of computers has been increasing each year, and now information technology
(IT) expands to almost all our daily life. However, one looks for more accurate,
speedier computers and safer communication, and the present stage of computers
and IT is not in fullness. Further development will be possible in some conceptually
different category, whose candidate is due to quantum mechanics. Mathematical
foundations of quantum information were considered by Umegaki, Stratonovich,
Ingarden and others in the early 1960s and developed by many other researchers.
Important contributions to the modern development of quantum computing and
nanoscience was made by Feynman. Information theory and technology based on
quantum mechanics are called quantum information theory and nanotechnology, re-
spectively.

v
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In this book, we will discuss some mathematical features of quantum informa-
tion and quantum computer (mainly computation) as mentioned above. Moreover,
we will discuss the following topics: (1) basics of classical and quantum probability,
functional analysis, stochastic analysis; (2) mathematical foundations of classical
and quantum communication theory; (3) quantum entropy, relative entropy, mutual
entropy, information and adaptive dynamics and their use in information communi-
cation and description of chaos; (4) Bell’s type inequalities, quantum entanglement
and their dependence on spatial variables; (5) various quantum algorithms and a new
algorithm for quantum computations which goes beyond the quantum Turing ma-
chine paradigm, with an application to NP complete problems; (6) classical and
quantum cryptography; (7) quantum teleportation; (8) some topics in quantum mea-
surements, quantum electrodynamics and quantum fields; (9) applications to life
science.

Further, we will consider applications of these mathematical methods to quantum
dots and some topics in nanoscience which have the potential to be useful in future
technology. We will also discuss some bio-systems in terms of mathematics treated
in this book.

These areas are being quickly developed, and the book does not pretend to give a
complete description of these topics. We try to describe the mathematical foundation
of these fields.

Some of these topics have been already discussed in several textbooks; see the
bibliography. This book contributes to the consideration of these topics by treating
them from the mathematical points of view. For instance, (1) our description is ba-
sically done in an infinite dimensional Hilbert space which is essential for studying
quantum systems; (2) the dynamics of systems and its observation are considered
from their modes of existence; (3) we investigate some basic notions of quantum
information from the point of view of the quantum field theory, e.g., we investigate
the spatial dependence of the entangled states which leads to a new perspective to
the so-called quantum non-locality and Bell’s theorem.

Various applications of mathematics developed in quantum and quantum-like
methods to bio-systems will be considered, including the recent experimental dis-
covery of quantum effects in photosynthesis.

The immensely long DNA (sequence of the four bases in the genome) contains
information on life, and decoding or changing this sequence is involved in the ex-
pression and control of life. In quantum information, meanwhile, we produce var-
ious “information” by sequences of two quantum states, and think of ways of pro-
cessing, communicating and controlling them. It is thought that the problems we can
process in time T using a conventional computer can be processed in time nearly
logT using a quantum computer. However, the transmission and processing of infor-
mation in the living body might be much faster than of quantum information. Seen
from this very basic viewpoint, developing the mathematical principles that have
been found in quantum information should be useful in constructing mathematical
principles for life sciences which have not been established yet. The mechanism of
processing information in life is also expected to be useful for the further growth of
quantum information.
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So it will be very natural to try to find a new bridge between quantum information
and life science [41–43]. We believe that the mathematics or mathematical notions
discussed in this book are or will become important for bioscience and further de-
velopments of quantum information and nanotechnology.

Interrelation between mathematics, information and life science as it is presented
in this book is shown in the following figure.
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Chapter 1
Introduction

“My greatest concern was what to call it. I thought of calling it ‘information’, but
the word was overly used, so I decided to call it ‘uncertainty’. When I discussed it
with John von Neumann, he had a better idea. Von Neumann told me, ‘You should
call it entropy, for two reasons. In the first place, your uncertainty function has been
used in statistical mechanics under that name, so it already has a name. In the second
place, and more important, nobody knows what entropy really is, so in a debate you
will always have the advantage.”—From a conversation between Claude Shannon
and John von Neumann regarding what name to give to the “measure of uncertainty”
or attenuation in phone-line signals (1949).

Quantum theory, i.e., quantum mechanics and quantum field theory, is a modern
fundamental physical theory. Information theory and technology based on quantum
mechanics is called quantum information theory or technology, and its first step was
made by von Neumann introducing quantum entropy of a density operator 20 years
ahead of Shannon. Quantum information theory constitutes a part of quantum theory
which deals with the notions of quantum state, channel, measurement, and entropy.

In this book, we present the mathematical foundations of quantum information
and quantum computation in various aspects such as quantum entropy, algorithm,
entanglement, communication, cryptography, teleportation, and nanosystems. We
describe in some details not only the material which has already become standard
in the field, but also the results related with the authors’ interests such as quan-
tum mutual entropy, the space–time dependence of quantum entangled states, a new
paradigm for quantum computations which goes beyond the quantum Turing ma-
chine, mathematical aspects of theory of nano- and bio-systems, relativistic quan-
tum information, adaptive dynamics.

It should be pointed out here that many researchers recently discussed topics
of quantum information and quantum computation in finite dimensional Hilbert
spaces. However, the essential feature of quantum mechanics is based on the infinite
dimensionality of a Hilbert space (for example, the spatial dependence of the sys-
tem), so that it is desirable for the theory of quantum information and computation
to be described in infinite dimensional Hilbert spaces. Thus the present book treats
things in an infinite dimensional Hilbert space as much as possible by anticipating
future development.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_1, © Springer Science+Business Media B.V. 2011
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2 1 Introduction

This introduction is devoted to explain some fundamentals. Furthermore, we will
describe some aspects of quantum information and quantum computer, historically,
conceptually and intuitively in this introduction.

1.1 Entropy and Information Communication

Physics is considered as the “theory of matter”, or equivalently, the “theory of ex-
istence in itself”. Information theory (entropy theory) is considered as the “theory
of events” as the probability theory, so that it will be considered as the “theory of
changes”. Quantum information can be regarded as a synthesis of these two theo-
ries. The key concept of quantum information bridging between matter and event,
so between two modes of being, is “entropy”, which was introduced by Shannon in
classical systems and by von Neumann in quantum systems.

According to Shannon, information is related to uncertainty in a way that dissolu-
tion of uncertainty can be regarded as acquisition of information, so that information
is described by entropy:

Information = Uncertainty = Entropy.

Historically, the concept of entropy was introduced to describe the flow of heat,
then it was recognized that the entropy describes chaos or uncertainty of a system.
A system is described by a state. A state is described by a probability distribution or
a measure in classical systems (Chap. 3) and a density operator in quantum systems
(Chap. 5), which is a rather abstract concept not belonging to an object (observable)
to be measured, but a means to get measured values. The entropy defined through
a state of a system implies that the entropy is not an object considered in the usual
“objective” physics, and it is an existence coming along the action of “observation”.

The channel is a key concept for the description of any state change both in
classical and quantum systems, which will be extensively discussed and used in
several chapters of this book.

Communication of information and computer processing are expressed in the
following figure.

Information is described by a state with a suitable coding, and it is sent through
a channel, whose outcome is decoded to receive original information.
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Now let us mention briefly the mathematical expression of a quantum state and
entropies. Quantum-mechanical description starts from assigning a Hilbert space H
to the physical system. A state of the system is described by a density operator,
i.e., a positive operator ρ of trace one, trρ = 1. Pure states are represented by unit
vectors in H. An observable of the system is represented by a self-adjoint operator
A in H. Its expectation value is given by tr(Aρ). We consider here the operator A

with the eigenvalues λn and the resolution of unity En,n = 1,2, . . .; we consider
here the discrete spectrum. In the more general case, one speaks about a positive
operator-valued measure (POVM) as an observable. The time evolution of states is
described by the Schrödinger equation and the corresponding unitary operators.

The results of the measurements of the system are given by the probability dis-
tribution Prob(λn) = tr(Enρ). According to the von Neumann–Luders projection
postulate, the state ρ transforms after the measurement to the state EnρEn/ tr(Enρ).
This state transformation and also a unitary time evolution are examples of channels.
A channel Λ∗ is a linear mapping on the algebra of observables; its dual mapping
Λ which sends states to states, is also called a channel. Any channel can be given in
the Kraus–Sudarshan form Λ∗ρ = ∑

k AkρA∗
k,

∑
k A∗

kAk ≤ 1, where Ak are some
operators.

An important characterization of information about a state is the von Neumann
entropy S(ρ) = − trρ logρ. It might decrease under the channel transform transfor-
mation. The uncertainty of a state ρ with respect to another state σ is represented by
the relative entropy S(ρ,σ ) = trρ(logρ− logσ) which was introduced by Umegaki
in 1962 [763]. A further development was performed by several researchers, and it
will be discussed in Chap. 7. The theory of quantum information is now very much
based on quantum probability which has been started by von Neumann and then by
Umegaki in the early 1960s and developed by many other researchers. The relative
entropy is a kind of distance between two states. The von Neumann entropy may be
expressed in terms of the relative entropy:

S(ρ) = sup

{∑

i

μiS(ρi, ρ);ρ =
∑

i

μiρi

}

where the least upper bound is taken over all finite convex orthogonal decomposi-
tions of the state ρ. Based on this formula and on the ideas of Kolmogorov, Gelfand
and Yaglom in the classical information theory, Ohya in 1983 introduced the quan-
tum mutual entropy with a channel Λ∗ sending a quantum state to another quantum
state

I (ρ;Λ∗) = sup

{∑

i

μiS(Λ∗ρi,Λ
∗ρ);ρ =

∑

i

μiρi

}

.

The mutual entropy represents the amount of information correctly transmitted
through the channel.

It seems that the notion of information in the classical information theory is clear
enough intuitively, i.e., it has two aspects: one of which is the quantitative aspect,
the amount of information described by the entropy, and the other is a message rep-
resented as a sequence of symbols (letters). The notion of quantum information is
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more subtle because in quantum theory the role of the observer is important. In a
broad sense, quantum information is the theory of entropy and dynamics for quan-
tum states. We will carefully discuss such various aspects of quantum information
in this book. The details of quantum entropy and its use are discussed in Chaps. 7
and 9.

1.2 Classical Computer Versus Quantum Computer

Let us compare a classical computer with a quantum computer.

Classical computer (CC)

• Input is expressed by a sequence of 0s and 1s, and each digit is respectively
translated into “OFF” and “ON” of electrical signals.

• Turing machine (we call it the classical Turing machine (CTM) here), equiva-
lently circuits: It reads electrical signals 0, 1 and changes the signals according
to processing commands, and it saves the results in the memory and makes out-
puts. Here the processing commands are running by the fundamental gates such
as NOT,AND,OR, and XOR.

Quantum computer (QC)

• Input is expressed by a sequence of 0s and 1s, which are translated into two
different quantum states.

• Quantum Turing machine (QTM), equivalently quantum circuits: It reads quan-
tum states and changes the states according to quantum dynamics.

The basic difference between a classical computer and a quantum computer is
that there exists a coherence among states in the course of processing, whose precise
meaning will be discussed in Chaps. 2 and 11.

In a classical computer there exist inevitable demerits such as

(1) Strong effect from thermal noise due to electric current.
(2) Information loss by an irreversible gate that is actually used in a classical com-

puter.

1.2.1 Logical Irreversibility and Energy Loss

Let us discuss information loss by irreversible gates. Although it is possible to make
reversible gates even for a classical computer, such a reversible gate needs more
resources for computation, so that such gates are not used in a usual classical com-
puter. On the other hand, quantum computation is, in principle, done by unitary
transformations, so that it is reversible.

Now, we show how much information will be lost in classical gates.
Let us take an AND/OR gate Fig. 1.1 to discuss this problem.
In a NOT gate, the information is conserved, but in an AND/OR gate information

is lost.
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Fig. 1.1 AND/OR gate and
truth table

1.2.2 Thermodynamic Interpretation of Irreversible Computation

Landauer and von Neumann considered that this information loss is related to heat
generation. They explained it as follows: The information of input and that of output
are respectively given by

Sin = k log 4, Sout = k log 2

where k is the Boltzmann constant. Hence the loss of information turns out to be

�S = −k log 2 = �Q

T
,

and Landauer and von Neumann considered that it causes generation of heat �Q

given by

�Q = −kT log 2 (energy loss)

where T is the temperature of the system.

1.2.3 Information Theoretic Interpretation

After Shannon, the information-theoretic explanation of the above information loss
should be:

Sin − I (mutual entropy) = 3

4
log 3

⇒ information loss.

The classical entropy Sin and the mutual entropy I above will be discussed in
Chap. 6. Reversible classical computation was discussed by Bennett, and he showed
that the computational complexity is much more than irreversible one.

1.2.4 Resolution of Demerits (1), (2) by Quantum Computer

We can resolve the demerits of a classical computer by a quantum computer: De-
merit (1) can be avoided because quantum noise is very small. Demerit (2) is re-
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Fig. 1.2 NOT gate

solved because state is, in principle, changed by unitary dynamics in a quantum
computer, so that information (entropy) is preserved in the process of computation
as

I (ρ;U∗ · U) = S(ρ),

where S(ρ) is the von Neumann entropy of an input state ρ, and I is the quantum
mutual entropy, both discussed in Chap. 7.

1.3 What Are Quantum Gates and Computation?

1.3.1 Gates

Quantum computation is, in principle, done by reversible quantum gates (Fredkin–
Toffoli gate, Feynman gate, and other gates), that is, unitary transformations.

We here explain the fundamental three gates, originally given by Feynman.
A more general discussion on gates is given in Chaps. 2 and 10. Let 0 be described
by a state vector |0〉 = (1

0

) ∈ C
2 and 1 by a vector |1〉 = (0

1

) ∈ C
2 by Dirac’s bra–ket

notation

(1) NOT gate is the gate to compute the function

fNOT(x) = 1 − x (mod 2), x = 0,1

so that the corresponding truth table is as in Fig. 1.2. The unitary operator de-
scribing this gate is written by

UNOT = |0〉〈1| + |1〉〈0|
where, for instance, |0〉〈1| = (1

0

)
(0 1) = ( 0 1

0 0

)
and so

UNOT =
(

0 1
1 0

)

.

(2) Controlled NOT gate (Exclusive OR (XOR)) is the gate to compute the function

fXOR(x, y) = (x, x ⊕ y), x ⊕ y ≡ x + y (mod 2).

Its truth table and the unitary operator are given as

UCNOT = |0〉〈0| ⊗ I + |1〉〈1| ⊗ (|0〉〈1| + |1〉〈0|).
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CNOT gate

(3) Controlled–Controlled NOT gate is the gate to compute the AND function

fAND(x, y,0) = (x, y, x ∧ y)

and the OR function

fOR(x, y,0) = (x̄, ȳ, x ∨ y),

where x̄ = 1 − x, x ∧ y = min{x, y}, and x ∨ y = max{x, y}. Its truth table and
the unitary operator are given below:

UCCN = |0〉〈0| ⊗ I ⊗ I + |1〉〈1| ⊗ |0〉〈0| ⊗ I

+ |1〉〈1| ⊗ |1〉〈1| ⊗ (|0〉〈1| + |1〉〈0|).

C-C-N gate

AND gate can be realized by exchanging the role of the gates as follows:

C1 C2 I 0

AND Input 1 Input 2 0 Output

(4) Other gates to be used for computation can be constructed by the above three
gates.

The details on gates and algorithms are discussed in several successive chapters
(e.g., Chaps. 2, 11–15).
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1.3.2 Quantum Algorithm and Computation

Let us explain the basic idea of quantum computation by comparing it with classical
computation. In a classical computer, a state consists of the signals 1 or 0, i.e., a con-
denser is physically charged or not. In a quantum computer, a state symbolically is 1
or 0, or a superposition of these two; physically, such a state (vector) is expressed by

|ξ 〉 = α|0〉 + β|1〉; |α|2 + |β|2 = 1,

which is called a qubit.
When the quantum vectors |1〉 and |0〉 are represented by spin-up and spin-down,

the superposition of these two vectors is written as

cos θ |0〉 + sin θ |1〉.
An input (signal) in a classical computer is described by a sequence (a1, . . . , aN)

with each ak = 1 or 0, so that we have 2N such vectors altogether. On the other hand,
an input of a quantum computer can be generally written as |a1〉 ⊗ · · · ⊗ |aN 〉 =⊗N

k=1(αk|0〉 + βk|1〉) with ak = 1 or 0 and |αk|2+|βk|2 = 1 for every k.

After passing through a channel (computation), the output will be (b1, . . . , bN)

and |b1〉 ⊗ · · · ⊗ |bN 〉 in classical and quantum settings, respectively.
Here we take the input as

|a1〉 ⊗ · · · ⊗ |aN 〉 =
N⊗( |0〉 + |1〉√

2

)

= 1√
2N

2N−1⊗

k=0

∣
∣ξ (N)

k

〉
,

where
∣
∣ξ (N)

k

〉 = ∣
∣a(k)

1

〉 ⊗ · · · ⊗ ∣
∣a(k)

N

〉
.

Let us now consider changing the signs of all ak
j , that is, the transformation ak

j →
−ak

j for all j and k. We have the following complexity.

(1) In the classical case, we need to determine the sign of (a
(k)
1 , . . . ,a

(k)
N ) for each

k. Therefore, the complexity will be 2N in CC.
(2) In the quantum case, we have only to operate the unitary (N-tuple tensor product

of it)
(

1 0
0 −1

)

=⇒ |0〉 → |0〉, |1〉 → −|1〉.
Thus the complexity is N (the times operating the unitary) in QC.
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A mathematical model of a quantum computer as the quantum Turing machine
or a quantum circuit was proposed by Deutsch [197]. A quantum Turing machine
is given by a quadruplet {Q,Σ, H,U}. Here Q is a set of states, Σ is an alphabet
space, H is a Hilbert space of complex functions on the configuration space of the
classical Turing machine. The unitary operator U is constructed from elementary
unitary operators, the so-called quantum gates. The form of this construction defines
a quantum program.

Although the ability of a computer has highly progressed, there are several prob-
lems which may not be solved effectively, that is, in polynomial time. Among such
problems, the NP problem and the NP-complete problem are fundamental. It is
known that all NP-complete problems are equivalent, and an essential question is
“whether there exists an algorithm to solve an NP-complete problem in polynomial
time”. Quantum computations were considered by several pioneers like Feynman,
Manin, Benioff, Deutsch in 1980. After their pioneering works, several important
works have been done on quantum algorithms by Shor, Grover, Bennett, and many
others. It was shown by Shor [710] that by means of a quantum computation one
can solve the problem of factoring of integers in the polynomial time. Ohya, Masuda
and Volovich showed an algorithm solving an NP-complete problem in polynomial
time, which goes beyond the usual quantum Turing machine, and it uses, instead
of the unitary transformation, more general channels with a chaotic amplifier. This
new computational model is called a generalized quantum Turing machine [373],
which contains both classical and quantum Turing machine. The computation in a
quantum computer is performed on a tensor product Hilbert space, and its funda-
mental point is to use quantum coherence (entanglement) of states. Therefore, the
realization of a quantum computer is strongly based on maintenance of this coher-
ence whose technology will be very hard to realize. Various quantum algorithms
such as Shor, Grover, Ohya–Masuda–Volovich are discussed in Chaps. 11–14.

1.4 Locality and Entanglement

The entanglement or the entangled state is an old and important concept of quantum
mechanics coming from interference of two different states.

Let ϕ,ϕj (j = 1,2) be the state vectors of the coupled system with the as-
signed Hilbert space HA ⊗ HB given as ϕ ≡ αϕ1 + βϕ2 ≡ αψA ⊗ ψB + βωA ⊗ ωB

with |α|2 + |β|2 = 1. This state ϕ is entangled if the state of the system A being
ψA (resp., ωA) implies that the state of the system B is ψB (resp., ωB) with proba-
bility 1. Otherwise, the state ϕ is said not to be entangled. For instance, the state ϕ =
α|0〉⊗|1〉+β|1〉⊗|0〉 is an entangled state, but the state ϕ = α|0〉⊗|1〉+β|1〉⊗|1〉
is not. If Alice and Bob can share such an entangled state, then they can use it as
a key because one of them can know the other’s hand when he (or she) reads his
(or her) hand. The entangled states and the reduction postulate are essential for dis-
cussing quantum cryptography and quantum teleportation.

One of the sources of quantum information is the article of Einstein, Podolsky,
and Rosen [218] “Can quantum-mechanical description of physical reality be con-
sidered complete?”. In this article, paradoxical properties of entangled states of two
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particles were analyzed. The two particle Hilbert space H is the tensor product of
the one-particle Hilbert spaces H1 and H2, H = H1 ⊗ H2. An entangled pure state
ψ in H is such a unit vector which is not the tensor product of vectors from H1 and

H2, that is, a sum of at least two terms, ψ = ϕ1 ⊗ χ1 + ϕ2 ⊗ χ2.
The correlation function of spins of two particles in an entangled spin state ψspin

can be computed as

〈ψspin|s(α) ⊗ s(β)|ψspin〉 = − cos(α − β).

Here s(α) and s(β) are the operators of spins of the first and the second particles
depending on the angles α and β , respectively. It was shown by Bell (1965) that
cos(α − β) cannot be represented in the form

∫
ξ(α,λ)η(β,λ)dP (λ) where dP (λ)

is the probability measure on the space of the “hidden variables” λ, and ξ(α,λ) and
η(β,λ) are appropriately bounded functions. It follows from the so-called Bell’s
inequalities for the classical correlation functions. This result and appropriate ex-
periments were interpreted as non-compatibility of quantum mechanics with local
realism and as manifestation of quantum non-locality.

However, in the previous formula for the quantum mechanical correlation func-
tion of spins of the particles, the spatial dependence of the wave function, which
is relevant for the consideration of locality, was neglected. A modification of the
quantum mechanical correlation function which takes into account the space–time
dependence was obtained by Volovich [790]. If one makes quantum mechanical
computation with the wave function ψ = ψ(x, y) depending on the spatial variables
x and y then, in the simplest case, one obtains the following relation

〈ψ |s(α)E(x) ⊗ s(β)E(y)|ψ〉 = g(x, y) cos(α − β),

where E(x) and E(y) are the projection operators on the locations of the detectors
for the first and the second particle, and the factor g(x, y) describes the location of
the detectors of the particles at the points x and y in a three-dimensional space. The
function g(x, y) vanishes with a large separation between the detectors. One can
prove that if the distance between the detectors is large enough then there exists a
representation of this quantum-mechanical correlation function of the form

〈ψ |s(α)E(x) ⊗ s(β)E(y)|ψ〉 =
∫

ξ(α, x,λ)η(β, y,λ)dP (λ).

This result shows that quantum mechanics is compatible with an appropriate under-
standing of local realism at large distances. It is important that in this representation
the classical functions (random fields) ξ(α, x,λ) and η(β, y,λ) depend on the spa-
tial variables x and y, and hence they are local functions. These random fields are
classical analogues of quantum fields.

Let us emphasize that the central notion in modern fundamental physics is the
notion of a quantum field (and its extension to string theory). Therefore, quantum
information theory should be based on quantum field theory, first of all on quantum
electrodynamics. One of the aims of this book is an attempt to develop quantum in-
formation theory starting from quantum field theory. A quantum field is an operator
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valued function on the Minkowski space–time. In the quantum field theory, there is
the fundamental property of locality (local commutativity) which for the scalar field
Φ(x) reads

[
Φ(x),Φ(y)

] = 0,

if the points x and y are space-like separated. The above mentioned representation
which includes classical random fields ξ(α, x,λ) and η(β, y,λ) is consistent with
the property of locality in the quantum field theory. We will discuss implications of
these results to the Bell type experiments and quantum cryptography in Chaps. 8
and 17.

Various studies of separable and entangled states have been recently done by
many researchers, and are discussed in Chap. 8.

1.5 What Are Quantum Cryptography and Teleportation?

Let us discuss the basic idea of quantum cryptography and quantum teleportation as
a conceptual introduction to Chaps. 17 and 18.

1.5.1 Cryptography

A well known example of a cryptosystem is the Caesar cipher. Julius Caesar al-
legedly used a simple letter substitution method. Each letter of Caesar’s message
was replaced by the letter that followed it alphabetically by 3 places. This method
is called the Caesar cipher. The size of the shift (3 in this example) should be kept
secret. It is called the key of the cryptosystem. It is an example of the traditional
cryptosystem. It is also called the private key cryptography. Anyone who knows
the enciphering key can decipher the message. A mathematical theory of classical
cryptography has been developed by Shannon.

There is a problem in the private key cryptography which is called the problem of
key distribution. To establish the key, two users must use a very secure channel. In
the classical world, an eavesdropper, in principle, can monitor the channel without
the legitimate users being aware that eavesdropping has taken place.

In 1976, Diffie and Hellman discovered a new type of a cryptosystem and in-
vented public key cryptography, by which the problem of key distribution was
solved. The well-known public key cryptosystem is called RSA, and it is widely
used on the Internet and other businesses.

Wiesner and Bennett–Brassard have proposed the idea of quantum cryptography.
They used the sending of single quantum particles, eigenstates of noncommutative
observables, and their quantum cryptography can solve the key distribution problem.
Moreover, it can detect the presence of an eavesdropper, so that we have a secure
protocol for information communication.
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Non-classical properties of entangled states and the projection postulate are used
in quantum cryptography and quantum teleportation first considered by Bennett et
al. in the 1990s and implemented in recent experiments. In 1991, using entangle-
ment between Alice (system A) and Bob (system B) such that one can make cryp-
tography read a signal between them, Ekert proposed using such a phenomena of
entanglement and Bell’s inequalities.

1.5.2 Teleportation

Quantum teleportation is sending a quantum state itself containing all information
of a certain system from one place to another. If such an information transmission
is realized, then this transmission can be one of ultimate methods because quantum
state will not be stolen due to its fragility under observation; that is, quantum state
is easily destroyed by observation, so one can easily notice that a state sent from
a sender was stolen or not. The problem of quantum teleportation is whether there
exist a physical means and a key (or a set of keys) by which a quantum state attached
to a sender (Alice) is completely transmitted through an entangled device between
Alice and Bob, and a receiver (Bob) can reconstruct the state sent. Bennett and his
coworkers showed such a teleportation is possible through a device (channel) made
from proper (EPR) entangled states. The basic idea behind their discussion is to di-
vide the information encoded in the state into two parts, classical and quantum, and
send them through different channels, a classical channel and the EPR channel. The
classical channel is nothing but a simple correspondence between a sender and a
receiver, and the EPR channel is constructed by Bell’s entangled state. Accardi and
Ohya generalized their scheme and discussed the necessity of maximal entangled
states and the existence of unique key. A crucial role of the spatial dependence in
quantum teleportation schemes was pointed out by Volovich. It is known that the
EPR channel is not stable due to decoherence of the entanglement. Fichtner and
Ohya studied the quantum teleportation by means of a general beam splitting with
coherent states such that it contains the EPR channel as a special case, and we pro-
posed a more stable teleportation model in a mathematically rigorous framework.
In this model, the so-called Hida’s derivative plays a fundamental role, so that the
quantum teleportation is linked to white noise analysis. Furusawa and Kimble dis-
cussed the case of continuous variables. Kossakowski and Ohya introduced a new
treatment of quantum teleportation, in which any teleportation process becomes lin-
ear with respect to an input state and can be perfect even for non-maximal entangled
state between Alice and Bob. The quantum teleportation is discussed in Chap. 18.

1.6 Nanosystems and Biosystems

Nanotechnology is the control of matter on an atomic and molecular scale. It deals
with structures of the size 100 nanometers or smaller, (1 nm = 10−9 m). Nan-
otechnology became popular after the works of Feynman, Taniguchi and Drexler.
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Nanotechnology and nanoscience got started in the 1980s with the birth of cluster
science, the invention of the scanning tunneling microscope and the discovery of
fullerenes and carbon nanotubes. One should mention the semiconductor nanocrys-
tals, quantum dots and giant magnetoresistance.

Important examples of nanosystems are quantum dots which are quasi-zero-
dimensional systems of dimensions of the order of 10–1000 nm that contain a small
and controllable number of electrons. One has the possibility of controlling the prop-
erties of quantum dots, for example, their shape, their dimensions, and the number
of confined electrons. Quantum dots are similar to atoms and often referred to as the
artificial atoms. However, quantum dots do not have nuclei, and the lateral potential
of a quantum dot differs from the Coulomb potential binding electrons in an atom.
They have the shape of flat discs. In a good approximation, an electron in a quantum
dot can be described by the Hamiltonian

H = 1

2m

(

p − e

c
A

)2

+ k

2
r2.

Here m is the effective mass, r =(x, y) is the position of the electron on the plane,
p = (px,py) is the momentum, A is the vector potential of the magnetic field B ,
A = 1

2B(y,−x,0), and e, c, and k are the electric charge, the velocity of light, and
a coupling constant. The eigenstates and the energy levels of the Hamiltonian were
determined by Fock and Darwin in 1927 by using a transformation to a pair of
harmonic oscillators. Quantum dots and some other nanosystems were recently pro-
posed for possible implementations of quantum computers. Some nanosystems are
discussed in Chap. 19.

The study of biosystems such as protein, DNA, other biomolecules and brain as
such is very important for the genetics and life science. One looks for basic math-
ematics to describe “life”. However, such mathematics is not yet found, so that it
is important for us to try using various mathematics and their modifications to un-
derstand the mystery of “life”. We show some attempts of building mathematical
models of a brain and cognitive phenomena in Chap. 21 within the framework stated
in the preface. In this chapter, we also discuss recent discoveries in quantum photo-
synthesis.





Chapter 2
Algorithms and Computation

In this chapter, we first discuss the principles of algorithm and computation in gen-
eral framework, common both in classical and quantum computers, then we go to
the fundamental topics of a Turing machine, algorithm, computation, circuits, and
NP-complete problems.

2.1 General Algorithms

An algorithm is a precise formulation of doing something. Algorithms play an im-
portant role in mathematics and in computers, and they are employed to accomplish
specific tasks using data and instructions. The notion of an algorithm is old; there
is, for example, the well known Euclid’s algorithm for finding the greatest common
divisor of two numbers. Let us exhibit Euclid’s algorithm here.

Euclid’s algorithm. Given two positive integers m and n, the task is to find their
greatest common divisor, i.e., the largest positive integer which divides both m

and n. Here m and n are interpreted as variables which can take specific values.
Suppose that m is greater than n. The algorithm consists of three steps.

Step 1. Divide m by n and let r be the remainder.
Step 2. If r = 0, the algorithm halts; n is the answer.
Step 3. Replace the value of m by the current value of n, also replace the value of
n by the current value of r and go back to Step 1.

An algorithm has input, i.e., some quantity which is given to it initially before the
algorithm begins. In Euclid’s algorithm, the input is a pair of two positive integers
m and n. An algorithm also has output, i.e., some quantity which has a specified
relation to the input. In Euclid’s algorithm, the output is n in Step 2, which is the
greatest common divisor of two given integers.

Exercise 2.1 Prove that the output of Euclid’s algorithm is indeed the greatest com-
mon divisor.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_2, © Springer Science+Business Media B.V. 2011
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There are various approaches to precise formulation of the concept of an algo-
rithm. There exist classical and quantum algorithms. One of modern precise formu-
lations of the notion of a classical algorithm can be given by using Turing machines.
Another approach to algorithms is based on the notion of circuits. Classical circuits
and classical Turing machines are used as mathematical models of a classical com-
puter. Quantum circuits and quantum Turing machines are mathematical models of
a quantum computer.

The concept of the Turing machine was introduced by A.M. Turing in 1936 [757]
for the study of limits of human ability to solve mathematical problems in a formal
way. Any classical algorithm can be implemented on a Turing machine (this is the
so-called A. Church’s thesis).

A Turing machine has two main parts: a tape and a central unit with a head ∇
(see figure below).

∇
.. b d a ..

The tape is infinite in both directions and is divided into squares. Each square of
the tape holds exactly one of the symbols from a finite set of symbols (this finite
set of symbols is called an alphabet). The central unit with the head is in one of the
states from a finite set of states (the precise meaning of a state will be fixed later).
The head sees at any moment of time one square of the tape and is able to read the
content of the square as well as to write on the square. The input is written as a string
(sequence) of symbols on the tape. The head starts in a prescribed state. In a single
move, the Turing machine can read the symbol on the one square seen by its head,
and based on that symbol and its current state, replace the symbol by a difference
one, change its state, and move the head one square to the left, or one square to the
right, or stay on the same square as before.

A sequence of moves is called a computation. For some pairs of states and sym-
bols on the tape, the machine halts. In this case, symbols remaining on the tape form
the output corresponding to the original input. A Turing machine accepts some input
strings if it halts on it. The set of all accepted strings is called a language accepted
by the Turing machine. Such languages are called recursively enumerable sets.

The Turing machine is a suitable model for the computational power of a classical
computer. Its usefulness follows from the Church’s thesis which may be reformu-
lated as follows: The computational power of the Turing machine represents a limit
for any realizable classical computer.

Let us indicate now one method which is general enough to include classical as
well as quantum algorithms. Let us take two sets I and O . The set I will represent
the input, and the set O represents the output of our computation. Suppose the sets I

and O are parts of a larger set X which will represent configurations of computation.
Let G = {g1, . . . , gr} be a finite set of functions gi from X to X . Such functions
are called gates in computing and G is called the basis of gates. They form the
primitive elements from which we will design an algorithm. For example, the gates
can represent the basic logical operations such as AND,OR, and NOT as discussed
in Chap. 1. Now let us be given a function f which maps the input set I to the
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output set O . Our problem is to find a sequence of gates AG = {gi1, gi2 , . . . , gik }
which computes the function f in the sense that the function can be represented as
a composition of gates, i.e., for any input x ∈ I one has f (x) = gi1 ◦gi2 ◦· · ·◦gik (x).
The sequence AG is called the algorithm or the program of computation using G.

Each input x in the set I defines a computational sequence, x0, x1, . . . , as fol-
lows: x0 = x, x1 = gi1(x0), . . . , xm = gim(xm−1), . . . . One says that the computa-
tional sequence terminates in n steps if n is the smallest integer for which xn is
in O , and in this case it produces the output y = xn from x. One says that the algo-
rithm computes the function y = f (x).

A more general approach would be if one admits that the functions gi and the
function f are not defined everywhere (such functions are called partial functions)
and that not every computational sequence terminates. Moreover, one can assume
that the transition xm = gim(xm−1) takes place with a certain probability (random
walk) and that the output space O is a metric space with a metric τ . Then one
says that the algorithm makes an approximate computation, in the order of ε, of a
function f (x) with a certain probability if one gets a bound τ(f (x), xk) < ε for
some xk ∈ O .

To summarize, the algorithm for the computation of the function f by using the
prescribed set of gates is given by the following data {X , I,O,G,A,f } described
above.

In the considerations on this book, the set X for the classical Turing machine
will be the set of all configurations of the Turing machine, and the gates gi will
form the transition function. For a classical circuit, the gates might, for example, be
basic logical operations AND,OR and NOT. For a quantum circuit and for a quantum
Turing machine, the set X might be the Hilbert space of quantum states and the
gates gi could be some unitary matrices and projection operators.

An important issue in computing is the computational complexity. One would
like to minimize the amount of time and memory needed to produce the output from
a given input. For an input x, let t (x) be the number of steps until the computational
sequence terminates. The computational time T of the algorithm is defined by

T (n) = max
x

{
t (x) : |x| = n

}

where |x| is the length of the description of x. The actual length of the description
depends on the model of computation. We are interested, of course, in minimizing
the computational time T (n).

2.2 Turing Machine

Now let us give a precise definition of the (classical) Turing machine. An alphabet
A is a finite set of symbols (letters). For example, A = {0,1} or A = {#, a1, . . . , am}.
Let A, Q and Γ be three different alphabets. The alphabet A = {#, a1, . . . , am} is
often called the tape alphabet. It should include the symbol # which is called the
blank symbol.
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Definition 2.2 A Turing machine M is a triple M = {Q,A,δ}. Here Q =
{q0, q1, . . . , qr , qF } is called the set of states. It should include the initial state q0 and
the final state qF . δ is the transition function defined by δ : Q × A → Q × A × Γ ,
where the set Γ consists of three symbols Γ = {L,S,R}.

Remark 2.3 In Γ , the letters L, S and R mean that the tape head goes to the left,
stays, and moves right, respectively. It is useful to use the notation {−1,0,+1} in-
stead of {L,S,R}, so that we may use both in the sequel when the later is considered
useful.

The above function δ is not necessarily defined on all elements of Q. Such not
everywhere defined functions are called partial functions. Normally, δ is defined on
all elements of A and on all elements of Q except qF .

The tape of the Turing machine is a sequence of squares, i.e., the one-dimensional
lattice which can be enumerated by integers. Each square of the tape contains a
symbol of A. The central unit of the machine is at each moment of time in one state
q ∈ Q.

At the beginning, the input x = (x1, . . . , xn), xi ∈ A, is contained in the squares
labeled 0,1, . . . , n−1, all other squares contain the blank symbol #. The head starts
in the state q0. If the head is in the state q and reads a on the tape, and if δ(q, a) =
(q ′, a′, γ ) then the machine replaces the contents of the considered square by a′,
the new state of the head is q ′, and the head moves one step in direction γ . Here
if γ = R (or +1) then the head moves to the right, if γ = L (or −1) then the head
moves to the left, and if γ = S (or 0) then the head stays on the same square. The
computation stops if the head is in the final state qF . The result of computation
y = (y1, . . . , ys), where yi ∈ A, can be read consecutively from the square starting
at 0 until the first square containing the blank symbol #.

The Turing machine M transforms the input x into the output y. One can write
y = M(x). The computation does not necessarily halt on a given input x. Therefore,
the function M(x) = y is not necessarily defined on all inputs x. The following ter-
minology is used. A word is a finitestring of symbols of the alphabet A, i.e., an or-
dered sequence x1x2 · · ·xn where xi ∈ A. The length |w|of the word w = x1x2 · · ·xn

is |w| = n. One can write M(w) = v if the word w is an input, and the word v is
the output for the Turing machine M . The function v = M(w) is a partial function
M : A∗ → A∗ from the set A∗ of all words over the alphabet A to A∗.

Example 2.4 Let us design an adder, i.e., a Turing machine which makes addition
of two natural numbers.

One takes M = {Q,A,δ} where the head alphabet Q = {q0, q1, qF } has three
states, and the tape alphabet A = {#,1,+} also has three symbols. If we want to
compute the sum, say, of 2 and 3, then we will write the input word as 11 + 111.
The output should be 11111, i.e., 5. Our machine in this case acts as M(11+111) =
11111, and similarly for addition of arbitrary natural numbers n and m. The program



2.2 Turing Machine 19

is given by the following transition function δ:

δ(q0,#) = (q1,#,L), δ(q0,1) = (q0,1,R),

δ(q0,+) = (q0,1,R), δ(q1,1) = (qF ,#, S).
(2.1)

The program can be given also by the table below.

# 1 +
q0 q1,#,L q0,1,R q0,1,R

q1 qF ,#, S

(2.2)

The machine starts in the state q0 and looks at the left symbol 1. Then it moves
to the right, finds the symbol + and prints instead of it the symbol 1. Then it goes
up to the end, i.e., until reaches #, and finally moves one step to the left, prints #
instead of 1 and halts.

Let us stress that the Turing machine is finite, it has only 9 symbols and the
program is also finite, but the machine can make addition of two arbitrary natural
numbers n and m.

Exercise 2.5 Design a Turing machine for the subtraction of two integers.

At every moment of time, the state of the Turing machine can be described as
a configuration C = (q, i,w) where q is the state of the head, the integer i is the
number of the square on the tape to which the head looks, and w is the word on the
tape formed by non-blank symbols. The program δ transforms one configuration
into another. Computation on the Turing machine is a sequence of configurations.

The set of all words over A is denoted by A∗. A language L is a subset of A∗.
A Turing machine decides a language L if it computes 1 for every input A ∈ L

and 0 if A /∈ L. This means that the Turing machine computes the characteristic
function of the language L. Here we assume that 0 and 1 belong to the alphabet A.
A language is called decidable if there exists a Turing machine which computes its
characteristic function. If a mathematical problem can be formulated as a decidable
language then it is called a solved problem in the sense of Turing. Otherwise, the
problem is called unsolvable in the sense of Turing. After the next section, we shall
discuss an example of an unsolvable problem (the halting problem).

2.2.1 Gödel Encoding

Let us study the computational power of Turing machines. To this end, it is useful to
enumerate all Turing machines in a special way. We have described the program of
the Turing machine as a table or a matrix (δ(qi, aj )) for all qi ∈ Q and aj ∈ A. Now
we will represent the program as a string. If δ(q, a) = (q ′, a′, γ ) then we will write
the quintuplet (q, a, q ′, a′, γ ) where the first two symbols denote the arguments of
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the function δ and the last three symbols denote its value. The program δ can be
written as a string P of quintuplets.

For example, the program of the Turing machine from Example 2.4 can be writ-
ten as

P = (q0,#, q1,#,L), (q0,1, q0,1,R), (q0,+, q0,1,R), (q1,1, qF ,#, S).

One can remove the brackets. Then we get

P = q0,#, q1,#,L, q0,1, q0,1,R, q0,+, q0,1,R, q1,1, qF ,#, S.

Now if one encodes the symbols of our Turing machine by natural numbers, for
example, as

q0 → 1, q1 → 2, qF → 3, # → 4,

1 → 5, + → 6, R → 7, L → 8, S → 9,

then one can represent the program as a sequence of natural numbers:

P = 1,4,2,4,8,1, . . . ,9. (2.3)

We would like to be able to represent or encode individual Turing machines as
natural numbers. This would make it possible for one Turing machine to take an-
other Turing machine (in encoded form) as its input. Of course, we assume a certain
fixed encoding for the alphabets Q and A. Otherwise, the set of Turing machines
will be uncountable because there is an uncountable number of encoded alphabets.

We will need some facts about prime numbers. Prime numbers are such natural
numbers which are not divisible to other numbers except 1 and themselves.

Exercise 2.6 Prove that there are infinitely many prime numbers.

Every natural number n ≥ 2 has a unique prime decomposition, n = p
i1
1 p

i2
2 · · · ,

where p1 = 2,p2 = 3, . . . . This decomposition leads to a one-to-one correspon-
dence between finite sequences of natural numbers (i1, i2, . . .) and natural num-
bers n. In particular, one can encode the program as the following number:

21345274118 · · · = n.

Such an encoding is called the Gödel encoding, and n is called the Gödel number
of the Turing machine M . It is evident that in this way we can enumerate all Turing
machines {Mn}. The set of all Gödel numbers {n} is a subset of natural numbers.
Note that from this remark it follows that the set of all Turing machines is a count-
able set. Given a natural number, there is an algorithm for determining whether it is
the Gödel number of a Turing machine.

Exercise 2.7 Prove that the number 49 is not a Gödel number.
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2.2.2 The Halting Problem

Let us prove that there are uncomputable functions. Let {Mn} be the set of all Turing
machines where n is a Gödel number. Let us define the following function h: h(n)

is defined only for such Gödel numbers n for which Mn does not halt on input n,
and for such n on has

h(n) = 0.

Theorem 2.8 The function h is not Turing computable.

Proof Let us assume that the function h is computable. Then there exists a Turing
machine Mk with a Gödel number k that computes h. Let us consider what happens
when Mk is presented with input k. The machine Mk either halts on the input k or
it does not halt. Suppose first that Mk halts on input k, i.e., the machine computes
the value of the function h(k). But according to the definition of the function h, the
value h(k) is defined only if Mk does not halt on input k. We get the contradiction.
Suppose now that Mk does not halt on input k. Then from the definition of h, one
gets that h(k) is defined, and moreover h(k) = 0. But since Mk does not halt on
input k, this means that Mk does not compute the value h(k). However, according
to our assumption the function h has to be computed by Mk . Again we get the
contradiction. Therefore, our assumption that the function h is computable cannot
be true. �

2.2.3 Universal Turing Machine

A universal Turing machine is a machine which can simulate the behavior of any
Turing machine whose programs are provided as input data to it. A universal Tur-
ing machine is comparable to a general purpose computer which can compile and
execute any given input program. The universal Turing machine U will receive as
input the description of a particular machine M in addition to a copy of an input x

and will simulate the behavior of M when M starts on x. In other words, U receives
(δM , x) as input, where δM is the string of quintuples of M and x is an arbitrary in-
put for M . The universal Turing machine U then simulates the behavior of M when
M starts on x. One can prove that there exists a universal Turing machine [197].

2.2.4 Partially Recursive Functions

Which functions are computable on Turing machines? This is the class of partially
recursive functions. They are generated from basic functions by using generating
rules. The basic functions are defined on the natural numbers. There are three basic
functions:
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(1) The successor function

s(x) = x + 1.

(2) The zero function

z(x) = 0.

(3) The identity function

i(x) = x.

Similarly, the basic functions of several variables are defined by n(x1, . . . , xm) = 0
and imj (x1, . . . , xm) = xj .

Generating rules include composition, primitive recursion and minimization. For
example, the function f (x) = 1 can be constructed from the basic functions by using
the composition as follows: f (x) = s(z(x)).

Let g(x, y) be a given function of two variables and k be a natural number. We
define a new function r(x) by using g and the primitive recursion as:

r(0) = k,

r(x + 1) = g
(
x, r(x)

)
, x ≥ 0.

Similarly for functions of several variables, let us take two functions g(x1, . . . ,

xn+1) and h(x1, . . . , xn−1). We define a new function f (x1, . . . , xn) by using g, h,
and the primitive recursion as:

f (x1, . . . , xn−1,0) = h(x1, . . . , xn−1),

f (x1, . . . , xn−1, y + 1) = g
(
x1, . . . , xn−1, y, f (x1, . . . , xn−1, y)

)
, y ≥ 0.

Example 2.9 The addition function f (x, y) = x + y can be defined through the use
of primitive recursion and composition as

f (0, y) = i(y) = y,

f (x + 1, y) = s
(
f (x, y)

)
.

Exercise 2.10 Define the multiplication function f (x, y) = xy from the basic func-
tions by using composition and the primitive recursion.

The minimization produces a new function f (x1, . . . , xn) from a function
g(x1, . . . , xn+1) by the relation

f (x1, . . . , xn) = min
{
y | g(x1, . . . , xn, y) = 0

}
.

Partially recursive functions are those functions which are generated from the
basic functions by using a finite number of generating rules.

The following theorem describes the class of functions which are computable on
Turing machines (for a proof, see, e.g., [757]).
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Theorem 2.11 The class functions computable on Turing machines is equivalent to
the class of partially recursive functions.

2.3 Boolean Functions, Gates and Circuits

2.3.1 Boolean Functions and Gates

In computations, it is often convenient to use the binary system and to reduce a
problem to the study of Boolean functions. A Boolean function f (x1, . . . , xn) is a
function of n variables where each variable takes values xi = 0 or 1 and the function
also takes values 0 or 1. If we denote B = {0,1} then the function f is a map
f : Bn(= B × · · · × B︸ ︷︷ ︸

n

) → B .

There are three important Boolean functions which represent logical operations
AND, OR and NOT. They are also called gates as before. The functions are:

(1) The conjunction

gAND(x1, x2) = x1x2 = min(x1, x2).

(2) The disjunction

gOR(x1, x2) = max(x1, x2) =
{

1, if x1 = 1 or x2 = 1,

0, if x1 = 0 = x2.

(3) The negation

gNOT(x) =
{

1, if x = 0,

0, if x = 1.

One also uses the notations gAND(x1, x2) = x1 ∧ x2, gOR(x1, x2) = x1 ∨ x2 and
gNOT(x) = x. ∧ and ∨ are often called meet and join, respectively. One has also the
disjunction of several variables which is the composition of the binary disjunctions:

gOR(x1, x2, . . . , xn) = gOR
(
x1, gOR

(
x2, . . . , gOR(xn−1, xn)

))
.

One has

gOR(x1, x2, . . . , xn) = max(x1, x2, . . . , xn) = x1 ∨ x2 ∨ · · · ∨ xn.

Similarly, for the conjunction of several variables one has

gAND(x1, x2, . . . , xn) = gAND
(
x1, gAND

(
x2, . . . , gAND(xn−1, xn)

))

and

gAND(x1, x2, . . . , xn) = min(x1, x2, . . . , xn) = x1x2 · · ·xn = x1 ∧ x2 ∧ · · · ∧ xn.
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All logical circuits may be described in terms of the three fundamental elements.
If one denotes

xσ =
{

x, if σ = 0,

x, if σ = 1

then it follows

xσ = 1 ⇐⇒ x = σ. (2.4)

Exercise 2.12 Prove the above relation (2.4).

Now let us prove that every Boolean function can be represented as a superposi-
tion of the fundamental elements.

Theorem 2.13 Every Boolean function f (x1, . . . , xn) can be represented in the fol-
lowing form

f (x1, . . . , xn) =
∨

σ1,...,σn

x
σ1
1 x

σ2
2 · · ·xσn

n f (σ1, . . . , σn). (2.5)

Proof For a given (x1, . . . , xn) one has either f (x1, . . . , xn) = 1 or 0. First, let us
assume f (x1, . . . , xn) = 1. Then (2.4) leads to

x
x1
1 · · ·xxn

n f (x1, . . . , xn) = 1,

and one gets (2.5).
Next let us assume f (x1, . . . , xn) = 0. Note that x

σ1
1 x

σ2
2 · · ·xσn

n = 1 only if
x1 = σ1, . . . , xn = σn, which means that the right-hand side x

x1
1 x

x2
2 · · ·xxn

n f (x1, . . . ,

xn) = 0 form the assumption f (x1, . . . , xn) = 0. �

The basic logical operations AND,OR and NOT are not independent. For exam-
ple, the conjunction function gAND can be represented as the superposition of the
functions gOR and gNOT because one has

gAND(x, y) = gNOT ◦ gOR
(
gNOT(x), gNOT(y)

)

or

xy(≡ x ∧ y) = x ∨ y. (2.6)

Exercise 2.14 Prove the above relation (2.6).

Analogously the disjunction is represented by conjunction and negation:

x ∨ y = x ∧ y.

It follows that not only the set

A1 = {gAND, gNOT, gOR}
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is a complete universal system (i.e., every Boolean function can be represented by
this set A2) but also the set

A2 = {gNOT, gAND}
is a complete universal system for the Boolean system.

There are other complete universal systems. The following gates are important.
They are the CNOT gate (controlled NOT gate) gCNOT : B2(= B × B) → B2,

gCNOT(x, y) = (x, x ⊕ y)

and the Toffoli gate gToff : B3(= B × B × B) → B3:

gToff(x, y, z) = (x, y, z ⊕ xy).

Here x ⊕ y means addition in modulo 2:

0 ⊕ 0 = 0, 0 ⊕ 1 = 1 ⊕ 0 = 1, 1 ⊕ 1 = 0.

One can prove that the Toffoli gate is a universal gate for reversible computations.

2.3.2 Circuits

A representation is called a disjunctive normal form. It gives an example of a circuit.
Every Boolean function can be written in such a form. However, this representation
is not necessary the simplest representation of a function in terms of the fundamental
ones. Some functions admit simpler representations.

Sometimes instead of the fundamental logical operations it is convenient to fix
another set of functions as basic functions and represent any function in terms of
these basic functions. A representation of a function using a given set of functions
is called a circuit. We introduce some more notations before we give a formal defi-
nition of the circuit. For example, we shall write the function

f (x1, x2, x3) = fAND
(
fOR(x1, x3), x2

)

as

f (x1, x2, x3) = f
(12)
AND ◦ f

(13)
OR (x1, x2, x3)

where the superscript (13) in f
(13)
OR indicates that this function acts on the first and

third arguments in (x1, x2, x3) and the superscript (12) in f
(12)
AND indicates that the

function acts on the first and second arguments.
In the more general case, if g is a function of k variables, g : Bk → Bm and

n ≥ k, then we define a function g(i1,...,ik) : Bn → Bm+n−k as

g(i1,...,ik)(x) = (
g(i1,...,ik)(xi1 , . . . , xik ), x \ {xi1 , . . . , xik }

)
.

Here x = (x1, . . . , xn).



26 2 Algorithms and Computation

More precisely, if we introduce auxiliary variables t1 = x1 and t2 = fOR(x2, x3)

then we can write f (x1, x2, x3) = f
(12)
AND (t1, t2).

The functions {gAND, gOR, gNOT} form a universal basis among Boolean functions
in the sense that every Boolean function can be represented as a superposition of
these functions. We reformulate Theorem 2.13 as

Theorem 2.15 Every Boolean function f (x1, . . . , xn) can be written as a superpo-
sition of the three fundamental elements as

f (x1, . . . , xn) = g
(α1)
i1

◦ g
(α2)
i2

◦ · · · ◦ g
(αk)
ik

(x1, . . . , xn).

Here gi is one of the three fundamental elements, and the superscript (α) of g
(α)
i

indicates on which arguments the element acts.

A circuit is a sequence of gates of the form where the functions gi are some fixed
Boolean functions.

Definition 2.16 A circuit C is the following set of data

C = {
G,f ;f = g

(α1)
i1

◦ g
(α2)
i2

◦ · · · ◦ g
(αk)
ik

}
,

where G = {g1, . . . , gr } is a finite set of Boolean functions (gates), f is a Boolean
function of n variables, and one has the representation

f (x1, . . . , xn) = g
(α1)
i1

◦ g
(α2)
i2

◦ · · · ◦ g
(αk)
ik

(x1, . . . , xn).

2.4 Computational Complexity, P-problem and NP-problem

There are several problems which may not be solved effectively, namely, in poly-
nomial time. The most fundamental problems are NP-problems and NP-complete
problems. It is known that all NP-complete problems are equivalent, and an essen-
tial question is whether there exists an algorithm to solve an NP-complete problem
in polynomial time. Such problems have been studied for decades now, and for each
such problem all known algorithms have an exponential running time in the length
of the input so far. A P-problem and an NP-problem are defined as follows:

Let n be the size of input.

Definition 2.17

(1) A P-problem is a problem with a time needed for solving it at worst a poly-
nomial in n. Equivalently, it is a problem which can be recognized in a time
polynomial in n by a deterministic Turing machine.
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(2) An NP-problem is a problem that can be solved in polynomial time by a non-
deterministic Turing machine (there must be a verifier that runs in polynomial
time). This can be reexpressed as follows: Let us consider a problem of finding
a solution of f (x) = 0. We can check in time polynomial in n whether x0 is a
solution of f (x) = 0, but we do not know whether we can find the solution of
f (x) = 0 in time polynomial in n.

(3) An NP-complete problem is such an NP-problem to which any other NP-
problem can be reduced in polynomial time.

Examples of a P-problem and an NP-complete problem

(1) Euler closed path: P-problem. Let G = (V ,E) be a graph, V be a set of vertices
of the graph, and E be a set of edges of the graph. The problem of whether there
exists a closed path from an arbitrary point v of V to v itself passing through
all edges of E is called the Euler closed path problem. Let n be the number of
all edges. Then it is known that the problem can be solved in polynomial time
of order O(n3).

(2) Hamilton closed path: NPC-problem. In the above mentioned graph G =
(V ,E), the problem of whether there exists a closed path from an arbitrary
point v of V to v itself passing through all vertices of V is called the Hamilton
closed path problem. It is not known whether an algorithm to solve this problem
in polynomial time exists or not.

(3) Traveling Salesman problem: NPC-problem. Let C = {c1, . . . , cn} be the set of
n cities, and let M be a given natural number. The distance d(ci, ck) between
two cities ci, ck is given, and the order of visiting all cities in C = {c1, . . . , cn}
is denoted by π , namely, cπ(1) → ·· · → cπ(n). Then the problem of whether
there exists a π satisfying the following inequality

n−1∑

i=1

d(cπ(i), cπ(i+1)) + d(cπ(n), cπ(1)) ≤ M

is called the traveling salesman problem.
(4) SAT problem: NPC-problem. Let X ≡ {x1, . . . , xn} be a set. Then xk and its

negation x̄k (k = 1,2, . . . , n) are called literals, and the set of all such literals is
denoted by X′ ≡ {x1, x̄1, . . . , xn, x̄n}. The set of all subsets of X′ is denoted by

F (X′), and an element C ∈ F (X′) is called a clause. We take a truth assignment
to all Boolean variables xk . If we can assign the truth value to at least one
element of C, then C is called satisfiable. When C is satisfiable, the truth value
t (C) of C is regarded as true, otherwise as false. Take the truth values as “true
↔ 1”, “false ↔ 0”. Then C is satisfiable iff t (C) = 1.

Let B = {0,1} be a Boolean lattice with the usual join ∨ and meet ∧, and let
t (x) be the truth value of a literal x in X. Then the truth value of a clause C is
written as t (C) ≡ ∨

x∈C t (x).

Moreover, the set C of all clauses Cj (j = 1,2, . . . ,m) is called satisfiable iff the
meet of all truth values of Cj is 1; t (C) ≡ ∧m

j=1 t (Cj ) = 1. Thus the SAT problem
is written as follows:
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Definition 2.18 (SAT problem) Given a Boolean set X ≡ {x1, . . . , xn} and a set
C = {C1, . . . ,Cm} of clauses, determine whether C is satisfiable or not.

That is, this problem is whether there exists a truth assignment to make C sat-
isfiable. It is known in usual algorithms that it takes polynomial time to check the
satisfiability only when a specific truth assignment is given, but we cannot determine
the satisfiability in polynomial time when an assignment is not specified.

“The SAT problem is an NP-complete” (Cook’s theorem).
It is not known whether every problem in NP can be solved quickly—this is

called the P = NP problem (a Millennium problem).
As special representations of the algorithms discussed in this chapter, we will

discuss a quantum algorithm, generalized quantum algorithm and a chaotic quantum
algorithm in Chaps. 11 and 14.

2.5 Notes

Conventional discussions on a Turing machine and an algorithm can be read in the
book [188], in which there are several examples illustrating the moves of Turing
machines in computation processes. For a more recent exposition, see [723]. The
original paper discussing Gödel encoding, from the point of view of undecidability,
is [293]. Fredkin–Toffoli gates used for the construction of computational circuits
were introduced in [268]. A popular textbook introducing computational complexity
and NP-problems is [278].



Chapter 3
Basics of Classical Probability

In this chapter, we discuss the basics in the classical probability theory. Probability
theory is based on measure theory, so that we start by reviewing measure theory.

3.1 Classical Probability

Here we present Kolmogorov’s [438] axiomatization of the classical probability the-
ory which is generally accepted.

Definition 3.1 A triple (Ω, F ,μ), where Ω is a set (of points ω), F is a σ -field of
subsets of Ω , and μ is a probability measure (or probability) is called a probabilistic
model or a probability space.

Here Ω is the sample space or the space of elementary events (outcomes), the set
A in F is called an event and μ(A) is the probability of the event A.

A system F of subsets of Ω is a σ -field if the following conditions are satisfied:

1. Ω ∈ F
2. A ∈ F ⇒ Ā = Ω \ A ∈ F
3. An ∈ F , n = 1,2, . . . ⇒ ⋃

n An ∈ F .

Exercise 3.2 Prove that the system of all subsets of a finite set is a σ -field.

Finally, a function μ : F →[0,∞) is a probability measure if it has the following
properties

1. μ(∅) = 0
2. μ(Ω) = 1
3. An ∈ F , n = 1,2, . . . , and An ∩ Am = ∅,m �= n ⇒ μ(

⋃
n An) = ∑

n μ(An).

For example, the ordinary (Lebesgue) measure dx on the unite segment [0,1] on
the real line is a probability measure. Let us consider an example of a probability
space.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_3, © Springer Science+Business Media B.V. 2011
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Example 3.3 (Binomial distribution. Coin tossing) Let us discuss a model for the
experiment in which a coin is tossed N times independently with probability p

(where 0 ≤ p ≤ 1) of heads (for a symmetrical coin p = 1/2). Record the results as
an ordered set (a1, . . . , aN) where ai = 1 for heads (“success”) and ai = 0 for tails
(“failure”). The sample space of all outcomes is

Ω = {
ω;ω = (a1, . . . , aN), ai = 0,1

}
.

To each sample point ω = (a1, . . . , aN ), we assign the probability

μ(ω) = p
∑

ai qN−∑
ai ,

where p + q = 1,p, q ≥ 0. We define the σ -field F as the set of all subsets of Ω

and the measure of an event A = {ω} from F as the sum of the probabilities of the
sample events

μ(A) =
∑

ω∈A

μ(ω).

The events

Am = {
ω;ω = (a1, . . . , aN ), a1 + · · · + aN = m

}
, m = 0,1, . . . ,N

consist of exactly m successes. The set of probabilities (μ(A0), . . . ,μ(AN)) is
called the binomial distribution.

Exercise 3.4 Prove that μ(Am) = NCmpmqN−m, where the binomial coefficient is

NCm = N !
(N − m)!m! .

We have obtained the triple (Ω, F ,μ) which is a probability space. In particular,
for N = 1 one has Ω = {ω;ω = a, a = 0,1},μ(1) = p and μ(0) = q .

Exercise 3.5 Prove that the constructed triple (Ω, F ,μ) is a probability space.

If (Ω, F ,μ) is a probability space then the integral with respect to the measure
μ is defined. In particular, an important example of the probability space is given by
the real line R. The Lebesgue measure ν on R is defined on intervals by ν((a, b]) ≡
b − a.

Example 3.6 Let us consider a triple (Ω, F ,μ) where Ω is the real line, Ω = R,
the σ -field F is generated by intervals on the line (such a σ -field is called the
Borel σ -field) and f (ω) is a positive real valued function on the real line such
that

∫
f (ω)dω = 1. Here dω is the Lebesgue measure. Then dμ(ω) = f (ω)dω is

a probability measure and the triple (Ω, F ,μ) is a probability space.
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Let (Ω, F ,μ) be a probability space. A random variable ξ is a real valued mea-
surable function ξ : Ω → R (i.e., ξ−1(Δ) ∈ F for any set Δ ∈ B(R), the Borel
σ -field on R) on the sample space. The expectation of ξ is the integral

Eμξ =
∫

Ω

ξ(ω)dμ(ω).

The set of all measurable functions is denoted by M(F ). For any ξ ∈ M(F ),

Fξ (t) ≡ μ
(
ξ−1(−∞, t]) = μ

({
ω ∈ Ω;−∞ < ξ(ω) ≤ t

})

is called the distribution function with respect to ξ and (Ω, F ,μ), and

μξ(Δ) ≡ μ
(
ξ−1(Δ)

)
, Δ ∈ B(R)

is called a probability distribution, so that

μξ

(
(−∞, t]) = Fξ (t).

One has

Eμξ =
∫

R

t dFξ (t).

Example 3.7 The random variable ξ = 1A(ω) is called the indicator (characteristic
function) of the event A ⊂ Ω . Here

1A(ω) ≡
{

1, if ω ∈ A,

0, if ω /∈ A.

It has the properties of the projection:

1A1A = 1A, 1A1B = 0 if A ∩ B = ∅. (3.1)

The probability of the event A can be written as the expectation of its indicator

μ(A) = Eμ1A. (3.2)

Exercise 3.8 Check the relations (3.1) and (3.2).

The conditional probability μ(B | A) of the event B given the event A is defined
as

μ(B | A) = μ(A ∩ B)

μ(A)
.

Here μ(A ∩ B) is the probability of the intersection of the events A and B , and we
assume μ(A) �= 0. It follows the Bayes’s formula

μ(A | B) = μ(B | A)
μ(A)

μ(B)
.
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Generally, we have the following theorem.

Theorem 3.9 (Bayes’s Theorem) For any exclusive n events A1, . . . , An with⋃n
k=1 Ak = Ω and any event B , we have

μ(Ak | B) = μ(B | Ak)μ(Ak)
∑n

j=1 μ(B | Aj)μ(Aj )
.

Proof It is enough to prove the equality: μ(Ak | B)
∑n

k=1 μ(B | Aj)μ(Aj ) = μ(B |
Ak)μ(Ak).

LHS = μ(Ak | B)
∑n

j=1 μ(B ∩ Aj) = μ(Ak | B)μ(
⋃n

j=1(B ∩ Aj)) = μ(Ak |
B)μ(B ∩ Ω) = μ(Ak | B)μ(B) = μ(Ak ∩ B) = μ(Ak)μ(B | Ak) = RHS. �

Events A and B are called independent if

μ(A ∩ B) = μ(A)μ(B).

We have discussed real-valued random variables. A complex-valued variable is a
pair of real-valued random variables.

Finally, it is noted that if a random variable depends on a parameter t , then it is
called a random process, that is, a random process is a measurable map ξ : R×Ω →
R. We write ξ(t,ω) = ξt (ω).

3.1.1 Radon–Nikodym Theorem

Let us use the notation μ,ν,p, . . . for probability measures on (Ω, F ) in the sequel.
An observable on the probability space (Ω, F ,μ) is a measurable function f from
Ω to R. For the above measure μ and a finite or σ -finite measure ν (i.e., ν(Ω) <

+∞, or ν(Ω) = +∞ and there exists {An} ⊂ F with Ω = ⋃
n An, ν(An) < +∞),

μ is said to be absolutely continuous with respect to ν (denoted by μ � ν) if
ν(A) = 0,A ∈ F , implies μ(A) = 0.

Theorem 3.10 (Radon–Nikodym Theorem) For the above measures μ and ν, if
μ � ν, then there exists f ∈ L1(Ω, F , ν) in almost everywhere sense such that

μ(A) =
∫

A

f (ω)ν (dω)

(

=
∫

A

f dν

)

, A ∈ F .

Remark 3.11

1. Two random variables f and g being equal in almost everywhere sense w.r.t. a
measure μ (f = gμ-a.e.) means that

μ
({

ω ∈ Ω;f (ω) �= g(ω)
}) = 0.
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2. L1(Ω, F , ν) is the equivalence class of all absolutely integrable functions (i.e.,
‖f ‖1 ≡ ∫

Ω
|f |dν < +∞) on (Ω, F , ν).

Let t be the Lebesgue measure on B(R) (i.e., t ((a, b]) ≡ b − a). If μf � t , then
there exists a density distribution pf (t) such that

μf (Δ) =
∫

Δ

pf (t) dt,

so that

Ff (x) =
∫ x

−∞
pf (s) ds.

We call the triple (R, B(R),μf ) the probability space induced from f .
For any f,g ∈ M(F )

μf,g(Δ1,Δ2) ≡ μ
(
f −1(Δ1) ∩ g−1(Δ2)

)
, Δ1,Δ2 ∈ B(R)

is called the joint probability distribution with respect to f and g. An important
property of the joint probability distribution is the following marginal conditions

μf,g(Δ1,R) = μf (Δ1),

μf,g(R,Δ2) = μg(Δ2).

In the classical probability theory, the expectation, the variance and the covariance
of random variables f and g with respect to a measure μ are summarized as fol-
lows:

1. (Expectation) Eμ(f ) = ∫
Ω

f dμ = ∫
R

t dFf (t)

2. (Variance) Vμ(f ) = Eμ({f − Eμ(f )}2)

3. (Covariance) Cμ(f,g) = Eμ({f − Eμ(f )}{g − Eμ(g)}).

3.2 Conditional Expectation and Martingale

For a probability space (Ω, F ,μ), let G be a subfield of F and f ∈ L1(Ω, F ,μ).
Put

ν(A) =
∫

A

f dμ, A ∈ G,

then ν � μ holds. Thus the Radon–Nikodym theorem tells us that there exists a
G -measurable function g such that

ν(A) =
∫

A

g dμ, A ∈ G.

This g is called the conditional expectation of f with respect to G , and it is denoted
by E (f ; G). The conditional expectation has the following properties:
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1. f ≥ 0 ⇒ E (f ; G) ≥ 0.
2. E (f ; G) : L1(Ω, F ,μ) → L1(Ω, G,μ) is linear.
3. E (E (f ; G); G) = E (f ; G): projection.
4. G1 ⊂ G2 ⇒ E (E (f ; G2); G1)= E (f ; G1).
5. E (f ; {∅,Ω}) = ∫

Ω
f dμ.

6. fn ↑ f ⇒ E (fn; G) ↑ E (f ; G).
7. For a finite measure ν,L∞(Ω, F , ν) is the equivalence class of all essentially

bounded functions (i.e., ‖f ‖∞ ≡ inf{α ∈ R̄; |f (ω)| < α,ν-a.e.} < +∞). For
any g ∈ L∞(Ω, G,μ) and f ∈ L1(Ω, F ,μ), one has E (gf ; G) = gE (f ; G).

8. ‖E (f ; G)‖1 ≤ ‖f ‖1.
9. Let ζ be a map from L1(Ω, F ,μ) to L1(Ω, G,μ) such that ζ (ζ (f )) = ζ (f ) and∫

A
ζ(f )dμ = ∫

A
f dμ,A ∈ G , then ζ(f ) = E (f ; G)μ-a.e.

10. (Jensen’s inequality) Let ϕ be a lower-bounded convex function from R to R

and ϕ(f ) ∈ L1(R, F ,μ) for a random variable f . Then

ϕ
(

E (f ; G)
) ≤ E

(
ϕ(f ); G

)
.

Now put p(A; G) ≡ E (1A; G). This p(A; G) is the probability (conditional prob-
ability) of the event A ∈ F for a given G , which has the following properties:

1. 0 ≤ p(A; G) ≤ 1
2. A ∈ G ⇒ p(A; G) = p(A)

3. A ⊂ B ⇒ p(A; G) ≤ p(B; G)

4. p(Ā; G) = 1 − p(A; G)

5. p(A; {∅,Ω}) = p(A)

6. A ∩ B = ∅ ⇒ p(A ∪ B; G) = p(A; G) + p(B; G).

When a sequence {Gn} is increasing (Gn ↑), a sequence {fn} of G -measurable
functions is called a martingale if fn ∈ L1(Ω, F ,μ) and E (fn+1; Gn) = fn. For a
martingale {fn} with respect to increasing σ -fields {Gn}, we have:

Theorem 3.12

(i) sup‖fn‖1 < +∞ ⇒ there exists a function f ∈ L1(Ω, G,μ) such that fn →
f a.e.. Moreover, if {fn} is uniformly integrable (i.e.,

∫
{|fn|≥a} |fn|dμ → 0

as a → +∞), then there exists a function f ∈ L1(Ω, G,μ) such that fn →
f, a.e. and in L1 sense, that is, μ{ω ∈ Ω; limn→∞ fn(ω) �= f (ω) = 0} and
limn→∞ ‖fn − f ‖1 = 0.

(ii) (Increasing martingale) For Gn ↑ G and any f ∈ L1(Ω, F ,μ), E (f ; Gn) →
E (f ; G) a.e. and in L1.

(iii) (Decreasing martingale) For Gn ↓ G and any f ∈ L1(Ω, F ,μ), E (f ; Gn) →
E (f ; G) a.e. and in L1.

3.3 Algebraic Formulation of Classical Probability

Let (Ω, F ,μ) be a probability space. The set of all bounded (complex) random
variables forms an algebra A. Here algebra means that it is closed under addition



3.4 Notes 35

and multiplication properly defined. The expectation with respect to a probability
measure μ is a linear functional on the algebra A. We denote the functional φ(f )

as

φ(f ) = Eμ(f ), f ∈ A.

It is a linear functional with the following properties:

φ(f ∗f ) ≥ 0 (positivity),

φ(1) = 1 (normalization).

A linear positive normalized functional on an algebra is called a state. Here “∗”
is the complex conjugation. If A is an arbitrary algebra, then the conjugate linear
mapping ∗ : A → A such that (AB)∗ = B∗A∗ for any elements A,B of the algebra

A is called an involution.
We have described how to a probability space one can associate a commutative

algebra with involution and a state.
Conversely, to any commutative algebra A with involution and a state φ one can

associate a probability space (Ω, F ,μ). Therefore, there is a one-to-one correspon-
dence between probability spaces and commutative algebras with involution and
state:

(Ω, F ,μ) ⇐⇒ (A, φ).

Many notions of the classical probability theory are generalized to the non-
commutative case when one takes a non-commutative algebra A and a state φ, which
will be discussed in Chaps. 5 and 7.

3.4 Notes

The basic probability theory was formulated by several mathematicians such as
J. Bernoulli, Moivre, Bayes, Legendre, Lagrange, Laplace around the nineteenth
century. The probability theory by means of a measure-theoretic formulation was
done by Kolmogorov [438]. Before his work, the law of large numbers was studied
by Borel and Cantelli, and the Brownian motion was discussed by Wiener following
Einstein and Smoluchowski. The classical probability theory is discussed in [234,
355, 378, 438, 457, 479, 546, 631, 658, 766, 768]. One of the important concepts in
probability theory is that of a stochastic process which was studied by Doob [207],
Bartlett, Ito, Gelfand [280], Kolmogorov, Yaglom, and many others. The white noise
analysis was discussed by Volterra, Hadamard, Levy [478, 479], Hida [335]; we will
discuss this analysis in Chap. 19. Various interpretations of a probability are con-
sidered by Khrennikov [405]. An algebraic formulation of the classical probability
theory is discussed in non-commutative (quantum) probability, see [9, 34].





Chapter 4
Basics of Infinite-Dimensional Analysis

We will quickly review the basic facts of infinite-dimensional (functional) analysis
needed to describe quantum mechanics and quantum information theory.

4.1 Hilbert Space

Let H be a vector space over a scalar field K (real number field R or complex
number field C). For the elements of H we will use notations such as x, y, . . . or
ψ,ϕ, . . . . We call H an inner product space if it has an inner product 〈·, ·〉 which
is defined as a map from H ×H to K satisfying the following conditions for any
x, y, z ∈H and any λ ∈K:

(i) 〈x, x〉 ≥ 0, 〈x, x〉 = 0⇔ x = 0
(ii) 〈x, y〉 = 〈y, x〉

(iii) 〈x,λy + z〉 = λ〈x, y〉 + 〈x, z〉.
Now put ‖x‖ =√〈x, x〉. One has

Theorem 4.1 (Schwarz inequality) We have
∣
∣〈x, y〉∣∣≤ ‖x‖‖y‖, ∀x, y ∈H,

where the equality holds iff x and y are linearly dependent.

Proof From (ii) and (iii), one has

〈x + αy,x + αy〉 = 〈x, x〉 + α〈y, x〉 + α〈x, y〉 + |α|2〈y, y〉 ≥ 0,

for any complex number α. Now if y = 0 then the inequality is proved. If y �= 0 then
let us set α =−〈y, x〉/〈y, y〉 in the above equality. We get

〈x, x〉 − |〈y, x〉|2
〈y, y〉 −

|〈y, x〉|2
〈y, y〉 +

|〈y, x〉|2
〈y, y〉 ≥ 0,

which is equivalent to the stated inequality. �
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From this inequality, one easily see that ‖ · ‖ defines a norm on H. That is, for
arbitrary x, y, z ∈H, λ ∈K, ‖ · ‖ satisfies:

(i) ‖x‖ ≥ 0,‖x‖ = 0⇔ x = 0
(ii) ‖λx‖ = |λ|‖x‖

(iii) ‖x + y‖ ≤ ‖x‖ + ‖y‖.
In general, a vector space with norm ‖ · ‖ is called a normed space. In a normed

space, a sequence {xn} is called a Cauchy sequence if it satisfies ‖xn − xm‖→ 0 as
m,n→∞. A normed space H is called complete if all Cauchy sequences converge
in H, namely, there exists x ∈ H such that ‖xn − x‖ → 0. Moreover, we call a
complete normed space a Banach space. An inner product space is called a (real or
complex according to K = R or C) Hilbert space if it is complete with respect to
the norm ‖x‖ = 〈x, x〉1/2.

The simplest example of a real Hilbert space is R
n and a complex one is C

n:
For two vectors z = (z1, . . . , zn) and w = (w1, . . . ,wn) in C

n, its scalar product is
defined as

〈z,w〉 =
∑

ziwi.

A sequence {xn} in H might converge to x ∈H in one of the following two ways:
The convergence is

(i) in the weak sense (denoted by xn→ x(w)) if 〈xn, y〉→ 〈x, y〉,∀y ∈H, and
(ii) in the strong sense (denoted by xn→ x(s)) if ‖xn − x‖→ 0.

A subset K of H is said to be a subspace if it is a linear subspace and a closed
subspace if it is also closed with respect to the norm ‖ · ‖ of H. The set K⊥ defined
by {x ∈ H; 〈x, y〉 = 0,∀y ∈ K} is a closed subspace and is called the orthogonal
complement of K. For any closed subspace K of H, every element x ∈ H can be
uniquely decomposed as x = y + z (y ∈ K, z ∈ K⊥) (projection theorem), so that

H can be expressed as the direct sum of K and K⊥, that is, H=K⊕K⊥ ≡ {y + z;
y ∈K, z ∈K⊥}.

Example 4.2 The set of the equivalence classes of square integrable functions;

L2(
R

3)≡
{

ψ;
∫

R3

∣
∣ψ(x)

∣
∣2

dx <+∞
}

, ψ ∼ φ
def⇐⇒

∫

R3
|ψ − φ|2 dx = 0

is a Hilbert space with the inner product given by

〈ϕ,ψ〉 =
∫

R3
ϕ(x)ψ(x) dx.

Example 4.3 Let S ≡ {x ≡ (x1, x2, . . . , xn, . . . );xn ∈ C, n ∈ N}. The set l2 ≡ {x ∈
S; 〈x, x〉 =∑

n |xn|2 < +∞} is a Hilbert space with the inner product 〈x, y〉 ≡∑
n xnyn.
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4.2 Linear Operators in Hilbert Space

Let H be a Hilbert space and D be a subspace of H. An H-valued map A defined
on D is called a linear operator, or simply an operator, if it satisfies

A(λx +μy)= λAx +μAy (∀x, y ∈D,∀λ,μ ∈C).

Example 4.4 Consider the Hilbert space H= C
n. It has a basis

e1 =

⎛

⎜
⎜
⎜
⎝

1
0
...

0

⎞

⎟
⎟
⎟
⎠

, . . . , en =

⎛

⎜
⎜
⎜
⎝

0
0
...

1

⎞

⎟
⎟
⎟
⎠

.

If A is an operator in H then one can assign to it a matrix (aij ) given by

Aei =
∑

j

aij ej .

D is said to be the domain of A and denoted as D(A), or domA. A set {Ax;
x ∈ D} is said to be the range of A and denoted R(A) or ranA. An operator A is
called a bounded operator if its domain is H itself (domA=H) and there exists a
constant M > 0 satisfying

‖Ax‖ ≤M‖x‖ (∀x ∈H).

We denote the set of all bounded operators by B(H). Note that the norm of the
operator A is given by

‖A‖ = sup
{‖Ax‖; ‖x‖ = 1, x ∈H

}
.

An operator which is not an element of B(H) is called an unbounded operator.
For A ∈ B(H), there exists a unique operator A∗ ∈ B(H) such that 〈x,Ay〉 =

〈A∗x, y〉 (∀x, y ∈H). A∗ is called the conjugate operator of A. In particular, A is
called a self-adjoint operator if A=A∗ holds. A is called a positive operator (writ-
ten as A ≥ 0) if 〈x,Ax〉 ≥ 0 holds for any x ∈ H. For a positive operator A ≥ 0,
there exists a unique positive operator such that A= B2. Thus defined B is written
as
√

A. All positive operators are self-adjoint. (Note that this fact does not hold in
the case of a real Hilbert space.)

Exercise 4.5 Prove that if an operator A in C
n has the matrix representation (aij )

with respect to the basis (ei) then its conjugate operator A∗ has the matrix represen-
tation (a∗ji) where a∗ji = aji .

The following operators A are important:

1. A is a normal operator⇔A∗A=AA∗
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2. A is a projection operator⇔A=A∗ =A2

3. A is an isometry operator⇔‖Ax‖ = ‖x‖ (∀x ∈H)

4. A is a unitary operator⇔A∗A=AA∗ = I (I is an identity operator on H)
5. A is a partial-isometry operator⇔A is an isometry operator on (KerA)⊥, where

KerA≡ {x ∈H;Ax = 0}.
Here we note that (i) if A is a Hermitian operator then U = eiA is a unitary operator,
and (ii) a projection operator P is a self-adjoint operator, P = P ∗, which satisfies
the relation P 2 = P . As an example if x is a vector in a Hilbert space H of unit
length, ‖x‖ = 1, then the operator Px which acts as Pxy = 〈x, y〉x is a projection
operator, where ∀y ∈H. In Dirac’s notations (see Chap. 5 for the definition), Px is
written as |x〉〈x|.

Let A be an unbounded operator on H such that D(A) (the closure of D(A) w.r.t.
the norm, i.e., D(A) ∪ {all limit points of Cauchy sequences in D(A)}) coincides
with H itself. Such an operator A is said to be densely defined on H. If there exists
y ′ ∈ H for y ∈ G ⊂ H such that 〈y,Ax〉 = 〈y′, x〉 for any x ∈ D(A) then putting
y′ =A∗y one obtains an operator A∗ on H with domain D(A∗)= G . This operator
A∗ is called the adjoint operator of A. The operator A is called a symmetric operator
(or Hermitian operator) if A ⊂ A∗(⇔ D(A) ⊂ D(A∗)) holds. In particular, when
D(A)=D(A∗) holds, we write as A=A∗ and call A self-adjoint.

Now we summarize certain properties of spectra. Recall that an operator A on
H: domA→ ranA has its inverse A−1: ranA→ domA whenever A is one-to-
one. We define the resolvent set of a densely defined closed operator A as Re(A)=
{λ ∈ C; (A − λI)−1 ∈ B(H)}, that is, the set of all complex numbers λ ∈ C such
that A− λI has the bounded inverse. The set Sp(A)=C \Re(A) (the complement
of Re(A)) is called the spectrum of A. In addition, in Sp(A), the set Sp(p)(A) =
{λ ∈C; (A−λI)−1 does not exist} is called the set of point spectra, and Sp(c)(A)=
{λ ∈C; (A−λI)−1 exists but is unbounded with ran(A− λI)=H} is called the set
of continuous spectra.

An element λ of Sp(p)(A) is called an eigenvalue of A and x ∈H is called an
eigenvector corresponding to λ if Ax = λx. The set Hλ of all eigenvectors corre-
sponding to λ, which can be a subspace, is called the eigenspace corresponding to λ.
Its dimension, dim Hλ, is called the multiplicity of λ. An eigenvalue with multiplic-
ity 1 is called simple or nondegenerate spectrum.

Every finite Borel measure dμ of the real line has the unique decomposition with
respect to the Lebesgue measure

dμ= dμac + dμs,

where dμac is absolutely continuous with respect to the Lebesgue measure and dμs

is singular with respect to the Lebesgue measure (i.e., dμs is supported on a set of
Lebesgue measure zero). The singular part dμs can be further decomposed into a
(singularly) continuous and a pure-point part,

dμs = dμsc + dμpp,
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where μsc is continuous on the real line and μpp is a step function. Accordingly, one
defines an absolutely continuous, singularly continuous and pure-point spectrum of
a self-adjoint operator A. Note that, in general, the pure point spectrum is not equal
to the set of the eigenvalues. The discrete spectrum of the operator A is the set of
all eigenvalues which are isolated points of the spectrum and whose correspond-
ing eigenspaces are finite-dimensional. The complement of the discrete spectrum is
called the essential spectrum.

When A has only discrete spectrum, Sp(A) = Sp(p)(A) = {λn}. Let Pn be the
projection operator onto the eigensubspace Hλn

corresponding to λn, then PnPm =
δnmPn holds, and A can be expressed as A=∑

n λnPn. Here δ is the Kronecker’s
delta which is defined by δnm = 1 (n = m), δnm = 0 (n �= m). More generally, for
any self-adjoint operator A, the spectral theorem states that there is a family {E(λ)}
of projection operators depending on a real parameter λ which forms the spectral
measure such that in particular:

(i) If λ < μ, then E(λ)E(μ)=E(λ)

(ii) A= ∫
λdE(λ) (= ∫

λE (dλ)).

This {E(λ)} is often called a projection valued measure.
A family of vectors {xn} in H is called an orthonormal system (ONS) if 〈xk, xj 〉 =

δjk holds. Moreover, a family of vectors {xn} is called a completely orthonormal
system (CONS), or orthnormal basis (ONB), if it is an ONS and 〈x, xn〉 = 0 for all
n implies x = 0.

By means of Dirac’s notation, various operators are expressed as follows:

1. A is a projection operator⇔A=∑
j |xj 〉〈xj | with ONS {xj } of ranA.

2. A is a unitary operator ⇔ There exist two CONS’s {xi}, {yj } such that A =∑
j |xj 〉〈yj |.

3. A is an isometry operator ⇔ There exist an ONS {xj } and a CONS {yi} such
that A=∑

j |xj 〉〈yj |.
4. A is a partial-isometry operator⇔ There exist two ONSs {xj } and {yj } such that

A=∑
j |xj 〉〈yj |.

4.2.1 Spaces F(H),C(H),S(H), and T(H)

Let us discuss important subspaces of B(H).

Definition 4.6

1. An operator A ∈ B(H) is said to be a finite rank operator if dim(ranA) <+∞;
the set of all finite rank operators is denoted by F(H).

2. An operator A ∈ B(H) is said to be a compact operator if ‖Axn −Ax‖→ 0 for
any {xn} such that xn→ x(w); the set of all compact operators is denoted by
C(H).
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3. An operator A ∈ B(H) is said to be a Hilbert–Schmidt operator if for any CONS
{xn} the sum

∑
n ‖Axn‖ converges; the set of all Hilbert–Schmidt operators is

denoted by S(H).
4. An operator A ∈ B(H) is said to be a trace class operator if for any CONS {xn}

the sum
∑

n〈xn,Axn〉 absolutely converges; the set of all trace class operators is
denoted by T(H).

Remark 4.7 In part 4 above, the trace of A is given by trA =∑
n 〈xn,Axn〉 for

any CONS {xn} in the Hilbert space H. The trace does not depend on the choice of
CONS.

These subspaces have the following useful properties:

1. A ∈ F(H) iff there exist n ∈ N, {λk; k = 1, . . . , n} ⊂ R and ONS {xk}, {yk} such
that A=∑n

k=1 λk|xk〉〈yk|.
2. A ∈C(H) iff there exist a unique {λn} ⊂R with λn ↓ 0 and ONS {xn}, {yn} such

that A=∑
n λn|xn〉〈yn|, where λn are the eigenvalues of |A|.

3. A ∈ S(H) iff A ∈C(H) and
∑

n |λn|2 <+∞, where λn are the eigenvalues of A.
4. A ∈ T(H) iff A ∈ S(H) and

∑
n |λn|<+∞, where λn are the eigenvalues of A.

5. F(H)⊂ T(H)⊂ S(H)⊂C(H)⊂ B(H).
6. S(H) becomes a Hilbert space if given the inner product defined by 〈〈A,B〉〉 ≡∑

n〈Axn,Bxn〉 for any CONS {xn}. The norm ‖A‖2 ≡√〈〈A,A〉〉 =∑
n |λn|2 is

larger than the usual norm ‖A‖, with which S(H) is a Banach space.
7. T(H) becomes a Banach space if endowed with the trace norm defined by
‖A‖1 ≡∑

n |λn| which is larger than the Hilbert–Schmidt norm ‖A‖2.

4.3 Direct Sum and Tensor Product of Hilbert Spaces

Let us consider two quantum systems described by H and K. We, hereafter, need the
composite system of these two systems, which are defined on the direct sum Hilbert
space H⊕K or the tensor product Hilbert space H⊗K.

The set of pairs of elements of two Hilbert spaces H and K,

H⊕K≡ {x ⊕ y;x ∈H, y ∈K},
becomes a vector space, where the operation (sum) ⊕ is defined by

x1⊕ y1 + x2⊕ y2 ≡ (x1+ x2)⊕ (y1+ y2), λ(x1⊕ y1)≡ λx1⊕ λy1, λ ∈K.

In addition,

〈x1 ⊕ y1, x2 ⊕ y2〉 ≡ 〈x1, x2〉 + 〈y1, y2〉
satisfies the conditions of the inner product and makes H⊕K a Hilbert space, which
is called the direct sum Hilbert space of H and K. Identify x ∈H with x ⊕ 0 and
y ∈K with 0⊕ y, then H and K are closed subspaces of H⊕K, and the relations
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H⊥ =K and K⊥ =H hold. A direct sum of an infinite number of Hilbert spaces is
defined in the same manner.

Next we define the tensor product Hilbert space of H and K. On the direct prod-
uct of Hilbert spaces H and K

H×K≡ {
(u, v);u ∈H, v ∈K

}
,

define a bilinear functional x ⊗ y (x ∈H, y ∈K) by

x ⊗ y(u, v)≡ 〈x,u〉〈y, v〉.
Denote the set of all linear combinations of such bilinear functionals by H ◦K. On
this set, we define

〈f,g〉 ≡
n∑

i=1

m∑

k=1

λ∗i μk〈xi, uk〉〈yi, vk〉,

for any f =∑n
i=1 λixi ⊗ yi, g =∑m

k=1 μkuk ⊗ vk ∈H ◦K, which gives an inner
product on H ◦K. A Hilbert space obtained as the completion of H ◦K w.r.t. this
inner product is called the tensor product Hilbert space of H and K, and it is denoted
as H ⊗ K. One can easily see that for any CONS {xi} of H, and any CONS {yk}
of K, {xi ⊗ yk} becomes a CONS of H⊗K.

Example 4.8 Take H = C
3 and K = C

2. Then for x = (a1, a2, a3)
t ∈ H, y =

(b1, b2)
t ∈K,

x ⊕ y = (a1, a2, a3, b1, b2)
t , x ⊗ y = (a1b1, a2b1, a3b1, a1b2, a2b2, a3b2)

t .

Exercise 4.9 Prove that

C
m⊗C

n =C
mn.

Notice the difference between the tensor product and the direct sum. For exam-
ple, we have C

m ⊗C
n = C

mn but for the direct sum one has C
m ⊕C

n = C
m+n. In

particular, one can prove the relation

L2(
R

m
)⊗L2(

R
n
)= L2(

R
m+n

)
.

Finally, we discuss operators on H ⊕ K and H ⊗ K, and the partial trace on
H⊗K. For A and B , operators on H and K, respectively, the operator A⊕ B on
H⊕K and the operator A⊗B on H⊗K are defined for any x ∈H and y ∈K by

A⊕B(x ⊕ y)≡Ax ⊕By, A⊗B(x ⊗ y)≡Ax ⊗By.

For an arbitrary Q ∈ B(H⊗K), one can define an operator Q′ in K by

〈x,Q′y〉 ≡
∑

k

〈x ⊗ zk,Qy ⊗ zk〉
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for any x, y ∈H and a CONS {zn} ⊂K. This Q′ is a bounded operator on H and is
called the partial trace of Q on K, denoted by Q′ ≡ trKQ.

4.4 Fock Space

4.4.1 Bosonic Fock Space

Fock space is a tensor algebra over a Hilbert space. Let H be a Hilbert space (in
this context it will be called the one-particle Hilbert space). We denote by H(n) the
n-fold tensor product H(n) =H⊗· · ·⊗H, set H(0) =C and define the Hilbert space

F(H)=C⊕H(1)⊕H(2) ⊕ · · · =
∞⊕

n=0

H(n).

F (H) is called the (total) Fock space over H. A vector Ψ ∈ F(H) is written as
Ψ = (ψ(0),ψ(1), . . .) with ψ(n) ∈H(n).

For example, if H = L2(R), then H(n) = L2(Rn) and an element Ψ ∈ F(H) is
a sequence of functions Ψ = (ψ(0),ψ(1)(x1),ψ

(2)(x1, x2), . . .) so that

‖Ψ ‖2 = ∣
∣ψ(0)

∣
∣2 +

∞∑

n=1

∣
∣ψ(n)(x1, . . . , xn)

∣
∣2 dx1 · · ·dxn <∞.

There are two important subspaces of the total Fock space F(H) which are
called the Boson (or symmetric) Fock space and the Fermion (or antisymmetric)
Fock space. Let Pn be the permutation group on n elements, and let {fk} be a basis
for H. For each σ ∈ Pn we define an operator, which we also denote by σ , on the
basis elements of H(n) by

σ(fk1 ⊗ · · · ⊗ fkn)= fkσ(1)
⊗ · · · ⊗ fkσ(n)

.

σ extends by linearity to a bounded operator on H(n), so we can define

Sn = 1

n!
∑

σ∈Pn

σ.

The operator Sn is an orthogonal projection:

S2
n = Sn, S∗n = Sn.

The range of Sn is called the n-fold symmetric tensor product of H. We denote
H(n)

s = SnH(n). In the case where H= L2(R) and H(n) = L2(Rn), H(n)
s is the sub-
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space of L2(Rn) of all functions left invariant under any permutation of the vari-
ables. We define the Hilbert space

Fs(H)=
∞⊕

n=0

H(n)
s .

Fs(H) is called the bosonic Fock space over H. We call H(n)
s the n-particle subspace

of Fs(H). There is an operator S on F(H) such that S � H(n) = SnH(n). The vector
Ψ0 ∈ Fs(H),

Ψ0 = (1,0,0, . . .),

plays a special role; it is called the vacuum vector.

4.4.2 Annihilation and Creation Operators

Let us fix f ∈H. For vectors in H(n) of the form f1 ⊗ · · · ⊗ fn we define a map
b(f ) :H(n)→H(n−1) by

b(f )(f1 ⊗ · · · ⊗ fn)= 〈f,f1〉(f2 ⊗ · · · ⊗ fn).

For n= 0 we define

b(f )Ψ0 = 0.

b(f ) extends by linearity to a bounded operator from F(H) to F(H). The adjoint
operator b(f )∗ takes each H(n) to H(n+1) with the action

b(f )∗(f1 ⊗ · · · ⊗ fn)= f ⊗ f1 ⊗ · · · ⊗ fn.

The map f → b(f )∗ is linear, but f → b(f ) is antilinear. We have the following
free commutation relation on H(n):

b(f )b(g)∗ = 〈f,g〉, f, g ∈H.

A vector Ψ = {ψ(n)}∞n=0 for which ψ(n) = 0 for all but finitely many n is called
a finite particle vector. The set of finite particle vectors will be denoted F0.

Let A be a self-adjoint operator on H with domain DA. Let D = {Ψ ∈ F0 |ψ(n) ∈
⊗n

i=1 DA for each n} and define Γ (A) on D ∩H(n)
s as

Γ (A)=A⊗ I ⊗ · · · ⊗ I + I ⊗A⊗ · · · ⊗ I + · · · + I ⊗ · · · ⊗ I ⊗A.

The operator Γ (A) is called the second quantization of the operator A; it is essen-
tially self-adjoint on D. For example, for A= I the operator N = Γ (I) is called the
number operator; for ψ(n) ∈H(n)

s one has Nψ(n) = nψ(n).
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For the second quantization of the unitary operator eitA, we have the formula

Γ
(
eitA)= eitΓ (A), t ∈R.

We define the annihilation operator a(f ) on Fs(H) with domain F0 by

a(f )=√N + 1b(f ).

It takes each n-particle subspace into (n− 1)-particle subspace. We have

a(f )Ψ0 = 0.

The adjoint operator a(f )∗ is called a creation operator,

a(f )∗ � F0 = Sb(f )∗
√

N + 1.

One has the following commutation relations on F0:

[
a(f ), a(g)∗

] = (f, g), f, g ∈H,
[
a(f ), a(g)

] = 0,
[
a(f )∗, a(g)∗

]= 0.

Example 4.10 If (X,dμ) is a measure space and H=L2(X,dμ), then on the Fock
space Fs(H) the annihilation and creation operators a(f ) and a(f )∗ are given by

(
a(f )ψ

)(n)
(p1, . . . , pn) =

√
n+ 1

∫

X

f̄ (p)ψ(n+1)(p,p1, . . . , pn) dμ(p),

(
a(f )∗ψ

)(n)
(p1, . . . , pn) = 1√

n

n∑

i=1

f (pi)ψ
(n−1)

(
p1, . . . , p̂i , . . . , pn

)

where p̂i means that the pi is omitted.
Let H be a self-adjoint operator on Fs(H) such that the unitary operator eitH

maps F0 to itself for any t ∈R. For real-valued functions f ∈L2(X,dμ), we define
on F0 the quantum field operator A(f, t) by

A(f, t)= eitH (
a(f )+ a(f )∗

)
e−itH .

4.4.3 Fermionic Fock Space

Now we define the Fermionic (antisymmetric) Fock space. Let ε : Pn→{−1,1} be
the function which is 1 on even permutations and −1 on odd permutations. Define

An = 1

n!
∑

σ∈Pn

ε(σ )σ.
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An is an orthogonal projection on H(n). The space H(n)
a = AnH(n) is called the n-

fold antisymmetric tensor product of H. In the case where H = L2(R), H(n)
a is the

subspace of L2(Rn) consisting of the odd functions under the interchange of two
coordinates. The Hilbert space

Fa(H)=
∞⊕

n=0

H(n)
a

is called the Fermionic Fock space over H.

4.4.4 Weyl Representation

Let s be a symplectic form on a linear space H, that is, the mapping s :H×H→C

which is not degenerated and satisfies s(f, g)=−s(g, f ). Typically, H is a complex
Hilbert space and s(f, g) = − Im〈f,g〉. The Weyl algebra, denoted by CCR(H)

(CCR; canonical commutation relation), is generated by unitaries {W(f );f ∈H}
satisfying the Weyl form of the canonical commutation relation:

W(f )W(g)= eis(f,g)W(f + g) (f, g ∈H).

Since the linear hull of the unitaries W(f ) is dense in CCR(H), any state is deter-
mined uniquely by its values taken on the Weyl unitaries. The most important state
of the Weyl algebra is the Fock state which is given by

ϕ
(
W(f )

)= e−‖f ‖2/2 (f ∈H).

The GNS Hilbert space (see Sect. 4.6) corresponding to the Fock state is called the
(bosonic) Fock space Γ (H) and the cyclic vector Φ is named vacuum. The states

ϕf (·)= ϕ
(
W(f )∗ ·W(f )

)

are called coherent states, and they are induced by the coherent vectors

πF

(
W(f )

)
Φ =Φf

in the Fock representation πF :

ϕ
(
W(f )

)= 〈
Φ,πF

(
W(f )

)
Φ

〉
.

One has

〈Φf ,Φg〉 = ϕ
(
W(f )∗W(g)

)

= e−
1
2 ‖g−f ‖2e−is(f,g)

= e−
1
2 (‖f ‖2+‖g‖2)+〈f,g〉
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and

ϕf

(
W(g)

) = e−
1
2‖g‖2−2is(f,g)

= e−
1
2‖g‖2+2iIm〈f,g〉 (f, g ∈H).

The field operators are obtained as the generators of the unitary groups t �→
πF (W(tf )) in the Fock representation. In other words, B(f ) is an unbounded self-
adjoint operator on Γ (H) such that

B(f )= d

dt
πF

(
W(tf )

)∣
∣
t=0

with an appropriate domain. The creation and annihilation operators are defined as

a(f )∗ = 1

2

(
B(if )− iB(f )

)
,

a(f ) = 1

2

(
B(if )+ iB(f )

)
.

The positive self-adjoint operator

n(f )= a(f )∗a(f )

has spectrum Z+, and it is called the particle number operator (for the “f -mode”).

4.5 Hida White Noise Analysis

4.5.1 White Noise

White noise Wt in communication theory is defined as a stationary stochastic pro-
cess whose power density spectrum is constant at all frequencies. Another definition
of white noise is that it is the time derivative of the Brownian motion process Bt ,

Wt = d

dt
Bt = Ḃt .

Therefore, {Wt } should satisfy the following conditions:

E(Wt) = 0,

E(WtWs) = δ(t − s).

It means that the white noise should be treated not as usual random variable but a
generalized function.

Such a measurable stochastic process does not exists, but there is a generalized
stochastic process with these properties. Let S(R) be the Schwartz space of rapidly
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decreasing functions on R with the usual topology, and let S∗(R) denote its dual
space of tempered distributions. We denote by 〈ω,f 〉 the action of ω ∈ S∗(R) on
f ∈ S(R). Also we denote Ω = S∗(R). Since S∗(R) is a nuclear, countably Hilbert
space, there exists, by the Bochner–Minlos theorem, a probability measure μ on the
measurable space (Ω, B) where B is the σ -algebra of the Borel subsets of Ω such
that its characteristic functional is

E
(
ei〈·,f 〉)=

∫

Ω

ei〈ω,f 〉 dμ(ω)= e−
1
2‖f ‖2

,

where ‖f ‖2 = ∫ |f (t)|2 dt . The triple (Ω, B,μ) is called the white noise probability
space and the (generalized) white noise process is the map

W : S(R)×Ω→R

given by

W(f,ω)= 〈ω,f 〉.
By using the relation

E
(〈·, f 〉2)= ‖f ‖2,

one can extend the definition W(f,ω) from f ∈ S(R) to all f ∈ L2(R). If we take
f (s)= 1[0,t](s) for all t > 0, we can define

Xt(ω)=W(1[0,t],ω).

One can check that Xt is a Gaussian stochastic process with mean 0 and covari-
ance

E(XtXτ )=min(t, τ ).

A continuous version of Xt is a standard Brownian motion Bt . The relation Ḃt =
Wt is valid in the sense of generalized functions.

4.5.2 Hida Distributions

According to Hida, the right starting point for the theory of stochastic processes is
not the Brownian motion Bt , but the white noise Wt = Ḃt . In particular, one studies
functionals of the white noise

F
(
Ḃt (ω), t ∈ T

)
,

where T is an interval and Ḃt is interpreted as a family of independent identi-
cally distributed random variables, a kind of an uncountable system of coordinates
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xt = Ḃt . An appropriate infinite-dimensional calculus (white noise calculus) is con-
structed on a suitable space (S)∗ of generalized white noise functionals, Hida dis-
tributions. It is constructed as a generalization of the Gel’fand triple

S ⊂ L2 ⊂ S∗.

One defines S = S(R) as a countable intersection of Hilbert spaces of operator
domains (p = 1,2, . . .)

S =
⋂

p

Sp, Sp =D
(
Ap

)
,

where A is a self-adjoint operator in L2 = L2(R, dt),

A=− d2

dt2 + t2 + 1.

Hida’s Gel’fand triple is defined as:

(S)⊂ (
L2)⊂ (S)∗.

Here (L2) is the Fock space (L2) = L2(S∗(R), dμ), and the space (S) again is
obtained as an intersection of operator domains, but now one uses a second quanti-
zation Γ (A) of the operator A in the Fock space (L2):

(S)= lim
p

(S)p, (S)p =D
(
Γ

(
Ap

))
.

The operator Γ (A) acts on the normal (or Wick) ordered monomials
:W(f1) · · ·W(fn): by

Γ (A)
(:W(f1) · · ·W(fn):

)= :W(Af1) · · ·W(Afn):.
Here W(f ) = W(f,ω) is the white noise and the Wick ordered monomials are
defined by the recurrent procedure:

:W(f1) · · ·W(fn): = (1− Pn−1)W(f1) · · ·W(fn),

where Pn projects onto the subspace of polynomials of order at most n.
Elements form the dual space (S)∗ are called Hida distributions. This construc-

tion permits defining important functionals such as local Wick powers :ωn(t):,
Donsker’s δ-function δ(Bt − α), and others. There are many applications of the
white noise analysis in quantum probability and infinite-dimensional analysis
[34, 335–337].

In particular infinite-dimensional differential operators ∂t and ∂∗t are introduced,
which play the role of annihilation and creation operators and satisfy the commuta-
tion relations

[∂t , ∂
∗
s ] = δ(t − s).
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An important tool in the white noise analysis is the infinite-dimensional rotation
group O(E) (we take E = S(R)) which consists of those orthogonal linear transfor-
mations of the real Hilbert space L2(R) which are continuous transformations of E.
The white noise measure μ is invariant under the natural action of the group O(E).

4.5.3 Lie Algebra of the Hida Rotation Group

Let us discuss the Lie algebra for the Hida rotation group.
Let us consider the Gel’fand triple of real spaces

E ⊂ L2(R)⊂E∗.

Let us take E = S(R) as the space of test functions (C∞ and fast decreasing). The
Hida rotation group O(E) consists of orthogonal transformations of L2(R) which
are homeomorphisms of E. Denote G= L2(R). The group O(E) is a subgroup of
O(G).

We want to describe the Lie algebra of O(E). Since O(E) is a subgroup of
O(G) the Lie algebra of O(E) should be a subalgebra of the Lie algebra of O(G).
Therefore, we first describe the Lie algebra of O(G).

The Lie algebra of O(G) consists of all anti-self-adjoint operators on the real
Hilbert space G = L2(R). Indeed, if L is an element of the Lie algebra of O(G)

then the element of the group O(G) can be written formally as eεL = 1+ εL+ · · · ,
and from the infinitesimal relation

〈
(1+ εL)f, (1+ εL)g

〉= 〈f,g〉

we get L∗ = −L. Examples of such operators are integral operators of the form

Lf (t)=
∫

K(t, s)f (s) ds, K(t, s)=−K(s, t)

and differential operators

L = d

dt
,

d3

dt3 , . . . ;

Lnm = tn
dm

dtm
− (−1)m

dm

dtm
tn, m,n= 0,1,2, . . . .

Now it would be interesting to investigate which anti-self-adjoint operators be-
long to the Lie algebra of the Hida rotation group O(E), that is, for which anti-self-
adjoint operators L the following condition holds: If f ∈ S then eεLf ∈ S.
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Two Elemental Stochastic Processes

There are two basic elemental stochastic processes: the Wiener process or white
noise and the Poisson process P(t) or the Poisson noise Ṗ (t). The characteristic
functional of the Poisson noise has the form

CP (ξ)= exp

[

λ

∫
(
eiξ(t) − 1

)
dt

]

where ξ ∈E and λ > 0 is the intensity. It defines a probability measure μP on E.

4.6 Elements of Operator Algebras

Any self-adjoint operator in B(H) is usually considered as a physical observable,
but this is not a trivial fact: When dim H=∞, B(H) contains an infinite number of
self-adjoint operators and not all of them may be physically realizable. Therefore, it
is natural to think of a smaller subset N of B(H) which is physically more realistic.
This subset N should satisfy the following conditions

(i) N is a *-algebra (i.e., for any A,B ∈ N and λ ∈ C, A + λB ∈ N ,AB ∈
N ,A∗ ∈N (A∗ is the adjoint of A)).

(ii) If {Aα} ⊂ N converges to A in the weak sense (i.e., 〈x,Aαy〉 → 〈x,Ay〉 for
any x, y ∈H), then A ∈N .

Condition (i) is imposed for mathematical convenience in operations of addition
and multiplication; and condition (ii) is imposed for physical convenience because
the expectation value is computed by taking an inner product and the subset should
be closed under this operation.

When N contains a unit operator I , the above conditions are identical to

N ′′ =N ,

where N ′′ = (N ′)′ and

N ′ ≡ {
A ∈ B(H);AB = BA,B ∈N

}
.

The algebra N satisfying the above condition is called a von Neumann algebra.
A quantum system is now considered in terms of a von Neumann algebra N .
A physical observable is a self-adjoint element of N and a state is a positive linear
normalized continuous functional on N ; that is, for any A, B ∈ B(H) and λ ∈C,

(i) ϕ(A∗A)≥ 0
(ii) ϕ(A+ λB)= ϕ(A)+ λϕ(B)

(iii) ϕ(I)= 1
(iv) if ‖An −A‖→ 0, then |ϕ(An)− ϕ(A)| → 0.
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Next we discuss some topologies on B(H). Let {Aλ;λ ∈ J } be a net (that is, J is
an ordered set, λ converges to some element in J with this order; refer to [534]) in
B(H), and Aλ

τ→ A means that Aλ converges to A as λ→∞ with respect to the
(operator) topology τ :

1. Uniform (operator) topology τu def⇐⇒‖Aλ −A‖→ 0

2. Strong (operator) topology τ s def⇐⇒‖(Aλ −A)x‖→ 0,∀x ∈H
3. Weak (operator) topology τw def⇐⇒〈x, (Aλ −A)y〉→ 0,∀x, y ∈H
4. Ultrastrong (operator) topology τus def⇐⇒ For any {xn} ⊂ HF ≡ {{xn} ⊂ H:∑∞

n=1 ‖xn‖2 <+∞,
∑∞

n=1 ‖(Aλ −A)xn‖2→ 0}
5. Ultraweak (operator) topology τuw def⇐⇒∑∞

n=1 |〈xn, (Aλ − A)yn〉| → 0,∀{xn},
{yn} ∈HF

6. Strong ∗ (operator) topology τ s∗ def⇐⇒ ‖(Aλ − A)x‖2 + ‖(A∗λ − A∗)x‖2 →
0,∀x ∈H

7. Ultrastrong ∗ (operator) topology τus∗ def⇐⇒∑∞
n=1{‖(Aλ − A)xn‖2 + ‖(A∗λ −

A)xn‖2}→ 0, {xn} ∈H.

These topologies are related as follows:

τu > τus∗ > τus > τuw

∨ ∨ ∨
τ s∗ > τs > τw

(strong topology > weak topology). When dim H <+∞, all topologies coincide.
Denote by B a uniformly bounded subset of B(H), for example, the unit ball

B1 ≡ {A ∈ B(H) : ‖A‖ ≤ 1}. On this ball, τuw = τw, τus = τ s, τus∗ = τ s∗.
When Aλ → A,Bλ → B in a certain topology τ ,we shall show whether the

following proposition holds or not: (a) A∗λ → A∗; (b) AλQ→ AQ and QAλ →
QA,∀Q ∈ B(H); (c) AλBλ→AB; (d) AλBλ→AB for {Aλ}, {Bλ} ⊂ B.

We write© if the proposition holds, and write × if it does not.

τ (a) (b) (c) (d)

τ u © © © ©
τ s × © × ©
τw © © × ×
τus × © × ©
τuw © © × ×
τ s∗ © © × ©
τus∗ © © × ©

Note that τ1 < τ2 implies Mτ2 (the closure of τ2-topology) ⊂Mτ1 for an algebra
M⊂B(H).

Let M be a ∗-algebra such that Mus =M , so that M is von Neumann algebra.
It is known that if M contains unity I , then Mus =M′′. A linear functional ϕ
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is τ -continuous on M if Aλ→ A(τ) implies ϕ(Aλ − A)→ 0. When τ1 < τ2, τ1-
continuity of ϕ implies τ2-continuity of ϕ.

Denote by M∗ the set of all τu-continuous linear functionals. Put M∗+ ≡
{ϕ ∈M∗;ϕ(A∗A) ≥ 0,∀A ∈M},M∼ ≡ {ϕ ∈M∗; τw-continuous},M∗ ≡ {ϕ ∈
M∗; τuw-continuous}.

We have the following properties:

1. M∼ =M∗, where the closure “−” is taken w.r.t. the norm ‖ · ‖ on M.
2. ϕ ∈ M∼ ⇔ ∃{xn}n=1, {yn}n=1 ⊂ H and N ∈ N such that ϕ(A) =∑N

n=1〈xn,Ayn〉.
3. ϕ ∈ M∗ ⇔ ∃{xn}n=1, {yn}n=1 ⊂ H such that

∑∞
n=1 ‖xn‖2 < +∞,∑∞

n=1 ‖yn‖2 <+∞, ϕ =∑
n〈xn,Ayn〉.

When M is identical with B(H), we have M∗ = T (H) (trace class). This identity
is particularly important.

Theorem 4.11 M∗ is a Banach space with respect to the norm of M∗ and
(M∗)∗ =M.

Definition 4.12 ϕ ∈M∗ is normal if 0≤Aλ ↑A implies ϕ(Aλ) ↑ ϕ(A).

Let N be a von Neumann algebra and S be the set of all states on N ; let S≡ N ∗+
and S∗ be the set of all normal states on N .

Let us list some properties of a state ϕ and the space S.

1. The norm of a state ϕ is given by ‖ϕ‖ = sup{|ϕ(A)|;A ∈N ,‖A‖ ≤ 1} = ϕ(I)

(when I ∈N ).
2. A state ϕ is said to be faithful if ϕ(A∗A)= 0 implies A= 0.
3. A state ϕ is said to be pure if ϕ cannot be decomposed into a convex combina-

tion of other states. (Here we assume that N contains I .)
4. A state ϕ is said to be a mixture if ϕ is not pure.
5. Two different topologies are often used in S:

(i) Uniform topology—ε-neighborhood Nε(ϕ) of ϕ is

Nε(ϕ)= {
ψ ∈S∗; ‖ϕ −ψ‖< ε

}
.

(ii) Weak ∗ topology—ε-neighborhood Nε(ϕ) of ϕ is

Nε(ϕ)= {
ψ ∈S∗;

∣
∣ϕ(Ak)−ψ(Ak)

∣
∣ < ε,A1, . . . ,An ∈A

}
.

6. S is the weak ∗ closed convex hull of exS, the set of all extreme points (pure
states) of S; S= w∗co exS.

7. The expectation value of a self-adjoint element A of N in a state ϕ is given by
ϕ(A).

8. GNS (Gelfand–Naimark–Segal construction theorem) For any state ϕ, there ex-
ist

(i) a Hilbert space Hϕ



4.6 Elements of Operator Algebras 55

(ii) a representation πϕ (i.e., πϕ : N → B(Hϕ) such that πϕ(AB) =
πϕ(A)πϕ(B),πϕ(A∗)= πϕ(A)∗)

(iii) and a cyclic vector xϕ (i.e., {πϕ(A)xϕ;A ∈N }− =Hϕ) such that

ϕ(A)= 〈
xϕ,πϕ(A)xϕ

〉
.

The above triple (Hϕ, πϕ, xϕ) is uniquely determined up to unitary equiv-
alence. Note that the Hilbert space Hϕ is different from the original Hilbert
space H.

9. For a state ϕ, the following are equivalent:
(i) ϕ is normal

(ii) There exists a density operator ρ on H such that ϕ(·)= trρ·.
10. Let N be a commutative von Neumann algebra on a separable Hilbert space H.

Then there exists a Hausdorff space Ω and a probability measure μ such that

N = L∞(Ω,μ).

This means that a von Neumann algebraic description is an extension of the
classical probability theory.

In some physical models with infinite degrees of freedom, it is not convenient
to fix a Hilbert space from the beginning. The C∗-algebraic expression is useful
in such cases. A C∗-algebra A is a Banach ∗-algebra (i.e., a norm ‖ · ‖ is defined
in A and it is a complete ∗-algebra w.r.t. ‖ · ‖) with ‖A∗A‖ = ‖A‖2,‖A∗‖ = ‖A‖.
A state ϕ on A is a positive linear normalized continuous functional on A. The
properties (1)–(8) of a von Neumann algebra are satisfied in A. In particular, the
usual Hilbert space formalism is recovered through the GNS construction theorem
above. That is, for any state ϕ ∈S, the state space of a C∗-algebra A, there exists a
triple (Hϕ, πϕ, xϕ) satisfying the above property 8. Remark that any von Neumann
algebra is a C∗-algebra, and for a C∗-algebra A, {πϕ(A);A ∈A}′′ =: πϕ(A)′′ is a
von Neumann algebra. Moreover,

Theorem 4.13 For general C∗-algebra A, there exists a Hilbert space H such that
a C∗-algebra B (⊂ B(H)) on H is isometrically isomorphic to A.

In the sequel, we assume that every von Neumann algebra or C∗-algebra contains
a unit operator I (i.e., IA=AI for any element of algebra). Let P(N ) be the set of
all projections in N . For any E,F ∈ P(N ), E dominates F (denoted by F ≤E) if
ranF ≤ ranE, and E is equivalent to F (denoted by E ∼= F ) if there exists a partial
isometry W such as E =W∗W,F =WW ∗.

Definition 4.14

(i) E is finite if any F ≤E ∼= F implies E = F .
(ii) E is semifinite if any F ≤E has no finite subprojection.

(iii) E is infinite if E is not finite.
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(iv) E is purely infinite if there does not exist nonzero finite projection F such that
F ≤E.

There exist some important types of von Neumann algebra:

Definition 4.15

(i) A von Neumann algebra is finite if I is finite.
(ii) A von Neumann algebra is semifinite if I is semifinite.

(iii) A von Neumann algebra is infinite if I is infinite.
(iv) A von Neumann algebra is purely infinite if I is purely infinite.

Moreover,

Definition 4.16 A von Neumann algebra is said to be σ -finite if any family of mutu-
ally orthogonal projections is countable, equivalently, there exists a faithful normal
state on this algebra.

4.7 KMS States and Tomita–Takesaki Theory

Let α be a mapping from a topological group G with an operation • to the set of all
automorphisms of the C∗-algebra A (denoted by Aut(A)) satisfying the following
conditions:

1. αt•s = αtαs for any t, s ∈G.
2. limt→0 ‖αt (A)−A‖ = 0 (strong continuity) for any A ∈A, where “0” is the unit

in G for the operation •.
3. αt (A

∗)= αt (A)∗ for any t ∈G and A ∈A.

The triple (A, α,G), or (A,S, α(G)), is sometimes called a C∗-dynamical system.
For an α-invariant state ϕ (i.e., ϕ(αt (A)) = ϕ(A) for any A ∈ A), there exists an
important theorem.

Theorem 4.17 For a C∗-dynamical system (A, α,R; • = +) and an α-invariant
state ϕ, there exists a representation πϕ in a Hilbert space Hϕ and a strongly con-
tinuous one-parameter unitary group {uϕ

t ; t ∈ R} such that (i) u
ϕ
t xϕ = xϕ , and (ii)

πϕ(αt (A))= u
ϕ
t πϕ(A)u

ϕ∗
t .

Let us discuss fundamentals of KMS (Kubo–Martin–Schwinger) state and
Tomita–Takesaki theory [741].

The KMS condition gives a formulation of the Gibbs state under some tempera-
ture which has a meaning in the infinite volume. The equilibrium state of a quantum
system with Hamiltonian H in a finite Hilbert space H with temperature T is de-
scribed by the Gibbs state density operator ρ

ρ = e−βH/tr e−βH .

Here β = 1/kT > 0 is the inverse temperature, and k is the Boltzmann constant. Let
A be an algebra of operators in H (for example, the algebra of all linear operators
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on a finite dimensional Hilbert space). We define the Gibbs state ϕ on A at inverse
temperature β by

ϕ(A)= tr(ρA), A ∈A.

Let

αt (A)=A(t)= eitHAe−itH , A ∈A, t ∈R

be the Heisenberg dynamics associated with the Hamiltonian H . One can prove that
for any pair of operators A,B ∈A the map t→ ϕ(A(t)B) can be analytically con-
tinued, and the state ϕ satisfies the following condition, called the KMS condition
at inverse temperature β > 0:

ϕ
(
A(t − iβ)B

)= ϕ
(
BA(t)

)
, t ∈R.

Indeed, denoting Z = tr e−βH , one has

ϕ
(
A(t − iβ)B

) = Z−1tr
(
e−βH eitH+βHAe−itH−βH B

)

= Z−1tr
(
eitH Ae−itH e−βH B

)= ϕ
(
BA(t)

)
.

Moreover, one can prove that the KMS property of the state is equivalent to the
Gibbs formula.

The state ϕ is αt -invariant, since

ϕ
(
A(t)

)=Z−1tr
(
e−βH eitHAe−itH )= ϕ(A), A ∈A, t ∈R.

Let (A,S, α) be a C∗-dynamical system. A state ϕ ∈ S is a KMS state with
respect to a real constant β and the automorphism αt if for any A,B ∈ A there
exists a complex function FA,B(z) such that

1. FA,B(z) is analytic for any z ∈Dβ ≡ {z ∈ C;−β < Im z < 0} if β is taken as a
positive constant. If β < 0,Dβ ≡ {z ∈C;0 < Im z <−β}.

2. FA,B(z) is bounded and continuous for any z ∈ D̄β ≡ {z ∈C;−β ≤ Im z≤ 0}.
3. FA,B(z) satisfies the following boundary conditions: (i) FA,B(t) = ϕ(αt (A)B)

and (ii) FA,B(t − iβ)= ϕ(Bαt (A)).

The KMS state with respect to the constant β and αt is called (β,αt )-KMS state.
We denote the set of all (β,αt )-KMS states by Kβ(α).

One can easily prove the following two facts:

1. ϕ is a (0, αt )-KMS state⇔ ϕ is a tracial state.
2. ϕ is a (β,αt )-KMS state⇔ ϕ is (−1, αβt )-KMS state.

Theorem 4.18 (β,αt )-KMS state ϕ is α-invariant.

Theorem 4.19 The following statements are equivalent:

(i) ϕ ∈Kβ(α).
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(ii) ϕ(AB)= ϕ(Bαiβ(A)),∀A ∈Aα,∀B ∈ C , where Aα is the set of all α-analytic
elements in A (i.e., A ∈ A is α-analytic if there exists an A-valued analytic
function A(z) such that A(z)= αz(A)).

(iii) For any f whose Fourier transform is a rapidly decreasing function with a
compact support in C∞(R) and for any A,B ∈ A the following relation is
satisfied:

∫
f (t)ϕ(αt (A)B)dt = ∫

f (t − iβ)ϕ(Bαt (A)) dt , where f (t − iβ)=
∫

f̂ (w)eiw(t−iβ) dw.

Theorem 4.20 If ϕ is faithful, then for a certain β , there exists a unique one-
parameter automorphism group αt such that ϕ is a (β,αt )-KMS state.

Let {Hϕ,πϕ, xϕ,u
ϕ
t } be the GNS representation of ϕ ∈S. The state ϕ̃ is defined

by ϕ̃(Q)= 〈xϕ,Qxϕ〉 for any Q ∈ πϕ(A)′′, which is called the natural extension of
ϕ to πϕ(A)′′. The natural extension α̃t of αt is defined by α̃t (Q)= u

ϕ
t Qu

ϕ
−t for any

Q ∈ πϕ(A). Then

1. For any ϕ ∈Kβ(α), α̃t (Q)=Q,∀Q ∈Zϕ ≡ πϕ(A)′ ∩ πϕ(A)′′.
2. Kβ(α)= {ϕ}⇒ Zϕ = CI.
3. ϕ ∈ ex I (α)= {extreme points in I (α)}⇒ πϕ(A)∩ u

ϕ
t (R)′ = CI.

4. ϕ ∈Kβ(α)∩ ex I (α)⇒ ϕ ∈ exKβ(α)⇔Zϕ = CI.
5. Since Kβ(α) is compact in weak ∗-topology and convex, Kβ(α) is equal to the

closure of the set of all convex combinations of extreme points in Kβ(α) in the
weak ∗-topology.

Let us consider a von Neumann algebra N having a cyclic and separating vector
x in a Hilbert space H. Here separating means that Ax = 0,A ∈N iff A= 0. Define
conjugate linear operators So and Fo by

SoAx = A∗x (∀A ∈N ),

FoA
′x = A′∗x (∀A ∈N ).

Their domains contain N x and N ′x, respectively, and they are closable opera-
tors: S̄o = S, F̄o = F . We have

1. S∗o = F,F ∗o = S. Let S = JΔ1/2 be the polar decomposition of S. J is
called the modular conjugate operator. It is conjugate unitary (i.e., 〈Jx,Jy〉 =
〈y, x〉, J 2 = I for any x, y ∈H). Δ is an unbounded positive self-adjoint oper-
ator called the modular operator. All these operators depend on {N , x}, so that
they should be denoted by Sx,Fx , etc., but we omitted x here. The following
important equalities hold:

2. Δ= FS and Δ−1 = SF .
3. F = JSJ =Δ1/2J = JΔ−1/2.

Theorem 4.21 (Tomita theorem)

(i) J N J =N ′, J N ′J =N .
(ii) JAJ =A∗ (∀A ∈N ∩N ′).
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(iii) Δit N Δ−it =N ,∀t ∈R.

Take φ(A)= 〈x,Ax〉,A ∈N and define σ
φ
t (A)=ΔitAΔ−it ,A ∈N.

Theorem 4.22 (Takesaki theorem) The state φ satisfies the KMS-condition w.r.t. σφ
t

at β =−1.

Remark 4.23 If we define σ
φ
t (A) = Δ−itAΔit then in the above theorem we get

β =+1.

4.8 Notes

For the basic theorems concerning Hilbert spaces and the operators on Hilbert
spaces, we refer to [314, 826]. Especially, the mathematical structure of tensor prod-
uct Hilbert spaces is discussed in [684]. The Hida white noise calculus is discussed
in [335–337]. For Theorem 4.11 and Theorem 4.13 concerning the theory of opera-
tor algebras, we refer to [330, 740]. In particular, we refer to [131] for Theorem 4.17,
Theorem 4.19 and Theorem 4.20 concerning C∗-dynamical systems and the KMS-
condition. The proofs of Theorem 4.21 and Theorem 4.22 in Tomita–Takesaki the-
ory are given in [330, 741].





Chapter 5
Basics of Quantum Mechanics

Quantum mechanics was started after works by Heisenberg [325], Schrödinger [692]
and Dirac around 1925. Together with relativity theory it is the most fundamental
theory in physics today. There are two important points in quantum mechanics:

(1) Quantum mechanics is a statistical theory.
(2) Every quantum system assigns a Hilbert space.

In this chapter, we quickly review the mathematical structure of basic principles
quantum mechanics and discuss the fundamentals of quantum probability. In partic-
ular, we discuss the notions of a quantum state and quantum operation, conditional
probability and joint probability in quantum probability, theory of measurements,
positive operator-valued measures and instruments. Finally, we summarize the dis-
cussion by presenting the seven principles of quantum mechanics where the funda-
mental role of the physical space R

3 is emphasized.

5.1 Quantum Dynamics

Let H be a self-adjoint operator in H called the Hamiltonian of a certain quantum
system. In quantum mechanics, in the simplest cases, the Hamiltonian has the same
form as in classical mechanics, but the canonical variables become operators.

The Heisenberg equations in quantum mechanics have the same form as in clas-
sical mechanics. The Hamiltonian for a nonrelativistic particle with mass m > 0 on
the real line in an external potential V (x) has the same form as in classical mechan-
ics

H = p2

2m
+ V (q),

where p is the momentum and q is the coordinate of the particle, but in quantum
mechanics p and q are operators in L2 (R) which satisfy the commutation relations

[p,q] = −i�.
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The operators can be defined as

qψ(x) = xψ(x), pψ(x) = −i�
d

dx
ψ(x)

on some vectors ψ in the Hilbert space L2(R).
The Heisenberg equations of motion are the same as in classical mechanics:

dq(t)

dt
= p(t)

m
,

dp(t)

dt
= − ∂

∂q
V
(
q(t)

)
,

but here q(t) and p(t) are operator-valued functions:

q(t) = U(t)∗qU(t), p(t) = U(t)∗pU(t)

where the unitary operator

U(t) = exp(−itH/�)

is called the evolution operator.
Let ψ(t) = U(t)ψ(0) be a vector in H describing the state of the system at time t .

Then one has the Schrödinger equation on an appropriate domain

i�
∂ψ(t)

∂t
= Hψ(t).

In the sequel, we take Planck’s constant � = 1 for simplicity. For a stationary state,
when ψ(t) = e−iEtϕ, E being a constant, the Schrödinger equation can be written as

Hϕ = Eϕ

with time-independent vector ϕ, which is an eigenequation.

5.1.1 Schrödinger Picture

The time evolution of a Hamiltonian system is given by a unitary operator U(t) =
exp(−itH); that is, suppose that the system is in a state ϕ at t = 0, then at time t the
system is in a state ψ(t) = U(t)ϕ. This ψ(t) satisfies the Schrödinger equation (on
an appropriate domain)

i
∂ψ(t)

∂t
= Hψ(t).

The state explicitly depends on time but the operator does not, which is called the
Schrödinger picture (or representation).
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The Schrödinger equation for the nonrelativistic particle with mass m > 0 on the
real line in an external potential V (x) reads

i
∂ψ(x, t)

∂t
= − 1

2m

∂2ψ(x, t)

∂x2 + V (x)ψ(x, t).

Here we set the Planck constant � = 1. If we insert it back then the Schrödinger
equation reads

i�
∂ψ(x, t)

∂t
= − �

2

2m

∂2ψ(x, t)

∂x2
+ V (x)ψ(x, t).

5.1.2 Heisenberg Picture

The time evolution of an observable A is determined by

A(t) = U(t)∗AU(t),

which is a solution of the Heisenberg equation

dA(t)

dt
= i
[
H,A(t)

]≡ i
(
HA(t) − A(t)H

)
.

The operators explicitly depend on time but the states do not, which is called the
Heisenberg picture (or representation).

The Heisenberg picture and the Schrödinger picture are in dual relation to each
other in the following sense

〈
ψ(t),Aψ(t)

〉= 〈
ψ,A(t)ψ

〉
.

Let us discuss the description of a free particle as an example, and compare the
description of the free particle in quantum mechanics with classical mechanics.

5.1.3 Free Particle

Classical Mechanics

The free particle on the real line in classical mechanics moves with a constant ve-
locity. Its trajectory is

x(t) = x0 + vt. (5.1)

Here x(t) is the position of the particle at time t , x0 is the initial position, and v is
the velocity. A state of the particle is described by two real numbers x0 and v. The
momentum p of the particle is equal to the product of the mass of the particle, m,
and the velocity, v, i.e., p = mv. One describes a state of the particle in the phase
space by two canonical variables: the position x and the momentum p.
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Quantum Mechanics

In quantum mechanics, the canonical variables become operators. There are no tra-
jectories in the classical sense. A state of the particle on the line in quantum mechan-
ics is described by a complex-valued function ψ(x, t) where x is the coordinate on
the line and t is the time variable. The basic postulate of quantum mechanics is that
there exists a function ψ(x, t) such that the probability to observe the particle in an
interval I ⊂ R at time t is given by

∫

I

∣
∣ψ(x, t)

∣
∣2 dx.

Note that this postulate does not determine the position of the particle, it only
determines the probability that the particle is located in the interval I. Since it is
certain that the particle must be somewhere along the line, we should have

∫

R

∣
∣ψ(x, t)

∣
∣2 dx = 1 (5.2)

at each time.
A free particle on the line is described by the function of the form

ψ(x, t) =
∫

exp

{

−i
p2

2m
t + ipx

}

ϕ(p)dp, (5.3)

where x is the coordinate on the line, and p represents the momentum. Here ϕ(p)

is an arbitrary function which satisfies the condition

∫
∣
∣ϕ(p)

∣
∣2 dp = 1. (5.4)

The function (5.3) is a solution of the Schrödinger equation for a free particle

i
∂ψ(x, t)

∂t
= − 1

2m

∂2ψ(x, t)

∂x2 . (5.5)

Exercise 5.1 Prove that the function (5.3) is a solution of the Schrödinger equa-
tion (5.5).

We see that the descriptions of the free particle in classical and in quantum me-
chanics are quite different. The function ψ(x, t) is called the wave function. Its
physical interpretation is that |ψ(x, t)|2 is the density of the probability to observe
the particle at time t and the point x.

Note that even in the case when at time t = 0 the particle is localized, i.e.,
|ψ(x,0)|2 does not vanish only on a finite interval, at time t > 0 there is a non-
vanishing probability to observe the particle near an arbitrary point on the line.
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5.1.4 Scattering

Most of the information about interaction between particles is derived from scatter-
ing experiments. Suppose that a flux of N particles per unit area per unit time is
incident on the target. The number of particles per unit time scattered into a nar-
row cone of solid angle dτ = sin θ dθ dφ, centered about the direction whose polar
angles with respect to the incident flux are θ and φ, will be proportional to the in-
cident flux N and to the angular opening dτ of the cone, hence it may be written
as σ(θ,φ)N dτ . The proportionality factor σ(θ,φ) is called the differential cross-
section. One can compute the differential cross-section from the solution of the sta-
tionary Schrödinger equation as follows. We seek a solution of the Schrödinger
equation in R

3 (Δ is the Laplace operator)

− �
2

2m
Δψ(x) + V (x)ψ(x) = Eψ(x)

that satisfies the asymptotic boundary condition

ψ(x) ∼ A

(

eikx + f (θ,φ)

r
eikr

)

in the limit of large r . Here f (θ,φ) is some function, A is a constant, r = |x|,
k = |k|. Then the differential cross-section is given by

σ(θ,φ) = ∣
∣f (θ,φ)

∣
∣2.

The function f (θ,φ) is called the scattering amplitude.
The time dependent scattering theory deals with the scattering operator, the S-

matrix, which is given by the limit of the evolution operator

S = lim
t→∞

τ→−∞
ei(t−τ)H0e−i(t−τ)(H0+V ).

Here H0 is a free Hamiltonian and H0 + V is the total Hamiltonian including the
term V which describes interaction. For the potential scattering, the S-matrix leads
to the same scattering amplitude f (θ,φ).

5.1.5 Description of General State: Density Operator

Let {ϕn} be the normalized eigenvectors of an observable A. Using ϕn with proba-
bility pn and observing another observable Q, we compute the expectation as

E(Q) =
∑

n

pn〈ϕn,Qϕn〉.



66 5 Basics of Quantum Mechanics

Define the operator Ξϕ,ψ for any ϕ,ψ ∈ H as

Ξϕ,ψz ≡ 〈ψ,z〉ϕ, ∀z ∈ H.

Following Dirac, this operator Ξϕ,ψ is written as

Ξϕ,ψ ≡ |ϕ〉〈ψ |.
Put

ρ =
∑

n

pn|ϕn〉〈ϕn|.

Then the above expectation value of Q in the state ρ is given by

Eρ(Q) = trρQ,

where “tr” is the trace (i.e., trA =∑
n 〈ϕn,Aϕn〉 for any CONS {ϕn} in the Hilbert

space as was explained in Chap. 4).
This ρ is called a density operator or a mixed state. Mathematically, a density

operator is a certain element of B(H), the set of all bounded linear operators on H,
that is, the set of all density operators is

S(H) ≡ {
ρ ∈ B(H);ρ∗ = ρ(self-adjoint), ρ ≥ 0, trρ = 1

}
.

In the terminology of Chap. 4, the density operator is a normalized self-adjoint
positive trace-class operator. An element ρ of S(H) may be called a (general) state
and the expectation value of A in a state ρ is given by Eρ(Q) = trρQ. This ρ

is a generalization of a probability distribution for a classical system and a vector
state ϕ.

Now we explain more about Dirac’s Ket |·〉 and Bra 〈·| and discuss their uses. An
operator |ϕ〉〈ψ | (∀ϕ,ψ ∈ H) is in B(H). The norm of the operator is ‖|ϕ〉〈ψ |‖ =
‖ϕ‖‖ψ‖, so that ran (|ϕ〉〈ψ |) = {λϕ;λ ∈ C} is a one-dimensional closed subspace
if ϕ �= 0. The inner product of ϕ,ψ ∈ H is often written in Dirac’s notation as
〈ϕ,ψ〉 = 〈ϕ|ψ〉.

Example 5.2 H = C
n

|ϕ〉 =
⎛

⎜
⎝

t1
...

tn

⎞

⎟
⎠ , 〈ψ | = (s1, . . . , sn) =⇒ |ϕ〉〈ψ | =

⎛

⎜
⎝

t1s1 · · · t1sn
...

. . .
...

tns1 · · · tnsn

⎞

⎟
⎠ .

Exercise 5.3 Let a = (a1, a2, a3) be a vector in the 3-dimensional real space R
3.

Prove that the matrix

ρ = 1

2

(
1 + a1 a2 − ia3

a2 + ia3 1 − a1

)



5.2 States and Observables 67

represents a density operator in the two dimensional Hilbert space C
2 if and only if

the vector a belongs to the unit ball,

|a| = (
a2

1 + a2
2 + a2

3

)1/2 ≤ 1.

5.2 States and Observables

5.2.1 Quantum Parallelism (Duality)

To see the reason why a description of the quantum mechanics is so different from
that of the classical mechanics, let us remind the phenomena of quantum paral-
lelism. One of the most striking properties of quantum particles is their interference
properties shown in the double slit experiment (Fig. 5.1).

In the double slit experiment which is referred to also as Young’s experiment,
a coherent light source illuminates a thin plate with two parallel slits cut in it, and
the light passing through the slits strikes a screen behind them. The light waves
passing through both slits interfere, creating an interference pattern of bright and
dark bands on the screen. There is the following problem here. At the screen, the
light is always found to be absorbed as though it were made of discrete particles,
called photons. If the light travels from the source to the screen as particles, then
according to the classical reasoning the number of particles (or probability) that
strike any particular point on the screen is expected to be equal to the sum of those
particles (or probabilities) that go through the first slit and those that go through the
second slit.

So, according to the classical particle physics, the brightness at any point should
be the sum of the brightness when the first slit is blocked and the brightness when the
second slit is blocked. In other words, the probability P(x) of finding a particle at
the point x on the screen should be the sum of probability P1(x) when the second slit
is blocked and the probability P2(x) when the first slit is blocked, P(x) = P1(x) +
P2(x). However, it is found in experiments that unblocking both slits makes some
points on the screen brighter, and other points darker. The experiment tells us that
P(x) �= P1(x) + P2(x). This can only be explained by the alternately additive and
subtractive interference of waves, not the exclusively additive nature of particles,
so we obtain that light must have some particle–wave duality. There is the similar
property also for electrons and other quantum particles.

It is important to note that the concept of probability is not altered in quantum
mechanics. When one says the probability of a certain outcome of an experiment
under certain conditions is p, this means that if the experiment is repeated many
times under the same conditions, one expects that the fraction of those which give
the outcome in question is roughly p. What is changed in quantum mechanics is
the method of calculating probabilities. One can say that instead of exclusive al-
ternatives, which one uses in classical world, quantum mechanics uses interfering
alternatives. When we speak about quantum probability, this means, in fact, only
special rules for computation of ordinary (“classical”) probability.
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Fig. 5.1 Quantum interference

To state the correct law for the probability P(x), quantum mechanics postulates
that P(x) is the absolute square of a certain complex-valued function ψ(x) which is
called the probability amplitude of arrival at x (it is also called the wave function).
More generally, to every (pure) state of any quantum system one assigns a unit
vector from a Hilbert space. Furthermore, ψ(x) is the sum of two contributions
describing the alternatives:

ψ(x) = c
[
ψ1(x) + ψ2(x)

]

where c is the normalization constant (the total probability must be equal 1). Here
ψ1(x) is the amplitude of arrival through hole 1, P1(x) = |ψ1(x)|2, and ψ2(x) the
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amplitude of arrival through hole 2, P2(x) = |ψ2(x)|2. Then we should have

P(x) = ∣
∣ψ(x)

∣
∣2 = |c|2[∣∣ψ1(x)

∣
∣2 + ∣

∣ψ2(x)
∣
∣2

+ ψ1(x)∗ψ2(x) + ψ1(x)ψ2(x)∗
]

= |c|2[P1(x) + P2(x) + I (x)
]

where I (x) = ψ1(x)∗ψ2(x) + ψ1(x)ψ2(x)∗ is the interference term.
An explicit form of the wave functions is derived in quantum mechanics by solv-

ing the Schrödinger equation (see below). In our case, the wave functions ψ1(x) and
ψ2(x) can be given as follows. Let x be the distance from the center of the screen to
the point on the screen we consider. Furthermore, let r1 be the distance between the
first slit and the point x on the screen, and r2 the distance between the second slit
and the point x. Then the wave functions ψ1(x) and ψ2(x) can be approximately
written as spherical waves

ψ1(x) = eikr1

r1
, ψ2(x) = eikr2

r2
,

where we neglect the normalization constants. The same expressions we get in clas-
sical optics by solving the Maxwell equations. Here in classical optics k is the wave
vector, k = 2π/λ, where λ is the wavelength of light. In quantum mechanics, if we
consider electrons or other particles, then k = p/�, where p is the momentum of an
electron and � is the Planck constant. Now the probability P(x) is proportional to

∣
∣ψ1(x) + ψ2(x)

∣
∣2 = 2

r1r2

[
1 + cosk(r2 − r1)

]
.

A bright fringe on the screen is located at the places x where

k(r2 − r1) = 2πn, n = 0,±1, . . . .

In classical optics, the formula says that a bright fringe on the screen is located at
the places x where the difference of distances between the place and the slits equals
an integer multiple of the wavelength: r2 − r1 = λn.

We can simplify this condition as follows. Let a be the slit separation and L

distance from slits to screen. Then for large L and small a and x one has

r1,2 =
√

L2 +
(

x ∓ a

2

)2

� L + 1

2L

(

x2 + a2

4

)

∓ xa

2L

and r2 − r1 � xa/L. Therefore, we obtain the famous Young formula

a

L
= λ

x
n, n = 0,±1, . . . .

The interference of particles is essential for quantum physics, which is not in
classical physics. This interference (a character of a “wave”) is a fundamental prop-
erty of matter, and it is used in several aspects of quantum information as will be
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explained in the subsequent chapters. On the other hand, according to several other
fundamental experiments such as the photo-effect and Compton-effect, every matter
has the property of a “particle”. Thus every matter has a duality, namely, the prop-
erty of a wave and that of a particle, so that quantum mechanics is based on the
principle that every existence has the duality.

5.2.2 States

A (pure) state in a quantum system is described by a normalized vector ψ in a
certain Hilbert space H. This vector ψ is called the state vector or just state. Let H

be a self-adjoint operator in H, called the Hamiltonian of a certain quantum system.
Then the Schrödinger equation is

i�
∂ψ(t)

∂t
= Hψ(t),

where ψ(t) is a vector in H describing the state of the system at time t . In the
sequel, we take Planck’s constant � = 1 for simplicity. For a stationary state, when
ψ(t) = e−iEtψ , the Schrödinger equation can be written as

Hψ = Eψ

with time independent vector ψ , which is an eigenequation.
For a particle in R

3, the above Hamiltonian depends on x ∈ R
3, so that the vector

also depends on x, and the Hilbert space is given by

L2(
R

3)≡
{

ψ;
∫

R3

∣
∣ψ(x)

∣
∣2 dx < +∞

}

with the inner product given by

〈ϕ,ψ〉 =
∫

R3
ϕ(x)ψ(x) dx.

A state of the system is a normalized vector ψ of L2(R3), namely,

‖ψ‖ =√〈ψ,ψ〉 = 1.

5.2.3 Observables

An observable of a quantum system is described by an Hermite (symmetric) opera-
tor A on H:

〈ϕ,Aψ〉 = 〈A∗ϕ,ψ〉 = 〈Aϕ,ψ〉 for any ϕ,ψ ∈ D(A).
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Remark that most of physically interesting Hermite operators can be extended to
self-adjoint operators, and a bounded Hermite operator is self-adjoint so that one
often says that an observable is described by a self-adjoint operator.

Note that a general notion of observables is associated with positive operator-
valued measures which is discussed below.

5.2.4 Expectation Values

An expectation value of an observable A in a (pure) state ϕ is given by

〈ϕ,Aϕ〉
which is a real number because A is Hermitian:

〈ϕ,Aϕ〉 = 〈Aϕ,ϕ〉 = 〈ϕ,A∗ϕ〉 = 〈ϕ,Aϕ〉.
Only the eigenvalue of A is actually measured in an eigenstate (eigenvector) of A,
that is,

Aϕk = akϕk =⇒ 〈ϕk,Aϕk〉 = ak〈ϕk,ϕk〉 = ak.

Moreover, when a state vector ϕ measuring A is not an eigenstate of A and
A is observed by the state ϕ several times, the eigenvalue ak is obtained with the
probability pk = |ck|2. Then the state vector ϕ is expressed as

ϕ =
∑

k

ckϕk

using the normalized eigenvectors ϕk (k = 1,2, . . . ) of A. The expectation value of
A in this ϕ becomes

〈ϕ,Aϕ〉 =
∑

k,j

〈ckϕk,Acjϕj 〉 =
∑

k,j

ckcj 〈ϕk,Aϕj 〉

=
∑

k,j

ckcj 〈ϕk, ajϕj 〉 =
∑

k,j

aj ckcj 〈ϕk,ϕj 〉

=
∑

k

ak|ck|2 =
∑

k

akpk.

Example 5.4 When H = C
n and an observable A is given by a diagonal matrix, that

is,

A =
⎛

⎜
⎝

a1 0
. . .

0 an

⎞

⎟
⎠ : C

n → C
n,
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and when a state ϕ is given by

ϕ = (√
p1, . . . ,

√
pn

)t ∈ C
n, pk ≥ 0 with

n∑

k=1

pk = 1,

the expected value of A shows

〈ϕ,Aϕ〉 =
n∑

k=1

akpk ≡ 〈A〉ϕ,

which coincides with the expectation value of a classical system.

5.3 Quantum Oscillator, Creation and Annihilation Operators

The Hamiltonian of a quantum oscillator has the form

H = 1

2m
p2 + ω2

2
q2.

Here ω is a real parameter, ω > 0, and p and q are formal operators which are
defined as

qψ(x) = xψ(x), pψ(x) = −i�
d

dx
ψ(x)

on some vectors ψ in the Hilbert space L2(R). They satisfy the Heisenberg canoni-
cal commutation relations (CCR), by taking m = � = 1 in the sequel for simplicity,

[q,p] = i.

These relations in terms of operators

a = 1√
2ω

(ωq + ip), a∗ = 1√
2ω

(ωq − ip)

take the form

[a, a∗] = I. (5.6)

The operators a, a∗ are called the annihilation and creation operators, respectively.
The Hamiltonian now will take the form

H = ω

(

a∗a + 1

2

)

. (5.7)

One can prove that the complete orthonormal system of eigenvectors of the operator
N = a∗a has the form

ψn(x) = 1√
n!a

∗nψ0(x), n = 0,1,2, . . . ,
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where ψ0(x) = (ω/π)1/4 exp(−ωx2/2). One can prove that

ψn(x) =
√

ω

π2nn!Hn

(√
ωx
)

exp

(

−ωx2

2

)

,

where Hn are the Hermite polynomials such that

Hn(z) = (−1)n exp
(
z2)
(

dn

dzn
exp

(−z2)
)

.

One has

Nψn(x) = nψn(x), n = 0,1,2, . . .

and

Hψn(x) = ω

(

n + 1

2

)

ψn(x), n = 0,1,2, . . . .

This vector ψn(x) is equivalently expressed by the vector |n〉 in Dirac notations
and satisfies

a|n〉 = √
n|n − 1〉, a∗|n〉 = √

n + 1|n + 1〉
from algebraic computation by means of (5.6) and (5.7).

Let us define the family of unitary operators Wξ,v in L2(R) by the relation

Wξ,vϕ(x) = exp

[

iv

(

x − ξ

2

)]

ϕ(x − ξ)

for any ϕ ∈ L2(R). Here ξ, v are real parameters. Then one can check the relation

aWξ,vψ0(x) = zWξ,vψ0(x),

where z = (ωξ + iv)/
√

2ω. The state denoted by |z〉 ≡ Wξ,v |0〉 is called the coherent
vector. There is the completeness relation for the coherent vectors

∫

C

|z〉〈z|d
2z

2π
= I,

where d2z = dξ dv/2.

5.4 Symmetries

It is the Galilean relativity principle that the statistics of any measurement is the
same in any inertial frame of reference. Galilean group is an important example of a
symmetry group. In quantum theory, a symmetry group is described by the unitary
or projective representations of the group in a Hilbert space of quantum states of the
system.
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If G is a group then a family of unitary operators g → Ug , g ∈ G in a Hilbert
space H is called a projective unitary representation of G in H if

Ug1Ug2 = ω(g1, g2)Ug1g2 , ∀g1, g2 ∈ G.

Here ω(g1, g2) is a complex-valued function with |ω(g1, g2)| = 1. If ω ≡ 1, then
the representation is called unitary. We shall consider only topological groups G

and representations which are weakly continuous.

5.4.1 Representations of the Rotation Group: Spin

Consider rotations in the 3-dimensional Euclidean space: x → Rx. The rotation
matrices R form the rotation group G. One can prove that in a Hilbert space of any
finite dimension d = 2,3, . . . there exists exactly one irreducible projective unitary
representation of the rotation group. The number s = (d −1)/2 = 1/2,1,3/2, . . . is
called the spin of the representation. This spin s is obtained from the eigenvalues of
the operator J given below: J 2(≡∑3

k=1 J 2
k )ψ = s(s +1)ψ . In the case of the trivial

representation (d = 1), one says that spin s = 0. We describe here representations
of various spins.

Any rotation is a rotation around the unit vector n through an angle θ . There
are three infinitesimal generators of rotations around the three coordinate axes. The
rotation matrix can be written in the form R = exp[−∑3

k=1 θkLk], where Lk are
infinitesimal generators (3-dimensional matrices) satisfying the relations

[L1,L2] = −L3, [L2,L3] = −L1, [L3,L1] = −L2,

and θk are real parameters. It is said that the matrices Lk generate the Lie algebra of
the rotation group.

Any unitary representation of the rotation group in a d-dimensional Hilbert space
can be written in the form

UR = exp

[

−i
3∑

k=1

θkJk

]

,

where Jk are Hermitian matrices satisfying

[J1, J2] = iJ3, [J2, J3] = iJ1, [J3, J1] = iJ2.

For the spin s = 1/2 (d = 2), the solution of the last commutation relations Jk =
σk/2 is given by the Pauli matrices

σ1 =
(

0 1
1 0

)

, σ2 =
(

0 −i
i 0

)

, σ3 =
(

1 0
0 −1

)

.
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In this case, one can compute the exponents as

UR = exp

[

− i

2

3∑

k=1

θkσk

]

= I cos
θ

2
− i

(
3∑

k=1

θkσk

)
1

θ
sin

θ

2
,

where θ =
√

θ2
1 + θ2

2 + θ2
3 . In particular, the rotation by 2π for θ1 = 2π, θ2 = θ3 = 0

gives UR = −I .
The Galilean group is given by the following Galilei transformation. The coordi-

nates (x, t) and (x′, t ′) of two inertial frames of reference are related by the Galilei
transformation

x′ = Rx + ξ + vt, t ′ = t + τ.

Here R is a rotation, v is the velocity, and τ is the time shift. The time shift describes
dynamics of the system, and it is represented by a Hamiltonian. Any projective uni-
tary representation of the group of kinematical transformations x ′ = Rx + ξ + vt ,
t ′ = t , is characterized by two parameters d and μ where d = 1,2,3, . . . (instead
of d , the spin s = (d − 1)/2) is often used), and μ is a real number. This represen-
tation is given in the Hilbert space H = C

d ⊗ L2(R3) by

W(ξ, v,R)ψ(x) = exp
[
iμv · (x − ξ/2)

]
URψ

(
R−1(x − ξ)

)
.

Here UR acts in the space C
d , i.e., on components of the vector-function ψ(x).

Remark 5.5 Spin properties of an electron are described by the relativistic covariant
Dirac equation, see Chap. 16.

5.5 Quantum Probability

In this section, we discuss some fundamental facts of quantum probability. Quantum
probability in a simple setting is defined by a Hilbert space H with the set of all pro-
jections PH which represent events, the set of self-adjoint (or Hermitian) operators
representing observables, and the set of density operators representing states.

Let ϕk (k = 1,2, . . . ) be the eigenvectors of an observable A with the eigenvalues
ak (i.e., Aϕk = akϕk). Prepare a state ϕ =∑

k ckϕk with
∑

k |ck |2 = 1 and observe
A by this ϕ. The probability of obtaining ak is |ck|2, and it is denoted by

P(A = ak) = |ck|2.
The physical interpretation for the change ϕ → ϕk is called a reduction of the

wave packet (see the subsequent section) through the observation of A in a state ϕ.
Let H be the Hilbert space spanned by {ϕk}, and let its subspace HΔ be given by

HΔ = closure of the linear span of {ϕk;ak ∈ Δ},
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where Δ is a Borel set of R (i.e., Δ ∈ B(R)). Let PΔ be the projection from H to
HΔ. Then the probability of obtaining the eigenvalue contained in Δ by observing
A in a state ϕ is

P(A ∈ Δ) = ‖PΔϕ‖2.

As is explained in the previous section, the expectation value of A in ϕ is

Eϕ(A) = 〈ϕ,Aϕ〉 =
∑

k

P (A = ak)ak =
∑

k

|ck|2ak,

and the variance of A in ϕ is

Vϕ(A) = Eϕ

(
A2)− Eϕ(A)2.

When an observable A has a continuous spectrum and its spectral decomposition is

A =
∫

R

aEA (da),

the expectation value is denoted as

Eϕ(A) =
∫

R

a
〈
ϕ,EA (da)ϕ

〉
.

Here EA(·) is the spectral measure of A and ϕ is a vector in domA (domain of A).
Again as in the previous section, let us consider a state ρ given by

ρ =
∑

pnEn, En = |ϕn〉〈ϕn|.

Then the expectation value of A in a state ρ is

Eρ(A) = trρA,

which becomes
∑

k

akpk

only when Aϕk = akϕk .
So far, the state ϕ or ρ is prepared through an observable A, and we have consid-

ered the observation of A. Generally, we observe some other physical observable B

in this prepared state ϕ or ρ. Then the expectation value is expressed as

Eϕ(B) = 〈ϕ,Bϕ〉,
Eρ(B) = trρB.

A comparison of the classical probability theory (CPT) with the quantum proba-
bility theory (QPT) is shown in the following table:
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CPT QPT

Fundamental space Ω H
Event σ -field F set of all projections PH
Observable real random var. f self-adjoint op. A

State prob. measure μ density operator ρ

Note that a probability distribution is a special case of μ and a vector state ϕ is that
of ρ:

〈ϕ,Bϕ〉 = trB|ϕ〉〈ϕ|.
There exists the following correspondence between an event of CPT and that of

QPT:

CPT QPT

For any A,B ∈ F For any E,F ∈ P H
A ⊂ B E ≤ F (i.e., ranE ⊂ ranF )
A ∩ B E ∧ F (projection to ranE ∩ ranF )
A ∪ B E ∨ F (projection to ranE ∪ ranF )
Ac ≡ Ω \ A E⊥ ≡ I − E

A map ϕ : PH → [0,1] such that ϕ(I) = 1, ϕ(
⋃

j Ej ) = ∑
j ϕ(Ej ) for any

{Ej } ⊂ PH with Ei⊥Ej (i �= j) is called a probability measure on PH.
The following theorem may be a witness of the above correspondence.

Theorem 5.6 (Gleason’s theorem) If dim H ≥ 3 and ϕ is a probability measure on
PH, then there exists a unique density operator ρ such that

ϕ(E) = trρE

for any E ∈ P H.

5.5.1 Conditional Probability and Joint Probability in QP

The conditional probability and the joint probability do not generally exist in a quan-
tum system, which is an essential difference from a classical system. In the classical
probability, the joint probability for two events A and B is

μ(A ∩ B),

and the conditional probability is defined by

μ(A ∩ B)

μ(B)
.
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In the quantum probability, after a measurement of F ∈ P H, a state ρ is changed to

ρF = FρF

trρF
.

When we observe an event E ∈ P H, the expectation value becomes

trρF E = trFρFE

trρF
= trρFEF

trρF
. (5.8)

This expectation value may be interpreted as the conditional probability in QPT.
There is also another candidate for the conditional probability in QPT. Is it pos-

sible to match well the conditional probability in quantum probability with that in
classical probability?

By a direct application of the chart between CPT and QPT, the joint probability
and the conditional probability of QPT are expected to be expressed as

ϕ(E ∧ F)

and

ϕ(E ∧ F)

ϕ(F )
, (5.9)

where we used the notation

ϕ(·) = trρ(·).
We ask when the above two expressions (5.8) and (5.9) in QPT are equivalent.

We will see that actually ϕ(· ∧ F)/ϕ(F ) is not a probability measure on PH, but
the expression (5.8) can be a candidate for a conditional probability in quantum
probability.

Proposition 5.7

(i) When E commutes with F , the above two expressions are equivalent, namely,

ϕ(FEF)

ϕ(F )
= ϕ(E ∧ F)

ϕ(F )
.

(ii) When EF �= FE, ϕ(·∧F)
ϕ(F )

is not a probability on PH , so that the above two

expressions are not equivalent.

Proof (i) EF = FE implies E ∧ F = EF and FEF = EFF = EF 2 = EF , so
that

ϕ(E ∧ F)

ϕ(F )
= ϕ(FEF)

ϕ(F )
= ϕ(EF)

ϕ(F )
.

(ii) Put Kϕ(E | F) ≡ ϕ(E∧F)
ϕ(F )

and put z ∈ linsp{x, y}, z �= x, y for any x, y ∈ H.
Take the projections Px = |x〉〈x|,Py = |y〉〈y|,Pz = |z〉〈z| such that (Px ∨ Py) ∧
Pz = Pz and Px ∧ Pz = 0 = Py ∧ Pz.
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Then

Kϕ

(
(Px ∨ Py) ∧ Pz | F )= Kϕ(Pz | F) �= 0,

Kϕ(Px ∧ Pz | F)+Kϕ(Py ∧ Pz | F) = 0.

Therefore,

Kϕ

(
(Px ∨ Py) ∧ Pz | F ) �= Kϕ(Px ∧ Pz | F) + Kϕ(Py ∧ Pz | F),

so that Kϕ(· | F) is not a probability measure on P H. �

In CPT, the joint distribution for two random variables f and g is expressed as

μf,g(Δ1,Δ2) = μ
(
f −1(Δ1) ∩ g−1(Δ2)

)

for any Borel sets Δ1,Δ2 ∈ B(R). The corresponding quantum expression is either

ϕA,B(Δ1,Δ2) = ϕ
(
EA(Δ1) ∧ EB(Δ2)

)

or

ϕ
(
EA(Δ1) · EB(Δ2)

)

for two observables A,B and their spectral measures EA(·), EB(·) such that

A =
∫

aEA (da), B =
∫

bEB (da).

It is easily checked that neither one of the above expressions satisfies either a con-
dition of a probability measure or the marginal condition unless AB = BA, so that
they cannot be the joint quantum probabilities in the classical sense.

Therefore, we conclude that there do not exist both conditional and joint proba-
bilities in a quantum system in the sense of a classical system.

Let us explain the above situation, as an example, in a physical measurement
process. When an observable A has a discrete decomposition like

A =
∑

k

akFk, Fi⊥Fj (i �= j),

the probability of obtaining ak by measurement in a state ρ is

pk = trρFk

and the state ρ is changed to a state ρk such that

ρk = FkρFk

trρFk

≡ Pρ(·|Fk).
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After the measurement of A, we will measure a similar type observable B (i.e.,
B =∑

j bjEj (Ei⊥Ej (i �= j)) and the probability of obtaining bj after we have
obtained the above ak for the measurement of A is given by

pjk = (trρFk)(trρkEj )

= trρFkEjFk

= Pρ(Ej |Fk)trρFk. (5.10)

This pjk satisfies

∑

j,k

pjk = 1,

(5.11)∑

j

pjk = trρFk = pk,

but not
∑

k

pjk = trρEj

unless EjFk = FkEj (∀j, k), so that pjk is not considered as a joint quantum prob-
ability distribution.

The above discussion shows that the order of the measurement of two observables
A and B is essential, and it gives us a different expectation value, hence the state
change.

5.5.2 Probability Positive Operator-Valued Measure (POVM)

We consider an example of a positive operator-valued measure on the lattice Z
2.

A family of bounded operators {M(Δ), Δ ∈ σ -algebra on Z
2} in a Hilbert space

is called a probability positive operator-valued measure (POVM) if the following
conditions are satisfied:

(i) M(Δ) ≥ 0,M(∅) = 0
(ii) M(

⋃
k Δk) =∑

k M(Δk) for any {Δk} with Δi ∩ Δj = ∅ (i �= j)

(iii) M(Z2) = I .

Let us consider an operator

M(Δ) ≡
∑

i,j∈Δ

FiEjFi

for any spectral resolutions {Fi}, {Ej } ⊂ PH and any subset Δ ⊂ Z × Z ≡ Z
2.
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Theorem 5.8

1. M(Δ) is a positive operator-valued measure.
2. M(·) is a projection-valued measure (PVM) (i.e., M(·) is POVM and M(·)2 =

M(·)) iff FiEj = EjFi for any i, j .

Proof (Part 1) Properties (i) and (iii) of POVM are obvious. Let us prove prop-
erty (ii). The relation Δk ∩ Δl = ∅ (k �=l) implies

M

(⋃

k

Δk

)

=
∑

i,j∈⋃k Δk

FiEjFi

=
∑

k

∑

i,j∈Δk

FiEjFi =
∑

k

M(Δk).

(Part 2) [Fi,Fj ] = 0 (∀i, j) implies

FiEjFi = EjFiFi = EjFi.

Therefore,

M(Δ) =
∑

i,j∈Δ

FiEjFi =
∑

i,j∈Δ

EjFi,

M(Δ)∗ =
∑

i,j∈Δ

F ∗
i E∗

j =
∑

i,j∈Δ

FiEj

=
∑

i,j∈Δ

EjFi = M(Δ).

Similarly, we have M(Δ)2 = M(Δ). So M(Δ) is a projection. Conversely, when
M(Δ)2 = M(Δ)∗ = M(Δ) is satisfied, FiEjFi = EjFiEj holds for any (i, j) ∈
Δ ⊂ Z2. Hence Ej =∑

i EjFiEj =∑
i FiEjFi , which implies

FkEj =
∑

i

FkFiEjFi = FkFjFk =
∑

i

FiEjFiFk = EjFk.
�

When we measure A =∑
i aiFi and B =∑

j bjEj in this order, and obtain the
value in Δ ⊂ Z × Z, the state ρ is changed to

ρΔ =
∑

i,j∈Δ EjFiρFiEj

tr M(Δ)ρ
.

The above correspondence

ρ → ρΔ

is not linear in general.
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In order to partially solve the difficulty of the nonexistence of a joint quantum
distribution, the notion of a compound state satisfying two conditions (5.10) and
(5.11) was introduced by Ohya, and it is discussed in Chap. 7.

5.6 General Frameworks of Quantum Probability

Here we point out briefly that a von Neumann algebra and a C∗-algebra explained
in Chap. 4 contain both classical and quantum systems and play essential role in
studying some physical models with infinite degrees of freedom.

A quantum system is generally described by the above von Neumann algebraic
framework or the C∗-algebraic framework by the following correspondence.

CPT v.N. or C∗-QPT

State μ ϕ ∈ S

Observable real r.v. f ∈ L∞(Ω,μ) s.a. A ∈ N
Expectation value 〈f 〉 = ∫

Ω
f dμ ϕ(A)

5.7 Uncertainty Relation

As was discussed, the expected value of an observable A with respect to a state
vector ψ ∈ H was

Eψ(A) = 〈ψ,Aψ〉,
and its dispersion (variance) was given by

Vψ(A) = 〈
A2〉

ψ
− 〈A〉2

ψ.

Hence one can see that if a vector ψ is an eigenvector of some observable, its dis-
persion in the state ψ vanishes.

Heisenberg considered that any observation must have an effect on a system if
the system is microscopic, and he derived an important inequality for dispersions of
two observables. For arbitrary two operators A and B , the inequality

Vψ(A)Vψ(B) ≥ 1

4

∣
∣
〈[A,B]〉

ψ

∣
∣2

holds if A,B and the commutator are defined on the vector state ψ . If the operator
A is the position operator and B is the momentum operator with the commutation
relations, i.e.,

[qk,pj ] =
[

qk,−i�
∂

∂qj

]

= i�δkj I,

then one gets the Heisenberg’s uncertainty principle.
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Note that for a quantum system in a bounded region Heisenberg’s uncertainty
principle is generally not valid. It is clear from the following remark. One could
have a discrete spectrum for the momentum operator; therefore, there are states in
which the dispersion of the momentum is zero while the uncertainty of the position
cannot be larger then the volume of the region, see [804].

Instead of taking the vector state ψ , we can use a general quantum state ρ. In
such a case, the expectation and the variance are given respectively by

Eρ(A) = trρA and Vρ(A) = Eρ

(
A2)− Eρ(A)2.

Then the uncertainty relation is written as

Vρ(A)Vρ(B) ≥ 1

4

∣
∣Eρ

([A,B])∣∣2.

These uncertainty relations are easily proved by applying Schwarz inequality.

5.8 Principle of Quantum Measurements

Quantum mechanics has resolved fundamental difficulties of classical physics in de-
scribing atoms and elementary particles, and it also tremendously contributed to the
whole science in the twentieth century. In spite of this success, quantum mechanics
has not yet succeeded in clarifying all fundamental problems. In this section, we
address one such problem, namely the measurement problem. The problem of mea-
surement comes from the following belief. “Let us consider the process of measure-
ment in a quantum system to obtain the measured results (we call such a process
the measurement process). If quantum theory is the ultimate theory of nature, the
measurement process itself should be described within the quantum theory.”

There exists as of yet no satisfactory answer to this question although there have
been several efforts by many physicists. Some physicists even claim that the com-
plete resolution of the problem cannot be expected within quantum theory but needs
some new theory beyond quantum mechanics.

In quantum information and quantum computation, one has to treat transmitted
information or computation result, so that one should consider the process of quan-
tum measurement. In this section, we discuss what a quantum measurement is from
a practical point of view.

As discussed in the previous section, a state of a quantum system is represented
by a vector ϕ in a Hilbert space H or a density matrix ρ in H. For ϕ or ρ, the
expectation value of an observable A in H is given by

〈ϕ,Aϕ〉 or trρA, respectively.

Suppose there are two observables A and B to be measured. We must first deter-
mine in what state we make their measurements. Namely, it is needed to prepare a
state ϕ or ρ. We assume that this state preparation is done by the observable A. Let
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A have discrete eigenvalues (e.g., A is a compact operator), and let ak and ϕk be its
eigenvalues and eigenvectors, respectively (i.e., Aϕk = akϕk). Then from the fun-
damental principle of quantum mechanics, the so-prepared state has the following
form:

ϕ =
∑

ckϕk or ρ = |ϕ〉〈ϕ|,
where {ck} is a family of constants satisfying

∑ |ck|2 = 1 and {ϕk} is an orthonormal
set of the eigenvectors.

According to von Neumann, there are two kinds of measurement. In one we
measure the same observable immediately after we have measured an observable,
and we always obtain the same value for these two successive measurements. Such
a measurement process is called the first kind of measurement. Otherwise, a process
is called the second kind of measurement. Since the former process is thought to be
physical, we only consider this type of measurement hereafter.

Having prepared a state, we measure two observables A and B . When we mea-
sure A in the state ρ and obtain its measured result ak with probability |ck |2, the
state changes as

ρ → ρk = Ek ≡ |ϕk〉〈ϕk|.

5.8.1 Measurement Procedure

We consider a situation where we measure the observable B after the state ρ evolved
for a time interval t by some unitary transformation Ut . Namely, the state at t is of
the form ρ(t) = UtρU∗

t . Assuming B is a compact operator whose spectral decom-
position is

B =
∑

i

biFi with Fi ≡ |ψi〉〈ψi |,

the probability of getting a measured result bi in the state ρ(t) is given by

P(B = bi; t) = trρ(t)Fi .

Before the measurement of the observable B , the state has two different forms:

1. If we measured the observable A at t = 0 and its measured value ak was read
(selected measurement), then the state ρ changed to the state ρk = Ek at t = 0,
hence at t we have

P(B = bi; t | A = ak; t = 0) = trUtρkU
∗
t Fi .

2. If we measured the observable A at t = 0 but the measured result was not read,
then the state ρ had changed at t = 0 into a state ρ′ =∑

EkρEk =∑ |ck|2Ek ,
so that at t

P (B = bi; t) = trUtρ
′U∗

t Fi .
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That is, depending on the way of measurement of A, the state ρ suffers from one
of the following changes:

ρ → ρk = Ek

or

ρ → ρ′.

The state ρ changes to a pure state according to form 1, or it changes to a mixed
state according to form 2. In any case, if quantum mechanics can describe all nat-
ural phenomena, the above changes (forms 1 and 2) should be described within
quantum dynamics. That is, there should exist a Hamiltonian H(i) such that the
unitary evolution U

(i)
t = exp(−itH (i)) provides such a dynamical change of state,

where i = 1 and 2 correspond to the state changes ρ → ρ′ and ρ → ρk , respectively.
More precisely, there exists a certain time T (including the case T = ∞) such that

ρ′ = U
(1)
T ρU

(1)∗
T or ρk = U

(2)
T ρU

(2)∗
T .

However, it is known that such a unitary operator does not exist in general (Fell–
Wigner’s theorem).

Since reading a measured result should be done after a preparation for the read-
ing, it is natural to consider that the change of form 1 occurs after the change of
form 2. Consequently, we may think that the state change takes place as

ρ → ρ ′ → ρk,

where the change ρ ′ → ρk is made by means of a third unitary evolution U
(3)
t =

exp(−itH (3)).

5.8.2 Reduction of State

The change of a state ρ′ → ρk (or ρ → ρ′ → ρk) is called the reduction of wave
packets (reduction of quantum state). To treat the reduction of wave packets, let us
consider a practical action of measurement or observation in more detail. That is,
one needs an apparatus to perform a measurement. Unlike observable to be mea-
sured, an apparatus should not be a microscopic object but somehow possess a
certain macroscopic scale. However, even when the apparatus has a macroscopic
scale, the apparatus itself consists of microscopic parts like atoms or molecules to
which quantum mechanics is applicable. Thus the microscopic interaction between
an observable and an apparatus should be taken into consideration, so that we apply
quantum mechanics to the composite (compound) system of a system to be mea-
sured and a system of the apparatus. Denote a system to be observed as O and
the system of the apparatus as M. Then we consider the change of a state by an
interaction between two systems.
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(i) Before a measurement of an observable B , suppose that the system O is in a
state ϕs =∑

ckϕ
s
k (prepared by an observable A such as Aϕs

k = akϕ
s
k , where {ϕs

k}
is an ONS) and M is in a state ϕa . In the course of the measurement, an interaction
described by a Hamiltonian H between the system and the apparatus takes place,
and it induces the change of the compound system as

ϕ = ϕs ⊗ ϕa → Utϕ
s ⊗ ϕa = ϕ(t),

where t is the length of a time interval needed to accomplish the measurement
and Ut = exp(−itH). Note that to accomplish the measurement and to obtain the
measured value, there must be somehow a one-to-one correspondence between the
eigenvectors of A and the apparatus. Suppose there exists such a correspondence
between the vector state ϕs

k(t) of the system and the vector state ϕa
k (t) of the appa-

ratus with 〈ϕa
k (t), ϕa

i (t)〉 = δki at time t . Then the state vector after a measurement
(its value is not read) should be

ϕ′(t) =
∑

k

ckϕ
s
k(t) ⊗ ϕa

k (t).

However, the state ϕ′(t) does not coincide with ϕ(t) = Utϕs ⊗ ϕa in general unless
Ut = Us

t ⊗ Ua
t , so that von Neumann claimed that an explanation of the change

ϕ → ϕ′(t) (5.12)

is a fundamental problem of the measurement.
(ii) Let us reconsider the measurement process discussed in (i) in terms of density

operators. The initial states of O and M are given by

ρs = ∣
∣ϕs
〉〈
ϕs
∣
∣ and ρa = ∣

∣ϕa
〉〈
ϕa
∣
∣,

and their compound state is represented as

ρ = ρs ⊗ ρa = |ϕ〉〈ϕ|, ϕ = ϕs ⊗ ϕa. (5.13)

The interaction between two systems changes this state to

ρ(t) = ∣
∣ϕ(t)

〉〈
ϕ(t)

∣
∣ (5.14)

by the unitary evolution Ut above.
However, as in the case when one does not take the interaction between a system

and the apparatus into account, ρ should change into

ρ′(t) =
∑

k

|ck |2
∣
∣ϕk(t)

〉〈
ϕk(t)

∣
∣, ϕk(t) = ϕs

k(t) ⊗ ϕa
k (t) (5.15)

when the measurement induces the change described by (5.12). However, ρ(t) in
(5.14) is expressed as

ρ(t) = ρ′(t) +
∑

k �=i

ckcj

∣
∣ϕk(t)

〉〈
ϕj (t)

∣
∣.
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Hence ρ(t) and ρ′(t) do not generally coincide. This difference is caused from
the interference terms being a characteristic of microscopic world. We have taken
the apparatus system into account so that these interference terms may vanish be-
cause the apparatus is not completely microscopic. Therefore, we have to check
whether there exists an apparatus in which the interference terms will vanish. This
problem is often called the problem of observation and it is related to the so-called
decoherence problem, see Chap. 20.

Now let us discuss the relation between the reduction of wave packets and a
mathematical operation of partial trace averaging-out the effect of the apparatus. If
the correspondence of von Neumann (5.15) is realized, then the state at t = 0 is
given by (5.13). Let us trace out the apparatus system from this state. Taking a trace
by a CONS including the orthonormal vectors {ϕa

k (t)} of the apparatus, we obtain
the state of the system

ρs′(t) = tra ρ(t) =
∑

k

|ck |2
∣
∣ϕs

k(t)
〉〈
ϕs

k(t)
∣
∣.

Thus the desired state change of the system is realized as

ρs → ρs ⊗ ρa → ρ(t) → ρs′(t).

Note that to take a partial trace means to observe unit element I of M in the com-
posite system O ⊗ M. That is, for any observable Q in O,

trρ(t)Q ⊗ I = trρ ′(t)Q ⊗ I = tra ρs′(t)Q.

Although the operation of taking partial trace is a common technique such as in
the study of open systems, it is not obvious whether this operation can be applied
to the problem of measurement asking the completeness of quantum theory. There
have been several opinions and views on this problem, but we omit such discussions
here.

To summarize, the essence of quantum measurement for a practical use consists
of the following two points:

1. If we observe (measure) some observable with its spectrum measure {Fk} in a
state ρ which is prepared by means of a certain observable, the state ρ changes
into the following state ρ′:

ρ ′ =
∑

k

FkρFk.

Here we ignored time dependence of the evolution.
2. The expectation value of observing B ≡∑

j bjEj in the above state ρ′ and the
probability of getting the eigenvalue bj of the observable are given by

trρ ′B and trρ′Ej , respectively.

Remark 5.9 In the case of observables with continuous spectrum, one has only to
use POVM instead of Fk above, see Sect. 5.10.
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5.9 Composite Systems and Operations

Let us consider a composite quantum system consisting of two quantum systems,
described by a tensor product Hilbert space H ⊗ K of original Hilbert spaces H
and K. We will discuss in this section the reduction of a composed state.

The state of a quantum system may be changed due to a measurement (reduction
of the wave function), or due to the action of an external field. Here we consider a
particular case of the state changes, called operations and instrument. More general
state change is due to the notion of lifting, which will be discussed in Chaps. 7
and 20.

Let us denote the set of all states ρ on some separable Hilbert space H by S(H).
An operation is a mapping (we call such a mapping a channel; see Chap. 7) Λ∗ from
S(H) into itself. We will use the following model for an operation Λ∗. The consid-
ered quantum system, originally in state ρ, is coupled to another quantum system
(called apparatus or environment) with separable Hilbert state space H′ and density
matrix ρ′. The systems interact during a finite time interval. By this interaction, the
original state ρ ⊗ ρ ′ of the system plus apparatus changes into U(ρ ⊗ ρ′)U∗ with
some unitary operator U on H ⊗ H′. Then, a measurement of some property of the
apparatus, corresponding to a projection operator E′ on H′, is performed. One gets
the state

σ̂ = (1 ⊗ E′)U(ρ ⊗ ρ′)U∗(1 ⊗ E′)

of the coupled system. Here the operator σ̂ is positively defined but it is not nec-
essarily normalized, tr σ̂ �= 1. Finally, the system is again considered as an isolated
system, which is described by the reduced density matrix

σ = tr′ σ̂ .

Here tr′ means the partial trace with respect to the space H′ only.
The mapping O : ρ →σ is called an operation. Note that σ is not normalized. We

may drop also the initial normalization trρ = 1. One can prove that any operation
may be written as (the Kraus–Sudarshan representation)

Oρ = σ =
∑

k∈K

AkρA∗
k,

where Ak are operators on H, and K is a finite or a countably-infinite set satisfying
the condition

∑

k∈K

A∗
kAk ≤ 1.

Note that the series for σ and {A∗
kAk} are convergent with respect to the trace-norm

and the ultraweak topology, respectively.
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5.9.1 Operations and Completely Positive Mappings

In this subsection, we show that dual operations can be characterized as completely
positive mappings (see Chap. 7). Denote T(H) the Banach space of trace-class op-
erators and B(H) the C∗-algebra of all bounded operators on H. Any operation
O : ρ →σ , considered as a real-linear mapping of the set of non-normalized density
matrices (i.e., nonnegative Hermitian trace-class operators), may be extended to a
complex-linear mapping of T(H) into itself. The extension is defined by

OX =
∑

k∈K

AkXA∗
k

for any X ∈ T(H). One can show that the sum over k converges, that OX ∈ T(H),
and moreover,

|OX| ≤ |X|,
where the norm is defined by

|X| = sup
{∣
∣tr(BX)

∣
∣;B ∈ B(H), ‖B‖ = 1

}
.

The space B(H) of all bounded operators, considered as a Banach space with
the usual operator norm, is the conjugate space of T(H). Any B ∈ B(H) defines a
continuous linear functional

FB(X) = tr(BX)

on T(H) and vice versa. The mapping Ô of B(H), conjugate to the mapping O of
T(H), is defined for arbitrary B ∈ B(H) by

tr
(
(ÔB)X

)= tr
(
B(OX)

)
,

and the continuity of O implies

|ÔB| ≤ |B|.
A representation of Ô is given by

ÔB =
∑

k∈K

A∗
kXAk,

where the series is ultraweakly convergent.
The mapping Ô is positive, i.e., it maps the set of nonnegative Hermitian opera-

tors into itself. Actually, one can prove that the mapping Ô has a stronger positiv-
ity property. Consider an arbitrary n × n matrix B ≡ (BI,j ) with matrix elements
Bij ∈ B(H). Such an operator matrix represents an operator on H ⊗ C

n with an
n-dimensional Hilbert space C

n. Denote by ÔB the matrix with matrix elements
ÔBij . The mapping Ô is called completely positive if B ≥ 0 implies ÔB ≥ 0 for
all n.
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Proposition 5.10 The mapping Ô, conjugated to the operation O, is completely
positive.

The mapping Λ∗ of a special type of the above O is called a channel if it sends
a state to a state. The channel is a very important concept in studying quantum
communication processes which will be discussed in Chap. 7.

5.9.2 Measurements as Unitary Transformations on Extended
Space

We can represent any non-selective measurement as a unitary transformation on an
extended Hilbert space.

Let H be a Hilbert space, ρ be a density operator, and E be the projection op-
erator on H. Then there exists a Hilbert space K, a density operator w on K, and a
unitary operator U on H ⊗ K such that

EρE + (1 − E)ρ(1 − E) = trK
(
U(ρ ⊗ w)U∗).

The state ρ as a result of measurement changes according to the rule (projection
postulate for non-selective measurements):

ρ → EρE + (1 − E)ρ(1 − E).

Therefore, this Kraus–Sudarshan theorem shows that any non-selective measure-
ment can be represented as a unitary transformation on the Hilbert space which
includes the measurement apparatus. More generally, we can represent in this form
the action of any quantum operation:

Theorem 5.11 For the above ρ and w, we have
∑

k

AkρA∗
k = trK

(
U(ρ ⊗ w)U∗)

if
∑

k A∗
kAk = 1.

Proof Suppose that the indices k in Ak take the values k = 1,2, . . . . Take for K a
Hilbert space with orthogonal basis {gi; i = 0,1,2, . . . }. Then we decompose H ⊗ K
into orthogonal subspaces Hi = H ⊗ gi which we identify with H. We write

H ⊗ K = H0 ⊕ Ĥ,

where Ĥ ≡⊕
k≥1 Hk , Hk ≡ H, k = 0,1,2, . . . . Vectors f ∈ H ⊗ K may be repre-

sented in matrix notation as

f = f0 ⊕ f̂ =
(

f0

f̂

)

,
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where f0 ∈ H and f̂ ∈ Ĥ. Define, in terms of the operators {Ak}, the isometric

operator A : H → Ĥ by

Af0 =
⊕

k≥1

Akf0.

In the matrix notation, the unitary operator U on H ⊗ K is defined as U =( 0 A∗
A 1−AA∗

)
. Finally, the density operator w in K is taken to be the projection op-

erator onto the vector g0. With these definitions, one can check the validity of the
formula in the formulation of the theorem. �

5.10 POVM and Instruments

An example of positive operator-valued measure (POVM) was considered in the
previous section of this chapter. Here we discuss similar things in a more general
setting suitable also for continuous measurements.

5.10.1 POVM

After von Neumann, a self-adjoint operator is often considered as an observable in
quantum mechanics. In physics, however, one calls an observable any symmetric
operator which is not necessary self-adjoint. Such an operator admits a spectral
representation in terms of a positive operator-valued measure (POVM) which is, in
general, not projection-valued.

Let Ω be a set with a σ -field F . The pair (Ω, F ) is called a measurable space.
Let H be a Hilbert space and B(H) be the set of all bounded linear operators on H.

Definition 5.12 A positive operator-valued measure on Ω is a map M : F → B(H)

such that

(i) M(B) ≥ M(∅) = 0 for all B ∈ F
(ii) If {Bn} is a countable collection of disjoint sets in F then

M

( ∞⋃

n=1

Bn

)

=
∞∑

n=1

M(Bn),

where the series is weakly convergent.

A positive operator-valued measure is called an observable or probability posi-
tive operator-valued measure if also

M(Ω) = 1.
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Theorem 5.13 For a symmetric operator A with a dense domain D(A) ⊆ H there
exists, in general, a non-unique POVM M(dλ) such that

〈ψ,Aψ〉 =
∫

λ
〈
ψ,M(dλ)ψ

〉
, ψ ∈ D(A);

‖Aψ‖2 =
∫

λ2〈ψ,F (dλ)ψ
〉
, ψ ∈ D(A).

One can prove that any POVM {M(B)} in H can be dilated to an orthogonal
POVM {E(B)} in a larger Hilbert space H̃, so that the following relation holds

M(B) = PE(B)P, B ∈ F ,

where P is the projection from H̃ onto H.
Any measurement with values in Ω (it is called an (Ω, F )-measurement) is de-

scribed by an affine map ρ → W( · ;ρ) of the convex set of quantum states in H into
the set of probability measures on (Ω, F ). One can prove that any such map has the
form

W(B;ρ) = tr
[
M(B)ρ

]

with some POVM {M(B);B ∈ F }. Conversely, any POVM {M(B);B ∈ F } defines
a probability measure W(B;ρ) by this formula.

There is a one-to-one correspondence between POVM on a compact metrizable
space Ω and the positive linear maps from the space of real continuous functions on
Ω to B(H). It is given by the formula

M(f ) =
∫

Ω

f (ω)M (dω).

One has the normalization M(1) = 1.
To describe the change of a quantum state after the measurement, the notion of

an instrument was introduced.

5.10.2 Instrument

Let T be the Banach space of the self-adjoint trace-class operators on H with the
trace norm and the cone T + of non-negative trace-class operators. The states are
defined as the non-negative trace-class operators of trace one, i.e., the density op-
erators. A positive linear map T : T → T is a linear map such that if x ∈ T + then
T (x) ∈ T +. We denote L+(T ) the cone of all positive linear maps on T .

Definition 5.14 A positive map-valued (PMV) measure on the measurable space
(Ω, F ) is a map Γ : F → L+(T ) such that

(i) Γ (B) ≥ Γ (∅) = 0, B ∈ F .
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(ii) If {Bn} is a countable collection of disjoint sets in F then

Γ

( ∞⋃

n=1

Bn

)

=
∞∑

n=1

Γ (Bn),

where the sum is convergent in the strong topology.
The PMV measure Γ is called an instrument if it satisfies the further condi-

tion.
(iii) tr [Γ (Ω)ρ] = tr [ρ] for all ρ ∈ T .

We will denote Γ (B)ρ = Γ (B,ρ). The statistics of the measurement is given by
the probability measure W(B;ρ) = tr [Γ (B)ρ]. An instrument describes the state
change ρ → Γ (B)ρ after the measurement, conditional on the value observed.

Theorem 5.15 If W( · ;ρ) is an (Ω, F )-measurement on a Hilbert space H then
there exist a unique POVM {M(B),B ∈ F } and an instrument Γ such that

W(B;ρ) = tr
[
M(B)ρ

]= tr
[
Γ (B)ρ

]
, B ∈ F .

Proof The existence of the POVM and the instrument is not proved here (see [344]
and [189]). We only show that there is an explicit formula for the instrument. Choose
a countable partition {Bn} of X into pairwise disjoint Borel sets and a sequence {ρn}
of density operators. Then the formula

Γ (B)ρ =
∑

n

tr
[
M(B ∩ Bn)ρ

]
ρn

defines an instrument with the probability measure W(B;ρ) and the POVM F(B). �

To every instrument Γ on the value space (Ω, F ) there is a unique observable
M(·) such that

tr
[
M(B)ρ

]= tr
[
Γ (B)ρ

]

for all density operators ρ and B ∈ F .
Let the value space (Ω, F ) be a standard Borel space, i.e., a Borel space which

is Borel isomorphic to a Borel subset of some complete separable metric space.
It is known that every standard Borel space is Borel isomorphic to some zero-
dimensional separable compact Hausdorff space.

If Γ1 and Γ2 are instruments on compact metrizable spaces Ω1 and Ω2, then it is
possible to define their composition, an instrument Γ on Ω2 × Ω1which represents
the measurement of Γ1 first and then of Γ2.

Theorem 5.16 Let Γ1 and Γ2 be instruments on the standard Borel spaces Ω1 and
Ω2. Then there exists a unique instrument Γ on Ω2 × Ω1 such that Γ (F × E) =
Γ2(F )Γ1(E) for all Borel subsets F ⊂ Ω2 and E ⊂ Ω1.
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The instrument Γ is called the composition of Γ2 following Γ1 and is denoted
by Γ2 ◦ Γ1. Let the instrument (Ω1,Γ1) determine the observable (Ω1,M1) and
the instrument (Ω2,Γ2) determine the observable (Ω2,M2). The T ∗-valued mea-
sure F → Γ1(Ω1)

∗M2(F ) is an observable which is called the observable M2(·),
conditioned by the measurement of the observable M1(·) with the instrument Γ1.

The joint distribution of Γ2 following Γ1 in the state ρ is an observable M(·) on
Ω2 × Ω1 given by

M(G) = tr
[
(Γ2 ◦ Γ1)(G)ρ

]
,

for G from the σ -field of the Borel sets in Ω2 ×Ω1. Its marginal distributions satisfy

M(F × Ω1) = Γ1(Ω1)
∗M2(F ), F ⊂ Ω2,

M(Ω2 × E) = M1(E), E ⊂ Ω1.

5.10.3 Covariant POVM and Instrument

If we are interested in describing measurements which are symmetric under the
action of a group such as the Galilean or the Poincaré groups, then we have to
consider covariant POVM and instruments.

If G is a locally compact group, then a locally compact space Ω is called a G-
space if there is a jointly continuous map Ω ×G → Ω such that (xg1)g2 = x(g1g2)

for all x ∈ Ω and g1, g2 ∈ G. If B is a Borel set in Ω we define Bg = {y : y =
xg, x ∈ B}.

Let U be a strongly continuous unitary representation of G in a Hilbert space H.
A POVM M(·) on Ω with values in B(H) is covariant if there exist U and G as
above such that

U(g)∗M(B)U(g) = M(Bg)

for all g ∈ G and all Borel sets B ⊆ Ω .
If U is a unitary representation of a compact metrizable group G on the finite

dimensional Hilbert space H, there is the following representation for a covariant
POVM M(·):

M(f ) =
∫

G

f (g)U(g)∗FU(g)dg,

where Ω is a G-space isomorphic to the set G/H of the right cosets of a stable
subgroup H of a point in Ω , and f is a real continuous function on G which is
constant on the right cosets, dg is the invariant measure on G, F is an operator on

H such that FU(h) = U(h)F for all h ∈ H .
A PMV measure Γ (in particular, an instrument) on Ω is called covariant if

U(g)∗Γ (B,ρ)U(g) = Γ (Bg,ρg)

for all ρ ∈ T , g ∈ G and B ⊆ Ω . Here ρg = U(g)∗ρU(g).
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If U is a unitary representation of a compact metrizable group G on the finite-
dimensional Hilbert space H, similarly to the covariant POVM, there is the follow-
ing representation of a covariant instrument:

Γ (f,ρ) =
∫

G

f (g)U(g)∗T
(
U(g)ρU(g)∗

)
U(g)dg,

where T is a positive linear map T : T → T such that U(h)T (ρ)U(h)∗ =
T (U(h)ρU(h)∗) for all h ∈ H and trT (ρ) = trρ for all ρ ∈ T such that ρU(g) =
U(g)ρ for all g ∈ G.

Example 5.17 We give an example of a covariant instrument which represents an
approximate position measurement [189]. Take the Hilbert space H =L2(R3) and
let U be the representation of the Euclidean group in H. Take a bounded rotation-
invariant function α on R

3 such that
∫ |α(x)|2 d3x = 1 and define the operator Ax

on H by (Axψ)(y) = α(y − x)ψ(y) where ψ ∈ H. Then the formula

Γ (B)ρ =
∫

B

AxρA∗
x d3x

defines an instrument on R
3 which is covariant with respect to the Euclidean group.

The associated POVM is the approximate position observable given by

M(B)ψ(x) = (
1B ◦ (|α|2))(x)ψ(x),

where 1B is the characteristic function of the Borel set B ⊆ R
3.

5.11 Seven Principles of Quantum Mechanics

We here summarize the principles of quantum mechanics in an axiomatic frame-
work.

Most discussions on foundations and interpretations of quantum mechanics take
place around the meaning of probability, measurements, reduction of the state, and
entanglement. The list of basic axioms of quantum mechanics, as it was formu-
lated by von Neumann, includes only general mathematical formalism of the Hilbert
space and its statistical interpretation. From this point of view, any mathematical
proposition on properties of operators in the Hilbert space can be considered as a
quantum-mechanical result. From our point of view, such an approach is too gen-
eral to be called foundations of quantum mechanics. We have to introduce more
structures to treat a mathematical scheme as quantum mechanics.

These remarks are important for practical purposes. If we would agree about the
basic axioms of quantum mechanics and if one proves a proposition in this frame-
work then it could be considered as a quantum-mechanical result. Otherwise it can
be a mathematical result without immediate relevance to quantum theory. An im-
portant example of such a case is related to Bell’s inequalities. It is known that the
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correlation function of two spins computed in the 4-dimensional Hilbert space does
not satisfy the Bell’s inequalities. This result is often interpreted as the proof that
quantum mechanics is inconsistent with Bell’s inequalities. However, from the pre-
vious discussion it should be clear that such a claim is justified only if we agree to
treat the 4-dimensional Hilbert space as describing a physical quantum-mechanical
system. In some works on quantum information theory, a qubit, i.e., a 2-dimensional
Hilbert space, is considered as a fundamental notion.

Let us note, however, that in fact the finite-dimensional Hilbert space should be
considered only as a convenient approximation for a quantum-mechanical system,
and if we want to investigate the fundamental properties of quantum mechanics
then we have to work in an infinite-dimensional Hilbert space because only there
the condition of locality in space and time can be formulated. There are certain
problems where we cannot reduce the infinite-dimensional Hilbert space to a finite-
dimensional subspace.

We shall present a list of seven axioms of quantum mechanics. The axioms are
well known from various textbooks, but normally they are not combined together.
Then, these axioms define an axiomatic quantum-mechanical framework. If some
propositions are proved in this framework then it could be considered as an asser-
tion in axiomatic quantum mechanics. If we fix the list, it can help to clarify some
problems in the foundations of quantum mechanics.

For example, as we shall see, the seven axioms do not admit a nontrivial real-
ization in the 4-dimensional Hilbert space. This axiomatic framework requires an
infinite-dimensional Hilbert space. One can prove that Bell’s inequalities might be
consistent with the correlation function of the localized measurements of a spin
computed in the infinite-dimensional Hilbert space (see Chap. 16). Therefore, in
this sense, we can say that axiomatic quantum mechanics is consistent with Bell’s
inequalities and with local realism. It is well known that there are no Bell’s type
experiments without loopholes, so there is no contradiction between Bell’s inequal-
ities, axiomatic quantum mechanics and experiments.

There is a gap between an abstract approach to the foundation and the very suc-
cessful pragmatic approach to quantum mechanics which is essentially reduced to
the solution of the Schrödinger equation. If we are able to fill this gap then perhaps
it will be possible to get some progress in the investigations of foundation because,
in fact, the study of solutions of the Schrödinger equation led to the deepest and
greatest achievements of quantum mechanics.

The key notion which can help build a bridge between the abstract formalism of
the Hilbert space and the practically useful formalism of quantum mechanics is the
notion of the ordinary 3-dimensional space. It is suggested that the spatial properties
of a quantum system should be included in the list of basic axioms of quantum
mechanics together with the standard notions of the Hilbert space, observables and
states. Similar approach is well known in quantum field theory, but it is not very
much used when we consider the foundations of quantum mechanics.

Quantum mechanics is essentially reduced to the solution of the Schrödinger
equation. However, in many discussions on the foundations of quantum mechanics
not only the Schrödinger equation is not considered, but even the space–time co-
ordinates are not mentioned. Such views to the foundations of quantum mechanics
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are similar to the consideration of the foundations of electromagnetism but without
mentioning the Maxwell equations.

Here a list of seven basic postulates (axioms) of quantum mechanics is presented.
The axioms described below relate to:

1. Hilbert space
2. Measurements
3. Time
4. Space
5. Composed systems
6. Bose–Fermi alternative
7. Internal symmetries.

In particular, the list includes the axiom describing spatial properties of a quan-
tum system which plays a crucial role in the standard formalism of quantum me-
chanics.

1. (Hilbert space) To a physical system one assigns a Hilbert space H. The observ-
ables correspond to the self-adjoint operators in H. The pure states correspond
to the one-dimensional subspaces of H. An arbitrary state is described by the
density operator, i.e., a positive operator with the unit trace. For the expectation
value Eρ(A) (or 〈A〉ρ) of the observable A in the state described by the density
operator ρ, we have the Born–von Neumann formula

Eρ(A) = tr(ρA).

2. (Measurements) A measurement is an external intervention which changes the
state of the system. These state changes are described by the concept of a state
transformer, or an instrument. Let {Ω, F } be a measurable space where Ω is a set
and F is a σ -algebra its subsets. A state transformer Γ is a state transformation-
valued measure Γ = {ΓB;B ∈ F } on the measurable space. A state transforma-
tion ΓB is a linear, positive, trace-norm contractive map on the set of trace-class
operators in H.

An ideal state transformer Γ = {Γi; i = 1,2, . . . } associated with a discrete
observable A =∑∞

i=1 aiEi is given by the Dirac–von Neumann formula

Γi(ρ) = EiρEi,

if it is known that the measurement outcome is a real number ai . Here Ei is an
orthogonal projection operator. Similar formulae hold for the positive operator-
valued measure (POVM).

3. (Time evolution) The dynamics of the density operator ρ and of a state ψ in the
Hilbert space which occurs with passage of time is given by

ρ(t) = U(t)ρU(t)∗,

ψ(t) = U(t)ψ.
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Here t is a real parameter (time), U(t) is a unitary operator satisfying the abstract
Schrödinger equation

i�
∂

∂t
U(t) = H(t)U(t),

where H(t) is a (possibly time dependent) self-adjoint energy operator (Hamil-
tonian) and � is the Planck constant.

4. (Space) There exists the 3-dimensional Euclidean space R
3. Its group of motion

is formed by the translation group T 3 and the rotation group O(3). One supposes
that in the Hilbert space H there is a unitary representation U(a) of the transla-
tion by the vector a ∈ R

3. If (Ω, F ) is a measurable space and {FB;B ∈ F } is
the associated POVM then one has

U(a)FBU(a)∗ = Fαa(B),

where {αa : F → F ;a ∈ R
3} is the group of automorphisms.

One has also a projective representation of the rotation group SO(3) which
can be made into a unitary representation U(R) of the covering group SU(2),
here R ∈ SU(2). Hopefully, the distinction by the type of argument of U will be
sufficient to avoid confusion. The irreducible representations of SU(2) describe
systems with integer and half-integer spins.

In solid state physics, one works with periodic potentials. In this case, instead
of the group of motion of R

3 one has a lattice L in R
3 and its unitary represen-

tation.
5. (Composite systems) If there are two different systems with assigned Hilbert

spaces H1 and H2 then the composite system is described by the tensor product

H = H1 ⊗ H2.

For composite systems with variable number of particles, the direct sum of the
Hilbert spaces is used.

6. (Bose–Fermi alternative) The Hilbert space of an N -particle system is the N -
fold tensor product of the single particle Hilbert spaces provided that the par-
ticles are not of the same species. For identical particles with integer spin
(bosons), one uses the symmetrized N -fold tensor product (H⊗N)S of the Hilbert
space H. For identical particles with half-integer spin (fermions), one uses the
anti-symmetrized N -fold tensor product (H⊗N)A.

7. (Internal symmetries) There is a compact group Gint of internal symmetries and
its unitary representation U(τ), τ ∈ Gint in the Hilbert space H which commutes
with representations of the translation group R and the rotation group SU(2).
For instance, one could have the gauge group Gint = U(1) which describes the
electric charge. The group generates the superselection sectors.

Summary 5.18 Axiomatic quantum mechanics described by the presented seven
axioms can be briefly formulated as follows. There is the space–time R

1 × R
3, the

symmetry group G = T 1 × T 3 × SU(2) × Gint, the Hilbert space H and the unitary
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representation U(g) of G, here g ∈ G. Axiomatic quantum mechanics is given by
the following data:

{
H,U(g), ρ, (Ω, F , αg), {FB,ΓB,B ∈ F }}.

Here ρ is the density operator, (Ω, F ) is the measurable space, αg is the group of
automorphisms of the σ -algebra F , {FB} is POVM, and {ΓB} the state transformer.

Example 5.19 An example of a quantum system satisfying all seven axioms is
given by the non-relativistic spin one-half particle with the Hilbert space H =
C

2 ⊗ L2(R3) and the Schrödinger–Pauli Hamiltonian and also by its multi-particle
generalization.

We can add more axioms, of course. In particular, we did not postulate yet the
covariance under the Poincaré or Galilei group (for the Galilei group one has a
projective representation) but only invariance under spatial translations and rotations
which we have in the non-relativistic theory as well as in the relativistic theory. We
could also add the condition of the positivity of energy. Finally, we could postulate
the standard non-relativistic Schrödinger equation for N bodies as a fundamental
axiom of quantum mechanics.

Note also that in relativistic quantum field theory (see Chap. 16) all the axioms
are valid except the second axiom on measurements which requires a special discus-
sion. In fact, we have to add more axioms to get quantum field theory. One postulates
that there exists an operator-valued generalized function Φ(f ) in H which satisfies
the axioms of locality, relativistic invariance, and spectrality.

Note that this axiomatic approach to quantum mechanics has been used for the
investigation of quantum non-locality, see Chap. 8. It is shown that quantum non-
locality in the sense of Bell exists only because the spatial properties of a quantum
system are neglected. If we take the spatial degrees of freedom into account then lo-
cal realism might be consistent with quantum mechanics and with performed exper-
iments. If somebody wants to depart from local realism then he/she has to change
quantum mechanics. The local realism representation in quantum mechanics was
formulated as follows:

tr
(
ρAm(x)Bn(y)

)= E
(
ξm(x)ηn(y)

)
.

Here A and B are observables depending on the space points x and y and on pa-
rameters m and n, while E is the expectation of two random fields ξm(x) and ηn(y).
It would be important to prove the representation under more general assumptions.
Such aspects will be discussed in Chap. 8.

5.12 Notes

There are a lot of textbooks on elementary quantum mechanics [203, 229, 237, 464,
519, 615, 672, 749]. The bra–ket notation is introduced in [203]. The monograph
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[672] can be considered for its modern version and will be helpful for the students
to study the quantum mechanics quickly. On the other hand, [749] has a precise
explanation on the history of pre-quantum mechanics and will be suitable to study
the quantum mechanics step by step. In [815], one can find many important papers
in quantum mechanics, including the measurement problem. More recent works are
treated in [644]. Regarding the measurement problem, [147] treats its mathematical
aspect, and in [359, 615] one can find its philosophical aspect. On the conditional
probability, [4] gives a concise explanation with an emphasis on the difference of
quantum theory and classical theory. The Kraus theorem was first proved by Sudar-
shan [738] and Kraus in [452]. Holevo [346] presents the recent works in this area.
The list of basic axioms of quantum mechanics was first formulated by von Neu-
mann [806]; see also [34, 283, 404, 412, 494, 701, 793]. In [413], a consideration
on the meaning of Bell’s inequality was presented. The formulations of the seven
axioms presented here are based on the material from [798]. For the mathematical
treatment of the quantum field theory, see [65, 123, 310, 701, 736]. The definitions
of a local realism in the sense of Bell and in the sense of Einstein and its relations
with the contextual approach are considered in [413]. An application of POVM to
the problem of localization of photons [736] is in [222, 346, 773]. The book of Davis
[190] discusses POVM and instruments.

Many contributions to the quantum probability have been made by Accardi [4, 6,
7, 9, 34], Belavkin [91–93], Ohya [560], Petz [647], Hiai [331], and many others.



Chapter 6
Fundamentals of Classical Information Theory

In this chapter, we briefly review the basic facts of the classical information com-
munication processes. The fundamental aspects of information theory according to
Shannon [706] are composed of the following concepts: message; entropy describ-
ing the amount of information; communication channel, mutual entropy, coding, and
capacity of the channel. We will discuss some coding theorems which are important
results of the classical information theory.

6.1 Communication Processes and Channel

First of all, we discuss communication processes. Let A be a set (an alphabet) of
certain letters (or symbols). A message is a sequence m = ai · · ·an of letters in A.

The set ]a1, . . . , al[≡ {Πxk ∈ AZ ≡ ΠA;xk = ak, k = 1, . . . , l}, where ΠA is
the infinite direct product of A, is called the cylinder set labeled by the message.

The cylinder set has the following properties:

1. ]a1, . . . , al[=]b1, . . . , bl[ iff ak = bk for any k.
2. ]aj , . . . , al[⊂]ai, . . . , an[ if j ≤ i ≤ n ≤ l.
3. ]aj , . . . , al[= ∩{]ak[; j ≤ k ≤ l}.
4. ]aj , . . . , al[= ∪{]xj , . . . , xl[;xk = ak, j ≤ k ≤ l}.
5. ]aj , . . . , al[c= ∪{]xj , . . . , xl[;xk �= ak, j ≤ k ≤ l}.
6. ∪{]xk[;xk ∈ A,j ≤ k ≤ l} = ∪{]xj , . . . , xl[;xk ∈ A,j ≤ k ≤ l} = AZ .

Let M be the set of all cylinder sets, M ⊆ AZ. Thus it is easily seen that the
space M becomes a field; i.e., E,F ⊆ M ⇒E ∪ F , E ∩ F , Ec ∈ M, so that
(A, FA) is called the message space, where FA is the σ -field generated by M.

Remark here that we call M itself the message space in the sequel.
In order to send information written by an element of this message space to a re-

ceiver, we first need to transfer the message into a proper form for a communication
channel. This change of a message is called a coding. To be precise, a coding is a
one-to-one map ξ from M to some space X which is called the coded space.

For instance, we have the following codings:

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_6, © Springer Science+Business Media B.V. 2011
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1. When a message is expressed by binary a symbol 0 or 1, such a coding is a map
from M to {0,1}N.

Here 0, 1 can be represented, for example, by electric signals off and on.
2. In quantum coding, instead of electric signals we can use quantum states to rep-

resent 0, 1, for instance, vacuum and coherent states, respectively (see the next
chapter for quantum codes).

Coding is a combination of several maps like the above codings 1 and 2, and one
of the main goals of the coding theory is to find the most efficient coding and also
efficient decoding for information transmission.

Generally, let (Ω, FΩ,P (Ω)) be an input space and X be the coded input space,
where P(Ω) is the set of all probability measures on Ω . This space X may be a
classical object or a quantum object. For instance, if X is the set of density operators
on a Hilbert space H for a quantum system, then the coded input system is described
by the pair (B(H),S(H)) discussed in Chap. 5.

In classical systems, Ω is M above. An output system is described similarly to
the input system: The coded output space is denoted by X and the decoded output
space M is made of another alphabet. A transmission (map) γ from X to X is
called a channel. It reflects all properties of a physical device. The mathematical
description of a channel and some fundamental properties of it are discussed in
Sect. 6.4. With a decoding ξ , the whole information transmission process is written
as

M ξ−→ X γ−→ X ξ−→ M.

That is, a message m ∈ M is coded as ξ(m) and it is sent to the output system
through a channel γ , then the output coded message becomes γ ◦ ξ(m) and it is
decoded as ξ ◦ γ ◦ ξ(m) at a receiver.

This transmission process is mathematically set as follows: N messages are
sent to a receiver and the kth message m(k) occurs with the probability λk .
Then the probability distribution (measure) of each message in the sequence
{m(1),m(2), . . . ,m(N)} of N messages is denoted by p(N) = {λk}, which is a state
in a classical system. If ξ is a classical coding, then ξ(m) is a classical object such
as an electric pulse. If ξ is a quantum coding, then ξ(m) is a quantum object (state)
such as a coherent state, which will be discussed in Chap. 7.

Example 6.1 Let A ≡ {0,1}, Mn ≡ {]a1, . . . , an[;ak ∈ A} = {m(1),m(2), . . . ,m(N)}
(so N = |A|n = 2n) and X ≡ {0,1}L. In the case n = 2, Mn(= M2) = {00,01,10,

11}, and any injection map ξ from M2 to X ≡ {0,1}L is a coding. For instance, in
the case L = 4, ξ(00) = 0000, ξ(01) = 0101, ξ(10) = 1001, ξ(11) = 1011.

Let (Ω, FΩ,P (Ω)) be an output probability space. Information, e.g., a message
ω ∈ M, is coded by ξ and is sent through a channel γ to the output space Ω after a
certain decoding ξ , which is expressed as

ω ∈ Ω (e.g.,= M) → ξ(ω) → γ ◦ ξ(ω) → ξ̄ ◦ γ ◦ ξ(ω) = ω̄.
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The dual expression of one above which is called a channel and is mathematically
written by

μ → Ξ∗(μ) −→ Γ ∗ ◦ Ξ∗(μ) −→ Ξ̄∗ ◦ Γ ∗ ◦ Ξ∗(μ) ≡ μ,

where μ is a state (probability measure on M) and Ξ∗ denotes the coding, that is,
the associated map of ξ in the sense that

∫

f
(
ξ(ω)

)
dμ =

∫

f (ω)d(Ξ∗μ), for any f ∈ M(M),

where Γ ∗ is the associated map of γ , Ξ̄∗ is that of ξ̄ , and M(M) is the set of all
measurable functions on M. The total channel (transformation) from P(M), the set
of all probability measures on M, to P(M) is Ξ̄∗ ◦ Γ ∗ ◦ Ξ∗. In general, a channel
is a map from the set of input states to that of output states, which is denoted by Λ∗
in the sequel, Λ∗ = Ξ̄∗ ◦ Γ ∗ ◦ Ξ∗.

The efficiency of information communication is measured by several quantities
like mutual entropy, channel capacity, error probability, SNR (signal-to-noise ratio),
some of which will be discussed in the subsequent sections.

6.2 Entropy

As is well-known, the notion of entropy was introduced by Clausius in order to
discuss the thermal behavior of physical systems based on Carnot’s work on the
efficiency of a thermal engine. Boltzmann then gave a rigorous description of the
entropy from the microscopic point of view, that is, the dynamical behavior of a
large number of atoms. In quantum mechanics, the notion of entropy was considered
by von Neumann. About 50 years after the works of Clausius, Boltzmann, Gibbs
and others, Shannon gave new light on the notion of entropy and reformulated the
entropy in terms of information [706].

The entropy of a state describing a physical system is a quantity expressing the
uncertainty or randomness of the system. Shannon regarded this uncertainty at-
tached to a physical system as the amount of information carried by the system,
so that the entropy of a state can be read as the information carried by the state.
His idea comes from the following consideration: If a physical system has a large
uncertainty and one gets the information of the system by some procedure, then the
information so obtained is more valuable than that obtained from a system having
less uncertainty.

Let (X,p) be a complete event system. Namely, X is the set of all events, say
{x1, x2, x3, . . . , xn}, and p is a state (probability distribution) of X such that p =
{p1,p2, . . . , pn} with pk (=p(xk) ≡ Prob(x = xk)), the occurrence probability of
an event xk ∈ X. Then the information (uncertainty) carried by (X,p), or simply
by p, is given by

S(p) = −λ
∑

k

pk logpk,
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where λ is a certain chosen constant (e.g., if λ is arranged so that the base of log-
arithm is 2, then S(p) is often called a bit) and we take for simplicity λ = 1 in the
sequel. This S(p) is called the entropy of the state p or the system (X,p), which is
sometimes denoted by S(X), or S(p1,p2, . . . , pn). Put

Δn =
{

p = {pk};
∑

k

pk = 1,pk ≥ 0 (k = 1,2, . . . , n)

}

.

For two complete event systems (X,p) (p ∈ Δn) and (Y, q) (q ∈ Δm), we denote
a compound event system by (XY, r) (r ∈ Δnm) with

XY (or X × Y) = {
(x, y);x ∈ X,y ∈ Y

}

and

r = {rij } ≡ {
p(xi, yj );xi ∈ X,yj ∈ Y

}
,

where p(x, y) is the joint probability of the events x ∈ X and y ∈ Y ; p(x, y) ≡
P(xi ∈ X,yj ∈ Y), satisfying the marginal conditions

∑

x∈X

p(x, y) = p(y) and
∑

y∈Y

p(x, y) = p(x).

The entropy of the compound system (XY, r) is

S(r)
(= S(XY)

) = −
∑

i,j

rij log rij .

For the conditional probability p(x | y) = p(x, y)/p(y) of x ∈ X with respect to
y ∈ Y , the conditional entropy S(X | Y) is defined as

S(X | Y) =
∑

y∈Y

S(X | y)p(y)

with

S(X | y) = −
∑

x∈X

p(x | y) logp(x | y),

which means the uncertainty still remaining in X after observing the system Y .
Let us consider the fundamental properties of the entropy in CS (Classical Sys-

tem).

Theorem 6.2 For any p,q ∈ Δn, we have the following properties:

1. (Positivity) S(p) ≥ 0.
2. (Concavity) S(λp + (1 − λ)q) ≥ λS(p) + (1 − λ)S(q) for any λ ∈ [0,1].
3. (Symmetry) For any permutation π of indices of p = {pk},

S(p1,p2, . . . , pn) = S(pπ(1), pπ(2), . . . , pπ(n)).
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4. (Additivity) For any q ∈ Δm, put r = p ⊗ q ≡ {piqj } ∈ Δnm. Then

S(p ⊗ q) = S(p) + S(q).

5. (Subadditivity) For any r = {rij } ∈ Δnm such that
∑

j rij = pi and
∑

i rij = qj ,
S(r) ≤ S(p) + S(q).

6. (Continuity) S(p1,p2, . . . , pn) is a continuous function in each pk .
7. (Expansibility) S(p1,p2, . . . , pn,0) = S(p1,p2, . . . , pn).
8. (Entropy increase) Let A be a doubly stochastic matrix. Then

S(Ap) ≥ S(p).

9. For two complete event systems (X,p) and (Y, q),

S(XY) = S(X) + S(Y | X) = S(Y ) + S(X | Y) ≤ S(X) + S(Y ).

10. (Monotone increase) S(1/n,1/n, . . . ,1/n) is monotone in n ∈ N and
max{S(p),S(q)} ≤ S(r) holds for all distributions p,q and r given in (5).

Proof (1) Put η(t) = −t log t (t ∈ [0,1]). Then, S(p) = −∑n
i=1 pi logpi =∑n

i=1 η(pi) ≥ 0 because η(t) ≥ 0. The equality holds iff pi = 1 for some i and
pj = 0 (i �= j).

(2) This follows from the concavity of the function η(t) for t ∈ [0,1].
(3) S(pπ(1), pπ(2), . . . , pπ(n)) = −∑n

i=1 pπ(i) logpπ(i) = −∑n
i=1 pi logpi =

S(p) because π is just a permutation of indices.
(4) It follows from

S(p ⊗ q) = −
∑

i,j

piqj logpiqj = −
∑

i,j

piqj logpi −
∑

i,j

piqj logqj

= −
∑

i

pi logpi −
∑

j

qj logqj = S(p) + S(q).

(5) The Klein’s inequality (log 1
x

≥ 1 − x for x ≥ 0) is applied as

S(p) + S(q) − S(r) = −
∑

i,j

rij logpi −
∑

i,j

rij logqj +
∑

i,j

rij log rij

=
∑

i,j

rij log
rij

piqj

≥
∑

i,j

rij

(

1 − piqj

rij

)

=
∑

i,j

rij −
∑

i,j

piqj = 1 − 1 = 0.

(6) This follows from the continuity of η(t)(t ∈ [0,1]).
(7) It is clear from 0 log 0 = 0.
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(8) Let A be (aij )
n
i,j=1 and q = Ap. Then we can apply the concavity of η(t) to

get

S(q) =
n∑

i=1

η(qi) =
n∑

i=1

η

(
n∑

j=1

aijpj

)

≥
n∑

i,j=1

aij η(pj ) =
n∑

j=1

η(pj ) = S(p).

(9) It follows from a simple computation:

S(XY) = −
∑

x∈X,y∈Y

p(x, y) logp(x, y) = −
∑

x∈X,y∈Y

p(x, y) logp(y | x)p(x)

= −
∑

x∈X,y∈Y

p(x, y) logp(y | x) −
∑

x∈X,y∈Y

p(x, y) logp(x)

= S(Y | X) −
∑

x∈X

p(x) logp(x) = S(X) + S(Y | X).

The inequality S(XY) ≤ S(X) + S(Y ) is a re-expression of (5).
(10) The first statement is due to

S(1/n,1/n, . . . ,1/n) = logn ↑ (n ↑).

The second comes from (9). �

Now we discuss a mathematical formulation of the entropy in continuous sys-
tems. Let (Ω, F ,μ) be a probability space and F(G) be the set of all finite parti-
tions of Ω for a σ -subfield G of F (i.e., Ã = {Ak; k = 1, . . . , n < +∞} ∈ F(G) iff
Ak ∈ G,Ak ∩ Aj = ∅ (k �= j) and

⋃
k Ak = Ω). We formulate the entropy of this

state (measure) μ. Along the line of Shannon’s philosophy for a discrete system, it
is natural for us to define the entropy of μ as

S(μ) = sup
{
S(μ : Ã); Ã ∈ F(F )

}

with

S(μ : Ã) = −
∑

Ak∈Ã

μ(Ak) logμ(Ak).

This definition is, of course, mathematically consistent, but the value S(μ) takes
+∞ for almost all states of continuous systems, for instance, for every Gaussian
measure (see Chap. 20) μ in any real Hilbert space.

There exists another definition of the entropy for some continuous systems. Let
f be a random variable and let F(t) be the probability distribution associated to f ,
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that is, F(t) = μ({ω ∈ Ω;f (ω) ≤ t}). We only treat the case when there exists the
density distribution ρf (t) such that

F(t) =
∫ t

−∞
ρf (x) dx.

This density distribution ρf (t) corresponds to the distribution p for a discrete
system. The probability that f takes the value between x and x + δx is given by
ρf (a)δx according to the mean value theorem, where a is a proper value between
x and x + δx. Therefore, dividing R as R = ⋃

k Ik, Ik = [xk, xk+1), xk+1 = xk +
δx, Ik ∩ Ij �= ∅ (k �= j), the probability pk in Ik is given by ρf (ak)δx by a certain
constant ak ∈ Ik . The Shannon entropy of {pk} becomes

S = −
∑

k

ρf (ak)δx logρf (ak)δx

= −
∑

k

ρf (ak)δx logρf (ak) −
∑

k

ρf (ak)δx log δx,

which becomes, as δx → 0,

S = −
∫

R

ρf (x) logρf (x) dx −
∫

R

ρf (x) dx ·
(

lim
δx→0

log δx
)

= + ∞.

After subtracting the infinity from the above S (a kind of renormalization), the en-
tropy with respect to (μ,f ) is defined as

S(μ : f ) = −
∫

R

ρf (x) logρf (x) dx.

More generally, the entropy for a density distribution ρ is given by

S(ρ) = −
∫

R

ρ(x) logρ(x)dx,

which is usually called the differential entropy of ρ and was first introduced by
Gibbs and Boltzmann independently.

As an example, for the Gaussian distribution ρ in the n-dimensional Hilbert space
R

n with the covariance matrix A, we have

S(ρ) = log(2πe)
n
2
∣
∣detA−1

∣
∣− 1

2 .

However, this differential entropy has some inconvenient properties as a measure
of information or uncertainty, for instance, it does not have positivity and scaling
invariance, so that it cannot be regarded as the entropy of a state in continuous
systems, but only as a certain measure indicating uncertainty of a state.
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6.3 Relative Entropy

The relative entropy was studied by Kullback and Leibler [455] as an information
measure representing the relative uncertainty of a probability distribution p with
respect to that of q , which in other words indicates a sort of difference between p

and q . In this subsection, we discuss some fundamental properties of the relative en-
tropy. We first consider the relative entropy for two discrete probability distributions
p = {pi}, q = {qj } ∈ Δn, which is defined by

S(p,q) =
{∑

i pi log pi

qi
(p � q),

+∞ (otherwise),

where p � q means that pi = 0 whenever qi = 0 for each i.

Theorem 6.3 For any p,q ∈ Δn, we have:

1. (Positivity) S(p,q) ≥ 0,= 0 iff p = q .
2. (Joint convexity) S(λp + (1 − λ)q,λr + (1 − λ)t) ≤ λS(p, r) + (1 − λ)S(q, t)

for any t, r ∈ Δn and λ ∈ [0,1].
3. (Symmetry) For any permutation π of indices

S(p1,p2, . . . , pn, q1, q2, . . . , qn) = S(pπ(1), . . . , pπ(n), qπ(1), . . . , qπ(n)).

4. (Additivity) S(p ⊗ r, q ⊗ t) = S(p,q) + S(r, t) for any t, r ∈ Δm.
5. (Continuity) S(p1,p2, . . . , pn, q1, q2, . . . , qn) is continuous in each variable pi

and qj .
6. (Expansibility) S(p1,p2, . . . , pn,0, q1, q2, . . . , qn,0) = S(p,q).
7. (Monotonicity) S(Ap,Aq) ≤ S(p,q), if A is a doubly stochastic matrix.

Proof (1) x − 1 ≥ logx implies log 1
x

≥ 1 − x. Therefore,

S(p,q) ≥
n∑

i=1

pi

(

1 − qi

pi

)

=
∑

i

pi −
∑

i

qi = 1 − 1 = 0.

Moreover, x − 1 = logx iff x = 1, which implies that S(p,q) = 0 iff p = q .
(2) According to the definition of S(p,q), for p,q, r, t ∈ Δn, λ ∈ [0,1], it is

enough to show

(
λpi + (1 − λ)qi

)
log

λpi + (1 − λ)qi

λri + (1 − λ)ti
≤ λpi log

pi

ri
+ (1 − λ)qi log

qi

ti
,

that is, we have only to prove the convexity of the following function f (x) given by

f (x) = (
xpi + (1 − x)qi

)
log

xpi + (1 − x)qi

xri + (1 − x)ti
,
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which comes from

f ′′(x) = (pi ti − qiti)
2

{xpi + (1 − x)qi}{xri + (1 − x)ti}2
≥ 0.

(3) through (6) are easy to prove from the definition of S(p,q). �

In the case of two probability measures μ and ν on a measurable space (Ω, F ),
the relative entropy is defined by

S(μ, ν) = sup

{∑

j=1

μ(Aj ) log
μ(Aj )

ν(Aj )
; {Aj } ∈ F(F )

}

.

In particular, the relative entropy restricted to a subalgebra G ⊂ F is given by

SG (μ, ν) = sup

{∑

j=1

μ(Aj ) log
μ(Aj )

ν(Aj )
; {Aj } ∈ F(G)

}

.

This entropy is sometimes called the coarse graining entropy. The above relative
entropy is re-expressed by means of the Radon–Nikodym theorem.

Using the Radon–Nikodym derivative f of μ w.r.t. ν, often denoted by dμ/dν,
one has

Theorem 6.4 (Gel’fand–Kolmogorov–Yaglom [136, 279, 764, 765]) The relative
entropy can be expressed as

SG (μ, ν) =
{∫

Ω
f logf dν (μ � ν),

+∞ (otherwise),

where f is the Radon–Nikodym derivative dμ/dν and is a measurable function
on G .

Then we have the following theorem for a continuous version of relative entropy.

Theorem 6.5 For any two probability measures μ and ν, we have:

1. (Positivity) S(μ, ν) ≥ 0, and S(μ, ν) = 0 iff μ = ν.
2. (Joint convexity) S(λμ + (1 − λ)ν,λρ + (1 − λ)σ ) ≤ λS(μ,ρ) + (1 − λ)S(ν,σ )

for any probability measures ρ,σ and λ ∈ [0,1].
3. (Symmetry) For an invertible mapping j from F to F such that μ ◦ j is a prob-

ability measure and j (Ω) = Ω ,

S(μ ◦ j, ν ◦ j) = S(μ, ν).

4. (Additivity) For any two probability measures ρ and σ ,

S(μ ⊗ ρ, ν ⊗ σ) = S(μ, ν) + S(ρ,σ );
where μ ⊗ ρ ≡ μ(A)ρ(B) for any A < B ∈ F .
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5. (Lower semicontinuity) When μn → μ,νn → ν in norm,

S(μ, ν) ≤ lim infS(μn, νn).

6. (Monotonicity) For σ -subfields G and H with G ⊂ H,

SG (μ, ν) ≤ SH(μ, ν).

Proof (1) Same as in the proof of Theorem 6.3.
(2) If μ �� ρ or ν �� σ , then the inequality obviously holds because of S(μ,ρ) =

∞ or S(ν,σ ) = ∞. Therefore, we prove the above inequality in the case when μ �
ρ and ν � σ . For any {Ai} ∈ F(F ), we put μi = μ(Ai), νi = ν(Ai), ρi = ρ(Ai)

and σi = σ(Ai). Then the inequality is proved similarly as in the last theorem.
(3) Clear from the definition of S(μ, ν).
(4) If μ �� ν or ρ �� σ , then the inequality obviously holds because of S(μ, ν) =

∞ or S(ρ,σ ) = ∞. Therefore, it is enough to prove the above inequality in the
case when μ � ν and ρ � σ . For any finite partition {Ai ⊗ Aj } ∈ F(F ⊗ F ), the
statement is due to the following equality:

∑

i,j

μ ⊗ ρ(Ai ⊗ Aj) log
μ ⊗ ρ(Ai ⊗ Aj)

ν ⊗ σ(Ai ⊗ Aj)

=
∑

i,j

μ(Ai)ρ(Aj ) log
μ(Ai)ρ(Aj )

ν(Ai)σ (Aj )

=
∑

i

μ(Ai) log
μ(Ai)

ν(Ai)
+

∑

j

ρ(Aj ) log
ρ(Aj )

σ (Aj )
.

Taking the supremum, we obtain the required equality.
(5) Since μn(A) → μ(A), νn(A) → ν(A), for any A ∈ F , we have

ν(A) > 0 =⇒ lim
n→∞μn(A) log

μn(A)

νn(A)
= μ(A) log

μ(A)

ν(A)
,

ν(A) = 0,μ(A) > 0 =⇒ lim
n→∞μn(A) log

μn(A)

νn(A)
= ∞ = μ(A) log

μ(A)

ν(A)
,

ν(A) = μ(A) = 0 =⇒ μn(A) log
μn(A)

νn(A)
≥ μn(A) − νn(A) → 0

=⇒ lim inf
n→∞ μn(A) log

μn(A)

νn(A)
≥ 0 = μ(A) log

μ(A)

ν(A)
.

Therefore, the definition of S(μ, ν) implies lim infn→∞ S(μn(A), νn(A)) ≥ S(μ, ν).
(6) Obvious from the definition of S(μ, ν). �
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6.4 Mutual Entropy

6.4.1 Discrete Case

The mutual entropy (information) using the relative entropy generalizes the original
definition of the mutual information by Shannon, but they are essentially in the same
context for finite event systems, so that we call both the mutual entropy.

This entropy is a very important quantity in communication theory because it has
an essential physical meaning, that is, when we send information through a certain
channel, we hope to know how much information can be correctly transmitted from
an input system to an output system. It is the mutual entropy that represents this
amount of information. Therefore, mutual entropy does depend on an input (initial)
state and a transmission channel.

As we mentioned in the beginning of this chapter, the total channel (trans-
formation) from P(M), the set of all probability measures on M, to P(M) is
Ξ̄∗ ◦ Γ ∗ ◦ Ξ∗, which is denoted by Λ∗ in the sequel.

In the case when an input state is a discrete probability distribution and a channel
is expressed by a transition probability, the mutual entropy of Shannon is expressed
as

I (p;Λ∗) ≡ S(r,p ⊗ q) =
∑

i,j

rij log
rij

piqj

where the joint probability distribution r = {rij } and the output state (probability
distribution) q = {qj } are determined by an input state p = {pi} and a transition
probability (channel) Λ∗ = (p(j | i)), i.e., p(j | i) ≡ P(X = xj | X = xi) such that

rij = p(j | i)pi, qj =
∑

i

rij .

The mutual entropy is often expressed by I (X,X) where X and X describe the
input and output event systems, respectively. In such cases, for two event systems X

and Y , the mutual entropy can be written as

I (X ∧ Y) =
∑

x∈X,y∈Y

p(x, y) log
p(x, y)

p(x)p(y)

where p(x) is the probability of X = x;P(X = x), and p(x, y) is the joint proba-
bility P(X = x,Y = y).

The fundamental properties of the mutual entropy of Shannon are as follows:

Theorem 6.6 For an initial state (probability) p, a channel Λ∗, and the final state
q = Λ∗p as above, we have

1. I (p;Λ∗) = S(p)+ S(q)− S(r) if S(r) is finite, where r is a joint distribution in
P(X ⊗ X).

2. 0 ≤ I (p;Λ∗) ≤ min{S(p),S(q)}.
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Proof (1) When S(r) is finite,

I (p;Λ∗) =
∑

i,j

ri,j log
ri,j

piqj

=
∑

i,j

ri,j log ri,j −
∑

i,j

ri,j logpiqj

= S(p) + S(q) − S(r).

(2) It holds that

0 ≤ I (p;Λ∗) =
∑

i,j

ri,j log
p(i | j)

pi

=
∑

i,j

ri,j
(
logp(i | j) − logpi

)

≤ −
∑

i,j

ri,j logpi = −
∑

i,j

pi logpi = S(p).

The other inequality is obtained in the sequel. �

Exercise 6.7 Prove the following equalities: I (X,Y ) = S(X) − S(X | Y) = S(Y ) −
S(Y | X).

We will discuss more about the mutual entropy. Let X,Y,Z be three event sys-
tems. Then the conditional mutual entropy and the mutual entropy between XY and
Z are defined as follows:

I (X,Y | Z) =
∑

x∈X,y∈Y,z∈Z

p(x, y, z) log
p(x, y | z)

p(x | z)p(y | z)

and

I (XY,Z) =
∑

x∈X,y∈Y,z∈Z

p(x, y, z) log
p(x, y, z)

p(x, y)p(z)
.

Then it is easy to prove the following equalities:

1. I (X,Y | Z) = S(X | Z) − S(X | YZ) = S(Y | Z) − S(Y | XZ).
2. I (XY,Z) = S(XY) − S(XY | Z) = S(Z) − S(Z | XY) = I (X,Z) + I (Y,Z |

X) = I (Y,Z) + I (X,Z | Y).
3. The common information (entropy) contained in all three X,Y,Z is computed as

I (X,Y,Z) = I (X,Y ) − I (X,Y | Z)

= I (Y,Z) − I (Y,Z | X)

= I (X,Z) − I (X,Z | Y).

6.4.2 Continuous Case

In the continuous case, i.e., when input and output states are given by probability
measures and a channel is a map between their sets of all probability measures, the
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mutual entropy was introduced by Gelfand and Yaglom with an aim of studying
Gaussian channels. The entropy, relative entropy and mutual entropy are defined as
follows:

S(μ) = sup

{

−
n∑

k=1

μ(Ak) logμ(Ak); {Ak} ∈ F(F )

}

,

S(μ, ν) = sup

{
n∑

k=1

μ(Ak) log
μ(Ak)

ν(Ak)
; {Ak} ∈ F(F )

}

,

I (μ;Λ∗) = S(Φ,μ ⊗ Λ∗μ),

(6.1)

where F(F ) is the set of all finite partitions of Ω , that is, {Ak} ∈ F(F ) iff Ak ∈ F
with Ak ∩ Aj = ∅ (k �= j) and

⋃n
k=1 Ak = Ω .

Let (Ω, F ) be an input system and (Ω, F ) be an output system, where more
rigorously, Ω and Ω̄ are Hausdorff spaces. For an input state μ ∈ P(Ω), the output
state is μ = Λ∗μ, and the compound state (joint probability measure) Φ is given by

Φ(Q × Q) =
∫

Q

λ
(
1Q

)
dμ, Q ∈ F , Q ∈ F ,

where λ is the dual map of Λ∗ sending an input random variable on (Ω, F ) to an
output random variable on (Ω, F ), which is a generalized expression of ξ ◦ γ ◦ ξ in
Sect. 6.1, and 1Q is the characteristic function on Ω , namely,

1Q(ω) =
{

1, if ω ∈ Q,

0, if ω /∈ Q.

The above compound state Φ satisfies the following marginal conditions

Φ(Q × Ω) = μ(Q), Φ(Ω × Q) = Λ∗μ(Q).

The channel above Λ∗ : P(Ω) → P(Ω̄) can be written as

Λ∗μ(Q) =
∫

Ω

λ
(
1Q

)
(x)μ (dx), μ ∈ P(Ω), Q ∈ F . (6.2)

The functional λ(1Q)(·) can be represented by the function λ : Ω × F → R
+ so that

the following conditions are satisfied:

1. λ(x, ·) ∈ P(Ω̄).
2. λ(·,Q)(= λ(1Q)(·)) ∈ M(Ω), the set of all measurable functions on (Ω, F ).

Remark 6.8 For the message spaces Ω = M ≡ AZ and Ω = M̄ ≡ A
Z

, the condi-
tional probability is just one example of the above channel λ.
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Definition 6.9 For a given channel Λ∗, the mutual entropy is defined by

I (μ;Λ∗) ≡ S(Φ,Φ0),

where S(·, ·) is the relative entropy and Φ0 is the direct product measure of μ and ν

given as

Φ0 ≡ μ ⊗ ν = μ ⊗ Λ∗μ.

The case when μ is a Gaussian measure and Λ∗ is a Gaussian channel has been
studied by Gelfand, Yaglom and others. As discussed in the previous section, the
entropy for a continuous system is essentially infinite, but the mutual entropy can
be finite. In any case, we manage to have the same fundamental inequality as that in
Theorem 6.6:

0 ≤ I (μ;Λ∗) ≤ S(μ),

where S(μ) is defined by (6.1).
Finally, we mention the mutual (differential) entropy when the measures

μ,Λ∗μ,Φ have the density distributions p(x), q(y) on R
n, r(x, y) on R

2n. In this
case, the mutual entropy is often expressed by

I =
∫

r(x, y) log
r(x, y)

p(x)p(y)
dx dy.

Though this expression is similar to the differential entropy, it will not diverge so
often because the divergent parts in r and p ⊗ q cancel each other.

6.5 Entropy of Information Source

Here we consider the entropy per one letter (unit) of an input space (alphabet
space) A. Let Ml be the set of all messages m with length l, that is, m =]a1, . . . , al[,
and let μ be a state (probability measure) defined on the σ -field FA generated
by Ml . The entropy of (Ml ,μ) is given by

S(Ml ) = −
∑

m∈Ml

μ(m) logμ(m),

so that the entropy per letter is given by

S(Ml )

l
.

Thus, if the limit of this quantity as l → ∞ exists, the limit is called the entropy
rate of the input source (A,μ), and we denote it by S̃(μ). Now we consider a shift
transformation T defined as

T : Πak ∈ AZ �−→ Πa′
k ∈ AZ, a′

k ≡ ak+1.
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Definition 6.10

1. A state μ is said to be T -stationary if μ(T −1E) = μ(E) for any E ∈ FA. The set
of all stationary states is denoted by ST (A) ⊂ S(A) (the set of all states on FA).

2. A T -stationary state μ is ergodic if E ∈ FA is μ-a.e. T -invariant (i.e.,
μ((T −1E ∪ E) ∩ (T −1E ∩ E)c) = 0) implies μ(E) = 0 or 1. The set of all
ergodic states is denoted by SE(A) ⊂ ST (A) ⊂ S(A).

3. A state μ is of Bernoulli type if μ(]a1, . . . , al[) = ∏l
k=1 μ(]ak[)(≡ ∏l

k=1 P(ak))

is satisfied.

Remark 6.11 (i) SE(A) is the set of all extreme elements of ST (A), that is, SE(A) =
ex ST (A) due to Krein–Milman theorem. (ii) The Bernoulli input source (A,μ) is
sometimes called memoryless.

Theorem 6.12 If μ is T -stationary, then the limit l → ∞ of the average entropy
S(Ml )

l
exists.

Proof Let us denote an l-length message by ml =]a1, . . . , al[ and S(Ml ) simply
by Sl . Then by stationarity, it holds

Sl+h ≤ Sl + Sh,

which implies Snl ≤ lSn for any natural numbers n, l, so that we have

Sl

l
≤ S1.

Here S1 is the entropy of a message of length 1, thus S1 ≤ log |A| < +∞. Putting

S̃ = inf
l

Sl

l
, (6.3)

for any ε > 0 there exists a natural number k such that Sk

k
< S̃ + ε. Take another

natural number n > k and put rn = [n
k
] + 1 (Gauss Symbol). Then it holds

Sn ≤ Srnk ≤ rnS
k,

which implies

lim sup
n→∞

Sn

n
≤ lim sup

n→∞
rn

rn − 1
(S̃ + ε) = S̃ + ε.

By (6.3), for any l it holds Sn

n
≥ S̃, hence S̃ = liml→∞ Sl

l
. �

Remark 6.13 This theorem is true without the condition of T -stationary if the num-
ber of elements of A is finite (i.e., |A| < +∞).
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Remark 6.14 The limit lim supn→∞ Sn

n
always exists and it relates to the “transmis-

sion rate”, as is discussed below.

Exercise 6.15 Prove that the entropy rate for a Bernoulli state μ is given by

S̃(μ) = −
∑

a∈A

μ
(]a[) logμ

(]a[).

6.6 Capacity

Here we discuss the capacity of a channel in the process X γ−→ Y , or equivalently,
μ → Λ∗μ, where X and Y are arbitrary probability spaces (or random variables
associated with those spaces) and Λ∗ is a channel sending a state in X to that in Y .
In actual communication processes, the capacity is more subtle because in that case
one asks for the information (entropy) and the mutual entropy per unit time (a letter),
that is, we have to think about the rate of such entropies, which we will discuss in
the forthcoming sections.

The channel capacity is the supremum of the mutual entropy over all μ in a
suitable set of input states S:

C = sup
{
I (μ;Λ∗);μ ∈ S

}
.

In particular, for the discrete case, let X,Y be the event systems of input and
output, and let an input {xi}ni=1 ∈ X occur with the probability p ≡ p(xi) and the
output be {yj } ∈ Y associated with a channel Λ∗ determined by an m × n matrix of
the conditional probability, Λ∗ = (p(yj |xi)). The mutual entropy between X and Y

is written as

I (p;Λ∗) =
n∑

i=1

m∑

j=1

p(xi)p(yj |xi) log
p(yj |xi)

p(yj )
,

so that the channel capacity is the supremum of the mutual entropy over all p in a
suitable set of input states S:

C = {
I (p;Λ∗);p ∈ S

}
.

Example 6.16 Let X = Y = {0,1} and the error probability (defining a channel) be
given by p(0|1) = p(1|0) = e (this channel is called of X-type). Then the mutual
entropy is expressed by means of the input probability p ≡ p(0) such that

I (X,Y ) = −t log t − (1 − t) log(1 − t) + e log e + (1 − e) log(1 − e),

where t = p + e − 2ep. By maximizing this mutual entropy w.r.t. p, we obtain the
capacity as

C = 1 + e log e + (1 − e) log(1 − e).
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Following a conventional argument, let us consider a continuous input source
X with the probability distribution f , and an independent additive Gaussian white
noise Z;g(z) ∈ N(0, σ 2

Z). The output is Y = X + Z, and its distribution is

h(y) = f (x)g(z),

so that the mean of Y 2 is calculated as 〈Y 2〉 = σ 2
Z + 〈X2〉 = N + P , where

P is a constant (signal power) satisfying
∫

x2f (x)dx ≤ P . The channel capac-
ity C is the maximum of the mutual entropy I (X;Y) subject to the conditions∫

x2f (x)dx ≤ P . Thus the capacity is

C = 1

2
log

(

1 + P

N

)

,

the maximum being attained for X ∈ N(0,P ). For a white noise of limited band-
width W , there are 2W independent sample values, so the capacity becomes

C = W log

(

1 + P

N

)

.

6.7 McMillan’s Theorem

Let C̃ be a finite (measurable) partition of M, that is, Ck ∈ C̃ ⊂ FA (k = 1, . . . , n),
Ck ∩ Cj = φ ( k �= j) and

⋃n
k=1 Ck = M. We denote the σ -field generated by all

elements of C̃ by the same notation C̃. Then the entropy function and the conditional
entropy function with respect to the two σ -fields C̃ and D̃ are denoted as

Ŝ(C̃) = −
∑

C∈C̃

logμ(C)1C,

Ŝ(C̃ | D̃) = −
∑

C∈C̃,D∈D̃

logμ(C | D)1C∩D,

where 1C is the characteristic function of C. Moreover, a σ -field generated by
T −k+1(C̃) (k = 1,2, . . . , n) is denoted as

n−1∨

k=1

T −k+1(C̃).

Then McMillan’s theorem [118, 232, 233, 456] is the following.

Theorem 6.17 (McMillan’s theorem)

1. 1
n
Ŝ(

∨n−1
k=1 T −k+1(C̃)) converges a T -invariant function h μ-a.e. and in L1.

2. If μ is ergodic, then h = ∫
Ω

Ŝ(C̃ | ∨∞
k=1 T −kC̃) dμ.
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Moreover, for Ml ≡ {ml =]a1, . . . , al[;ak ∈ A,1 ≤ k ≤ l}, it holds that Mn =
M1

∨
T −1 Mn−1 = ∨n−1

k=0 T −k M1. In McMillan’s theorem, we can take any parti-
tion Mn instead of C̃, so that we have:

Theorem 6.18

1. For a stationary information source (A,μ), there exists a T -invariant function h

such that − 1
n

∑
m∈Mn

logμ(m)1m converges to h, as n → ∞, a.e. and in L1.
2. If μ is ergodic, then h = S̃(μ).

McMillan’s theorem tells that if an information source (A,μ) is ergodic, then for
any positive ε and δ we have

μ

({

x ∈ AZ;
∣
∣
∣
∣
∣

1

n
Ŝ

(
n−1∨

k=0

T −k(C̃)

)

(x) − S̃(μ)

∣
∣
∣
∣
∣
> ε

})

< δ

for sufficiently large n. From this fact, we can divide Mn into two parts M(1)
n and

M(2)
n such that

∣
∣
∣
∣
1

n
logμ

(
M(1)

) + S̃(μ)

∣
∣
∣
∣ < ε for any M(1) ∈ M(1)

n

and

μ

( ⋃

M(2)∈M(2)
n

M(2)

)

< δ.

That is, for any M(1) ∈ M(1)
n the occurrence probability μ(M(1)) is almost equal

to e−nS̃(μ), which means the number of elements in M(1)
n is almost equal to enS̃(μ),

so that when we take a message large enough (i.e., n � 1), the information per a
letter of that message can be equal to the information of the input source. Remark
that |Mn| = |A|n = en log |A| implies M(1)

n = Mn iff S̃(μ) = log |A|.

6.8 Shannon’s Coding Theorem

As discussed in Sect. 6.1, the whole information transmission process is written as

M ξ−→ X γ−→ X ξ−→ M.

The coded message x is sent to an output alphabet message space M through a
channel γ and a decoding map ξ . For notational simplicity, we neglect the coding

and decoding for a while, that is, we consider a process M ξ◦γ ◦ξ−→ M. Note that the
map ξ ◦ γ ◦ ξ can be expressed by a map (kernel) λ : Ω × F̄ → R

+, so that we call
λ itself a channel.
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6.8.1 Channel, Transmission Rate and Capacity Rate

Before going to discuss coding theorems, we state some fundamental properties
of a channel λ : Ω × F̄ → R

+ with Ω = M and Ω = M. Let us use the same
notation T for a shift on Ω,Ω and Ω × Ω (i.e., T (m,m) ≡ (T m,T m) for any
(m,m) ∈ Ω × Ω), and denote the set of all channels by C(Ω,Ω).

Remark 6.19 In order to take the coding and decoding into consideration, we need
to replace Ω with the coded input space X and Ω with the coded output space

X , and we consider two one-to-one mappings coding ξ (between M and X ) and
decoding ξ (between X and M). For instance, a message m ∈ M = AZ is coded
by ξ so that a message of the length l, i.e., ml =]a1, . . . , al[∈ Ml ⊂ M, is coded
to xl ≡]x1, . . . , xl[∈ Xl ⊂ X .

Definition 6.20

1. A channel λ : Ω × F̄ → R
+ is stationary if λ(T m,Q) = λ(m,T −1Q) for any

m ∈ Ω and any Q ∈ F̄Ω . The set of all stationary channels is denoted by
CT (Ω,Ω).

2. A channel λ has nth memory if λ(m, ]bi, . . . , bj [) = λ(m′, ]bi, . . . , bj [) for any
]bi, . . . , bj [∈ Ω and any m = Πkak , m′ = Πka

′
k with ak = a′

k (i − n ≤ k ≤ j).
3. A stationary channel λ is ergodic if the compound measure Φ of μ and λ is er-

godic on Ω ×Ω for any ergodic measure μ on Ω .The set of all ergodic channels
is denoted by CE(Ω,Ω) ⊂ CT (Ω,Ω). Note that CE(Ω,Ω) = exCT (Ω,Ω), the
set of all extreme points of CT (Ω,Ω).

4. A stationary channel λ has finite (n-step) dependence if the following condi-
tion is met: There exists a natural number n such that for any integers m,r, t, s

(m ≤ r ≤ t ≤ s) if s − r > n, then the following equality holds for any Qm,r ≡
]bm, . . . , br [,Qs,t ≡]bs, . . . , bt [∈ Ω and any x ∈ Ω

λ
(
x,Qm,r ∩ Qs,t

) = λ
(
x,Qm,r

)
λ
(
x,Qs,t

)
.

5. A channel λ is unpredictable if for a pair of messages m = Πkak , m′ = Πka
′
k

with ak = a′
k (k ≤ t) it holds that

λ
(
m, ]bt [

) = λ
(
m′, ]bt [

)
.

Let us consider all messages of length n in the input and output spaces (Ω =
M≡ AZ and Ω = M ≡ BZ (B is the set of letters in the output), respectively), and
we denote them by Mn and Mn, respectively. We called S(Mn)

n
the entropy per

letter in the previous section, and we will here denote it by S(μ;Mn)
n

to show the
state-dependence precisely. Then the mutual entropy I (μ; Mn, Mn) w.r.t. Mn and

Mn is defined by

I
(
μ; Mn, Mn

) = S
(
Λ∗μ; Mn

) +
∑

C∈Mn

∑

D∈Mn

Φ(C × D) log
Φ(C × D)

μ(C)
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on Mn × Mn with the joint measure Φ , where Λ∗μ is given by (6.2). One can
easily show the above is equal to

I
(
μ; Mn, Mn

) = S(μ; Mn) + S
(
Λ∗μ; Mn

) − S
(
Φ; Mn × Mn

)

so that the mutual entropy rate is

I (μ; Mn, Mn)

n
.

Then we can prove the following facts for a stationary channel Λ∗ (i.e., the above λ).

Theorem 6.21

1. The limit of I (μ;Mn,Mn)
n

as n → ∞ exists and is

Ĩ (μ;Λ∗) ≡ lim
n→∞

I (μ; Mn, Mn)

n
= S̃(μ) + S̃(Λ∗μ) − S̃(Φ).

2. Ĩ (·;Λ∗) is affine on the set of stationary states ST (M):

Ĩ (αμ + βν;Λ∗) = αĨ (μ;Λ∗) + βĨ (ν;Λ∗) for any μ,ν ∈ ST (M).

3. If the channel Λ∗ (i.e., the above λ) has finite memory and finite dependence,
then Ĩ (·;Λ∗) is upper semi-continuous on ST (M).

The above limit Ĩ (μ;Λ∗) is called the transmission rate (or velocity). Now let
us define two capacities of a channel.

Definition 6.22

1. The stationary channel capacity (rate) is the supremum of the transmission rate:

Cs ≡ sup
{
Ĩ (μ;Λ∗);μ ∈ ST (M)

}
.

2. The ergodic channel capacity (rate) is

Ce ≡ sup
{
Ĩ (μ;Λ∗);μ ∈ SE(M),Φ ∈ SE(M×M)

}
.

An ergodic λ is particularly important, as seen in the next theorem.

Theorem 6.23

1. For a stationary channel λ, we have

0 ≤ Ce ≤ Cs ≤ log |A||B|.
2. For an ergodic channel λ, we have

Ce = Cs.
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Theorem 6.24 If a stationary channel λ has finite memory and finite dependence,
there exists an ergodic measure μ such that

Ce = Ĩ (μ;Λ∗).

6.8.2 Coding Theorem

Now we are going to discuss a coding theorem. First, we state a hypothesis of a
channel needed for all theorems below:

〈Hypothesis C〉 Channel λ is ergodic, of finite memory and unpredictable.

The following theorem is useful for coding theorems.

Theorem 6.25 (Feinstein’s Theorem) Under 〈Hypothesis C〉, for any ε > 0 and
any δ ∈ (0,Ce), by taking natural numbers n = n(ε, δ) and N properly, there exist
N messages u1, . . . , uN ∈ Mn+t (t is the memory length) and v1, . . . , vN ⊂ Ω such
that

(i) vi ∩ vj = ∅ (i �= j)

(ii) x ∈ uj ⇒ λ(x, vj ) > 1 − ε for any j

(iii) N > en(Ce−δ).

From statement (i), if the output message is vj , we can know the input message
with the probability nearly equal to 1.

Now we have to consider the whole process of communication:

M ξ−→ X γ−→ X ξ−→ M.

Practically, recall that ml =]a1, . . . , al[∈ Ml ⊂ M =AZ
ξ−→ xl′ ≡]x1, . . . , xl′ [∈

Xl′ ⊂ X .
Let (A,μ0) be a given input source. One of the goals of communication theory

is the following Shannon’s Coding theorem.

Theorem 6.26 (First Coding Theorem) For an ergodic input source (A,μ0), if
S̃(μ0) < Ce (the capacity of the channel λ) and 〈Hypothesis C〉 is satisfied, then for
any ε > 0 there exists a natural number n such that in the communication process,

m ∈ Mn → ξ(m) ∈ Xn+t → γ ◦ ξ(m) ∈ X → ξ̄ ◦ γ ◦ ξ(m) = m ∈ M,

we can recognize a message ω sent from the input source with the probability higher
than 1 − ε by the associated output message ω̄.
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This theorem means that S̃(μ0) < Ce with 〈Hypothesis C〉 implies λ(ξ(m),m) >

1 − ε. That is, we can estimate the input message from the output message with
probability of nearly 1. In other words, the error probability can be nearly zero in
the situation of this theorem.

Theorem 6.27 (Second Coding Theorem) Under the same conditions of Theo-
rem 6.26, there exist a coding and a decoding such that the transmission rate is
arbitrarily close to S̃(μ0).

This theorem guarantees that for a channel satisfying S̃(μ0) < Ce, there exist a
coding and a decoding such that they code a message of the input source (A,μ0)

without error.

6.8.3 Interpretation of Coding Theorem

We will see the intuitive meaning of the coding theorem by taking a simple situation.
As we mentioned before, the conditional probability p(·|·) is just one example of a
channel λ. In the sequel, we take this conditional probability as the channel.

Let us assume that the output alphabet message space M is embedded in M.
When the channel γ is expressed by a transition matrix Γ = (p(y|x))

x∈X ,y∈X , the
whole transmission channel λ can be expressed by Λ∗ = (p(m|m)) because the
maps ξ and ξ are injections so that they preserve the conditional probability. In the
above general discussion, p(m|m) is expressed as λ(ξ(m),m).

Thus in the case when M is properly imbedded in M, the error probability for a
sent message m is

pm
e ≡ 1 − p(m|m).

The maximum error probability and the average error probability are respectively
defined by

pe = max
{
pm

e ;m ∈ M
}

and p̃e = 1

|M|
∑

m∈M
pm

e .

Remark that these error probabilities do depend on a coding ξ and a decoding ξ

taken, so that we write pe = pe(ξ, ξ) and p̃e = p̃e(ξ, ξ) to exhibit this dependence.
If an information source produces R letters per unit time, then it produces tR

letters in t time units. This means that the information source produces n ≡ [2tR]
different sequences in t time units, so that the set of all sequences is Mn. When t

is an integer, one has n = 2tR = |Mn|, thus R = log |Mn|/t , so that R is equal to
the entropy rate in the case when every message occurs equally. In the case when
every message does not occur equally but the information source has a probability
μ0 describing the occurrence of messages, the McMillan’s theorem tells us that the
above R is nearly equal to the entropy rate S̃(μ0).
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Let us remind that the capacity (rate) C is the maximum (supremum) of the
transmission rate Ĩ (μ;Λ∗); C = sup{Ĩ (μ;Λ∗);μ}.

Very intuitive expression of the coding theorem is: Let us consider an information
transmission sending R letters per unit time. If R < C, then there exist a coding ξ

and a decoding ξ such that the mean error probability p̃e(ξ, ξ) becomes arbitrarily
small.

A bit more mathematical expression is the following: If the entropy rate S̃(μ0)

of an information source (A, μ0) is less than the capacity C of a channel, then for
any ε > 0, there exist a coding ξ and a decoding ξ such that p̃e(ξ, ξ) < ε.

The most rigorous expression is the one given in the previous subsection.
The proof of the coding theorem is elementary when μ0 is Bernoulli and the

channel Λ∗ is memoryless (i.e., p(]b1, . . . , bl[|]a1, . . . , al[) = ∏l
k=1 p(bk | ak)).

However, the proof of the general case is rather tedious.

6.9 Notes

The notion of entropy was introduced by Clausius, and Boltzman defined the en-
tropy from a microscopic point of view. The differential entropy was first introduced
by Gibbs and Boltzman. The information communication processes can be found in
the books [74, 180, 359, 388, 456, 516, 742]. The original work of Shannon on
the notion of entropy is due to [706] and it is reformulated within the probabilistic
frameworks in [69, 74, 308, 355, 357, 359, 403, 456, 458, 517, 766]. The difficulty
of the differential entropy can be found in [566]. Kullback and Leibler information
was introduced in [455]. The measure-theoretic extension of the Kullback–Leibler
entropy was studied by Gelfand, Kolmogorov, Yaglom, Umegaki, and many oth-
ers [136, 279, 764, 765]. The capacity of an ergodic channel was discussed by
[136, 403, 630]. The McMillan’s theorem and the coding theorem were presented
in [118, 232, 233, 456]. The physical meaning of McMillan’s theorem is discussed
in [118, 357].





Chapter 7
Fundamentals of Quantum Information

In this chapter basic notions of quantum information will be considered. A chan-
nel is a mapping of an input state to an output state. The amount of information
transmitted from input to output is described by the mutual entropy.

As we discussed in Chap. 1, the computational process in a computer consists of
input and its transformation (computation) and output, which is exactly the same as
the communication process of information as seen in Chap. 6 and this chapter. In
this chapter, we discuss mathematical properties of von Neumann quantum entropy
S(ρ), quantum channel Λ∗, quantum relative entropy S(ρ,σ ), quantum mutual en-
tropy I (ρ;Λ∗), coherent entropy and their generalizations to C∗-systems.

We first summarize the mathematical description of both classical and quantum
systems which were explained in the previous chapters.

Passing to quantum systems, we denote the set of all bounded linear operators on
a Hilbert space H by B(H), and the set of all density operators on H by S(H).

More generally, let A be a C∗-algebra (i.e., complex normed algebra with invo-
lution ∗ such that ‖A‖ = ‖A∗‖, ‖A∗A‖ = ‖A‖2 and complete w.r.t. ‖ · ‖) and S(A)

be the set of all states on A (i.e., positive continuous linear functionals ϕ on A such
that ϕ(I)= 1 if I ∈ A).

If Λ : A → B is a map from an algebra A to an algebra B then its dual map
Λ∗ : S(B) → S(A) is called a channel. That is, trρΛ(A) = trΛ∗(ρ)A. Remark
that the algebra B sometimes will be denoted A.

Definition 7.1 Let (A,S(A)) be an input system and (A,S(A)) be an output sys-
tem. Take any ϕ,ψ ∈S(A).

1. Λ∗ is linear if Λ∗(λϕ + (1 − λ)ψ) = λΛ∗ϕ + (1 − λ)Λ∗ψ holds for any λ ∈
[0,1].

2. Λ∗ is completely positive (CP) if Λ∗ is linear and its dual Λ : A → A satisfies

n∑

i,j=1

A∗
i Λ(A

∗
i Aj )Aj ≥ 0

for any n ∈N and any {Ai} ⊂ A, {Ai} ⊂ A.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_7, © Springer Science+Business Media B.V. 2011
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Table 7.1 Descriptions of CDS, QDS and GQDS

CDS QDS GQDS

Observable real r.v. in M(Ω) Hermitian operator A

on H (self adjoint
operator in B(H))

Self-adjoint element A

in C∗-algebra A

State Probability measure
μ ∈ P (Ω)

Density operator ρ on H Functional (state)
ϕ ∈S with ϕ(I)= 1

Expectation
∫
Ω

f dμ trρA ϕ(A)

Such an algebraic approach contains both the classical and quantum theories.
The description of a classical probabilistic system (CDS), a quantum dynamical
system(QDS), and a general quantum dynamical system (GQDS) are given in Ta-
ble 7.1.

7.1 Communication Processes

We discussed the communication process in classical systems in Chap. 6. Here we
discuss the quantum communication processes.

Let M be the infinite direct product of the alphabet A, that is, M = AZ ≡∏∞
−∞ A, called a message spaceas in the previous chapter. A coding is a one-to-

one map ξ from M to some space X which is called the coded space. This space
X may be a classical object or a quantum object. The classical case was discussed
in Chap. 6. For a quantum system, X may be the space of quantum observables
on a Hilbert space H, then the coded input system is described by (B(H),S(H)).
The coded output space is denoted by X̃, and the decoded output space M̃ is made
of another alphabet. A transmission (map) γ from X to X̃ (actually, its dual map
as discussed below) is called a channel, which reflects the property of a physical
device. With a decoding ξ̃ , the whole information transmission process is written as

M ξ−→X
γ−→ X̃

ξ̃−→ M̃.

That is, a message m ∈ M is coded to ξ(m) and it is sent to the output system
through a channel γ , then the output coded message becomes γ ◦ ξ(m) and it is
decoded to ξ̃ ◦ γ ◦ ξ(m) at a receiver.

Then the occurrence probability of each message in the sequence (m(1),m(2),
. . . ,m(N)) of N messages is denoted by ρ = {pk}, which is a state in a classical
system. If ξ is a quantum coding, then ξ(m) is a quantum object (state) such as
a coherent state. Here we consider such a quantum coding, that is, ξ(m(k)) is a
quantum state, and we denote ξ(m(k)) by σk . Thus the coded state for the sequence
(m(1),m(2), . . . ,m(N)) is written as

σ =
∑

k

pkσk.
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This state is transmitted through the dual map of γ which is called a channel in the
sequel. This channel (the dual of γ ) is expressed by a completely positive mapping
Γ ∗, in the sense of Chap. 5, from the state space of X to that of X̃, hence the output
coded quantum state σ̃ is Γ ∗σ . Since the information transmission process can be
understood as a process of state (probability) change, when Ω and Ω̃ are classical
and X and X̃ are quantum, the process is written as

P(Ω)
Ξ∗−→S(H)

Γ ∗−→S
(

H̃
) Ξ̃∗−→ P

(
Ω̃
)
,

where Ξ∗ (resp., Ξ̃∗) is the channel corresponding to the coding ξ (resp., ξ̃ ) and
S(H) (resp., S(H̃)) is the set of all density operators (states) on H (resp., H̃).

We have to be careful when studying the objects in the above transmission pro-
cess. Namely, we have to make clear which object is going to be studied. For in-
stance, if we want to know the information of a quantum state through a quantum
channel γ (or Γ ∗), then we have to take X so as to describe a quantum system like
a Hilbert space, and we need to start the study from a quantum state in the quan-
tum space X not from a classical state associated to messages. We have a similar
situation when we treat a state change (computation) in a quantum computer.

7.2 Quantum Entropy for Density Operators

The entropy of a quantum state was introduced by von Neumann. This entropy of a
state ρ is defined by

S(ρ)=− trρ logρ.

For a state ρ, there exists a unique spectral decomposition

ρ =
∑

k

μkPk,

where μk is an eigenvalue of ρ and Pk is the associated projection for each μk . The
projection Pk is not one-dimensional when μk is degenerated, so that the spectral
decomposition can be further decomposed into one-dimensional projections. Such
a decomposition is called a Schatten decomposition, namely,

ρ =
∑

kj

μkjEkj ,

where Ekj is the one-dimensional projection associated with μk and the degen-
erated eigenvalue μk repeats dimPk times; for instance, if the eigenvalue μ1 has
degeneracy 3, then μ11 = μ12 = μ13 < μ2. To simplify notations, we shall write the
Schatten decomposition as

ρ =
∑

k

μkEk,
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where the numbers {μk} form a probability distribution {μk}:
∑

k

μk = 1, μk ≥ 0.

This Schatten decomposition is not unique unless every eigenvalue is non-
degenerated. Then the entropy (von Neumann entropy) S(ρ) of a state ρ equals
to the Shannon entropy of the probability distribution {μk}:

S(ρ)=−
∑

k

μk logμk.

Therefore, the von Neumann entropy contains the Shannon entropy as a special case.
Let us summarize the fundamental properties of the entropy S(ρ).

Theorem 7.2 For any density operator ρ ∈S(H), the following statements hold:

1. (Positivity) S(ρ)≥ 0.
2. (Symmetry) Let ρ ′ =UρU∗ for an unitary operator U . Then

S(ρ′)= S(ρ).

3. (Concavity) S(λρ1+(1−λ)ρ2)≥ λS(ρ1)+(1−λ)S(ρ2) for any ρ1, ρ2 ∈S(H)

and λ ∈ [0,1].
4. (Additivity) S(ρ1 ⊗ ρ2)= S(ρ1)+ S(ρ2) for any ρk ∈S(Hk).
5. (Subadditivity) For the reduced states ρ1, ρ2 of ρ ∈S(H1 ⊗ H2),

S(ρ)≤ S(ρ1)+ S(ρ2).

6. (Lower semicontinuity) If ‖ρn − ρ‖1 → 0 (≡ tr |ρn − ρ| → 0) as n→∞, then

S(ρ)≤ lim
n→∞ infS(ρn).

7. (Continuity) Let ρn,ρ be elements in S(H) satisfying the following conditions:
(i) ρn → ρ weakly as n→∞, (ii) ρn ≤ A (∀n) for some compact operator A,
and (iii) −∑k ak logak < +∞ for the eigenvalues {ak} of A. Then S(ρn) →
S(ρ).

8. (Strong subadditivity) Let H = H1 ⊗ H2 ⊗ H3 and denote the reduced
states trHi⊗Hj

ρ by ρk and trHk
ρ by ρij . Then S(ρ) + S(ρ2) ≤ S(ρ12) +

S(ρ23) and S(ρ1)+ S(ρ2)≤ S(ρ13)+ S(ρ23).
9. (Entropy increase) (i) Let H be a finite dimensional space. If the channel Λ∗

is completely positive and unital, that is, the dual map Λ of the channel Λ∗
satisfies ΛI = I , then S(Λ∗ρ)≥ S(ρ). (ii) For an arbitrary Hilbert space H, if
the dual map Λ of the channel Λ∗ satisfies Λ(ρ) ∈S(H), then S(Λ∗ρ)≥ S(ρ).

10. (Araki–Lieb inequality) For the reduced states ρ1, ρ2 of ρ ∈S(H1 ⊗ H2),
∣
∣S(ρ1)− S(ρ2)

∣
∣≤ S(ρ)≤ S(ρ1)+ S(ρ2).
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In order to prove the theorem, we prepare a lemma.

Lemma 7.3 Let f be a convex C1 function on a proper domain and ρ,σ ∈S(H).
Then

1. (Klein’s inequality) tr{f (ρ)− f (σ )− (ρ − σ)f ′(σ )} ≥ 0.
2. (Peierls inequality)

∑
k f (〈xk, ρxk〉)≤ trf (ρ) for any CONS {xk} in H.

(Remark: ρ =∑n μnEn → f (ρ)=∑n f (μn)En.)

Proof (1) Let {xn} and {ym} be two CONS containing all eigenvalues xn and ym of
ρ and σ , respectively, such that ρxn = λnxn,σym = μmym. It is easy to see

tr
{
f (ρ)− f (σ )− (ρ − σ)f ′(σ )

}

=
∑

n

{

f (λn)−
∑

m

∣
∣〈xn, ym〉

∣
∣2f (μm)−

∑

m

∣
∣〈xn, ym〉

∣
∣2(λn −μm)f ′(μm)

}

=
∑

n,m

∣
∣〈xn, ym〉

∣
∣2
{
f (λn)− f (μm)− (λn −μm)f ′(μm)

}
,

which is positive because f is convex.
(2) Let us take σ in (1) such that

〈xk, σxj 〉 = 〈xk, ρxj 〉δkj .

Then

trf (σ )=
∑

k

f
(〈xk, ρxk〉

)
, tr(ρ − σ)f ′(σ )= 0,

which imply

0 ≤ tr
{
f (ρ)− f (σ )− (ρ − σ)f ′(σ )

}= trf (ρ)−
∑

k

f
(〈xk, ρxk〉

)
.

�

Proof of Theorem 7.2 (1) For the Schatten decomposition of ρ =∑n μnEn, it is
easy to get

S(ρ)=−
∑

n

μn logμn,

which is non-negative.
(2)

S(UρU∗) = − trUρU∗ logUρU∗ = − trUρU∗U(logρ)U∗

= − trUρ logρU∗ = − trU∗Uρ logρ = S(ρ).
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(3) Put η(t) = −t log t . Since this function η(t) is concave, for the CONS {xn}
containing all eigenvectors of λρ1 + (1− λ)ρ2, we obtain

S
(
λρ1 + (1− λ)ρ2

) =
∑

n

η
(
λ〈xn,ρ1xn〉 + (1− λ)〈xn,ρ2xn〉

)

≥ λ
∑

n

η
(〈xn,ρ1xn〉

)+ (1− λ)
∑

n

η
(〈xn,ρ2xn〉

)

≥ λ
∑

n

〈
xn, η(ρ1)xn

〉+ (1− λ)
∑

n

〈
xn, η(ρ2)xn

〉

= λS(ρ1)+ (1− λ)S(ρ2),

where the last inequality comes from Peierls’ inequality and concavity of η.
(4) Let ρ1 =∑n λnEn and ρ2 =∑m μmFm be the Schatten decompositions.

Then ρ1 ⊗ ρ2 =∑n,m λnμmEn ⊗ Fm is the Schatten decomposition of ρ1 ⊗ ρ2.
Hence

S(ρ1 ⊗ ρ2)=−
∑

n,m

λnμm logλnμm = S(ρ1)+ S(ρ2).

(5) Applying Klein’s inequality to the function f (t)=−η(t)= t log t , we have

trρ logρ − trρ1 ⊗ ρ2 logρ1 ⊗ ρ2 ≥ trρ − trρ1 ⊗ ρ2 = 0,

but the left-hand side is equal to S(ρ1) + S(ρ2) − S(ρ), so we get the desired in-
equality.

(6) Define

Sα(ρ)= 1

1− α
log
(
trρα

)

for any α ∈R
+ with α �= 1 (Sα(ρ) is often called the αth Renyi entropy in quantum

systems). Substituting ρ =∑n μnEn,

Sα(ρ)= 1

1− α
log

(∑

n

μα
n

)

→−
∑

n

μn logμn = S(ρ) (α → 1).

Since it is easily shown that Sα′(ρ)≤ Sα(ρ) (1 < α ≤ α′),

S(ρ)= lim
α→1

Sα(ρ)≤ sup
{
Sα(ρ);α > 1

}
.

We may consider that every eigenvalue of |ρn − ρ| is less than 1 for a sufficiently
large n because of ‖ρn − ρ‖1 → 0 as n→∞. Therefore,

∣
∣ trρα

n − trρα
∣
∣≤ tr |ρn − ρ|α ≤ tr |ρn − ρ| → 0 (n→∞),

which means that Sα(ρ) is a continuous function w.r.t. the trace norm ‖ · ‖1 for any
α > 1. S(ρ) is the supremum of a continuous function, hence it is lower semicon-
tinuous.

We omit the proofs of (7) and (8); see [578].
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(9) We here prove (i) only. It follows from monotonicity of the relative entropy
which is proved in the next section. We have S(Λ∗ρ,Λ∗σ)≤ S(ρ,σ ). If dim H = n

one has

S(ρ, I/n)=−S(ρ)+ logn.

Since

S(Λ∗ρ,Λ∗I/n)= S(Λ∗ρ, I/n)=−S(Λ∗ρ)+ logn,

the result follows. The proof of (ii) comes from the convex analysis of operators,
which we omit here (see [570]).

(10) This follows from the proof of (5). �

7.3 Relative Entropy for Density Operators

For two states ρ,σ ∈S(H), the relative entropy is first defined by Umegaki

S(ρ,σ )=
{

trρ(logρ − logσ) (ρ � σ),

∞ otherwise,

where ρ � σ means that trσA = 0 ⇒ trρA = 0 for A ≥ 0 ⇔ ranρ ⊂ ranσ . The
main properties of relative entropy are summarized as:

Theorem 7.4 The relative entropy has the following properties:

1. (Positivity) S(ρ,σ )≥ 0, = 0 iff ρ = σ .
2. (Joint convexity) S(λρ1 + (1 − λ)ρ2, λσ1 + (1 − λ)σ2) ≤ λS(ρ1, σ1) + (1 −

λ)S(ρ2, σ2) for any λ ∈ [0,1].
3. (Additivity) S(ρ1 ⊗ ρ2, σ1 ⊗ σ2)= S(ρ1, σ1)+ S(ρ2, σ2).
4. (Lower semicontinuity) If limn→∞‖ρn − ρ‖1 = 0 and limn→∞‖σn − σ‖1 = 0,

then S(ρ,σ )≤ lim infn→∞ S(ρn,σn). Moreover, if there exists a positive number
λ satisfying ρn ≤ λσn, then limn→∞ S(ρn,σn)= S(ρ,σ ).

5. (Monotonicity) For a channel Λ∗ from S to S, S(Λ∗ρ,Λ∗σ)≤ S(ρ,σ ).
6. (Lower bound) ‖ρ − σ‖2/2 ≤ S(ρ,σ ).
7. (Invariance under the unitary mapping) S(UρU∗;UσU∗) = S(ρ;σ) where U

is a unitary operator.

Proof (1) f (t)= t log t is a convex function and f ′(t)= log t +1 holds. By Klein’s
inequality, we have

0 ≤ tr
{
f (ρ)− f (σ )− (ρ − σ)f ′(σ )

}

= tr
{
ρ logρ − σ logσ − (ρ − σ)(logσ + I )

}

= tr
{
ρ logρ − ρ logσ − (ρ − σ)

}

= S(ρ;σ)− trρ + trσ = S(ρ;σ).
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(3) For any ρ1, σ1 ∈S(H1) and ρ2, σ2 ∈S(H2),

S(ρ1 ⊗ ρ2;σ1 ⊗ σ2)= trρ1 ⊗ ρ2(logρ1 ⊗ ρ2 + logσ1 ⊗ σ2).

Using the equality ρ1 ⊗ ρ2 = (ρ1 ⊗ I )(I ⊗ ρ2), we get

S(ρ1 ⊗ ρ2;σ1 ⊗ σ2)

= trρ1 ⊗ ρ2(logρ1 ⊗ I + log I ⊗ ρ2)− trρ1 ⊗ ρ2(logσ1 ⊗ I + log I ⊗ σ2)

= trρ1 logρ1 ⊗ ρ2 + trρ1 ⊗ ρ2 logρ2 − trρ1 logσ1 ⊗ ρ2 − trρ1 ⊗ ρ2 logσ2

= trρ1(logρ1 − logσ1)+ trρ2(logρ2 − logσ2)= S(ρ1;σ1)+ S(ρ2;σ2).

(4) We define Sλ(ρ;σ) by

Sλ(ρ;σ)≡ 1

λ

{
S
(
λρ + (1− λ)σ

)− λS(ρ)− (1− λ)S(σ )
}
.

From the concavity of S(·), Sλ(ρ;σ) ≥ 0 holds. Put g(λ) ≡ λSλ(ρ;σ). Then
g : [0,1]→R

+ and g′′(λ)≤ 0, so that g(λ) is a concave function with respect to λ.
Moreover, we get [ d

dλ
g(λ)]λ=0 = S(ρ;σ) and the following equality

[
d

dλ
g(λ)

]

λ=0
= g′(0)= lim

λ→0

g(λ)− g(0)

λ

= lim
λ→0

g(λ)

λ
= lim

λ→0
Sλ(ρ;σ).

Therefore, we obtain

S(ρ;σ)= lim
λ→0

Sλ(ρ;σ).

Now we put Ŝ(ρ) =−ρ logρ and show that Ŝ(ρ) is an operator-concave function.
For any t ∈R

+ ,

−t log t =
∫ ∞

0

{

1− u

t + u
− t

1+ u

}

du

holds, so that the concavity of Ŝ(ρ) is equivalent to the convexity of I
ρ+I

. Hence,
we have only to show the following inequality:

I

(ρ1+ρ2)
2 + I

≤ 1

2

(
I

ρ1 + I

)

+ 1

2

(
I

ρ2 + I

)

.

The above inequality is satisfied iff the following inequality holds:

4I

(ρ2 + I )−1/2(ρ1 + I )(ρ2 + I )−1/2 + I
≤ I

(ρ2 + I )−1/2(ρ1 + I )(ρ2 + I )−1/2
+ I.
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Now we put B ≡ (ρ2 + I )−1/2 and C ≡ ρ1 + I,A ≡ BCB . Then A > 0. Let a
spectral decomposition of A be

A=
∫ ∞

0
t dE(t),

then we have

4I

A+ I
=
∫ ∞

0

4

t + 1
dE(t),

I

A
+ I =

∫ ∞

0

(
1

t
+ 1

)

dE(t).

Therefore,

4I

A+ I
≤ I

A
+ I

is satisfied.
Here, let Pn be a projection from H to an n-dimensional closed subspace Hn of

H with Hn ⊂ Hn+1 and satisfying Pn ↑ I,Pn ≤ Pn+1 ≤ · · · ≤ I . For any Q ≥ 0,
trQPn ↑ trQ holds. If we take

Ŝλ(ρ;σ)≡ 1

λ

{
Ŝ
(
λρ + (1− λ)σ

)− λŜ(ρ)− (1− λ)Ŝ(σ )
}

as Q, then we obtain

tr Ŝλ(ρ;σ)Pn ↑ tr Ŝλ(ρ;σ)= Sλ(ρ;σ).

Hence,

S(ρ;σ)= lim
λ→0

Sλ(ρ;σ)= lim
λ→0

sup
n

tr Ŝ(ρ;σ)Pn = sup
n

lim
λ→0

tr Ŝ(ρ;σ)Pn.

Due to dim Hn = dimPnH = n <+∞, by putting F(ρn,σn)≡ limλ→0 tr Ŝλ(ρ;σ)×
Pn, F(ρn,σn) is expressed by finitely many of eigenvalues of ρ and σ . When
ρn → ρ,σn → σ , each eigenvalue λ

(j)
n ,μ

(j)
n of ρn and σn, respectively, satisfies

λ
(j)
n → λ(j),μ

(j)
n → μ(j), where λ(j), μ(j) are the eigenvalues of ρ and σ , re-

spectively, so that F(ρn,σn) → F(ρ,σ ) is obtained. Therefore, S(ρ;σ) is lower
semicontinuous because it is the supremum of a continuous function: S(ρ;σ) ≤
lim infn→∞ S(ρn;σn).

(5) By the Stinespring’s dilation theorem, every completely positive map can be
decomposed into a product of the following three operations: (1) tensoring with a
second system in a specified state, (2) unitary transformation, and (3) reduction to a
subsystem. To write it in an explicit form, we use the Kraus representation

Λ∗ρ =
n∑

i=1

AiρA∗
i ,

n∑

i=1

A∗
i Ai = 1.
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There is a unitary operator U in H ⊗C
n and a one-dimensional projector operator

P in C
n such that one has

U(ρ ⊗ P)U∗ =
n∑

i,j=1

AiρA∗
j ⊗ |i〉〈j |

where {|i〉} is an orthonormal basis in C
n. Then we get

Λ∗ρ = tr2
(
U(ρ ⊗ P)U∗).

Now we use the subadditivity of the relative entropy

S(tr2 A, tr2 B)≤ S(A,B)

where tr2 is a partial trace to obtain

S(Λ∗ρ,Λ∗σ) = S
(
tr2
(
U(ρ ⊗ P)U∗), tr2

(
U(σ ⊗ P)U∗))

≤ S
(
U(ρ ⊗ P)U∗,U(σ ⊗ P)U∗)= S(ρ ⊗ P,σ ⊗ P)

= S(ρ,σ )+ S(P,P )= S(ρ,σ ).

The monotonicity of the relative entropy is proved.
(7) It follows that

S(UρU∗;UσU∗) = − trUρU∗(logUρU∗− logUσU∗)

= trUρU∗U(logρ − logσ)U∗

= trU∗Uρ(logρ − logσ)

= trρ(logρ − logσ)= S(ρ;σ). �

Let us extend the relative entropy to two positive operators instead of two states.
If A and B are two positive Hermitian operators (not necessarily states, i.e., not
necessarily with unit traces) then we set

S(A,B)= trA(logA− logB).

The following Bogoliubov inequality holds.

Theorem 7.5 (Bogoliubov Inequality) One has

S(A,B)≥ trA(log trA− log trB).

Proof Let H0 and V be two bounded Hermitian operators such that e−H0 and
e−(H0+V ) are positive-definite. Let us consider the function (free energy)

f (λ)=− log tr e−Hλ
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where

Hλ =H0 + λV

and λ≥ 0. Let us prove that the function f (λ) is convex, f ′′(λ)≤ 0. This will lead
to the Bogoliubov inequality. By using the relation

∂

∂λ
e−Hλ =−

∫ 1

0
dte−tHλV e−(1−t)Hλ

one obtains

∂2

∂λ2 f (λ)=−(tr e−Hλ
)−1
∫ 1

0
dt tr

((
V − 〈V 〉)e−tHλ

(
V − 〈V 〉)e−(1−t)Hλ

)
,

which is nonpositive. Here

〈V 〉 = (tr e−Hλ
)−1 trV e−Hλ.

Therefore,

f ′(λ1)≥ f ′(λ2) if λ1 ≤ λ2.

In particular, one has

f (1)− f (0)=
∫ 1

0
dλf ′(λ)≤ f ′(0).

Since

f ′(0)= (tr e−H0
)−1 trV e−H0,

from the last inequality we get

− log tr e−(H0+V ) + log tr e−H0 ≤ (tr e−H0
)−1 trV e−H0 .

In this form, the inequality was obtained by Bogoliubov. Now if we set

e−H0 =A, e−(H0+V ) = B, V = logA− logB,

we obtain

log trA− log trB ≤ (trA)−1 trA(logA− logB).

�

We remark here that in some cases the above quantum relative entropy can be
approximated by the classical relative entropy [331].
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7.4 More About Channels
A general quantum system containing all systems such as discrete and continuous in
both classical and quantum setting is described by a C∗-algebra or a von Neumann
algebra as we mentioned before, so that we discuss the channeling transformation
in C∗-algebraic contexts. However, it is enough for the readers who are not familiar
with C∗-algebras to imagine a usual quantum system, for instance, regard A and
S(A) below as B(H) and S(H), respectively. Let A and A be C∗-algebras, and
S(A) and S(A) be the sets of all states on A and A, respectively.

A channel is a mapping from S(A) to S(A). There exist channels with various
properties.

Definition 7.6 Let (A,S(A)) be an input system and (A,S(A)) be an output sys-
tem. Take any ϕ,ψ ∈S(A).

1. Λ∗ is of Schwarz type if Λ(A
∗
)=Λ(A)∗ and Λ(A)∗Λ(A)≤Λ(A

∗
A).

2. Λ∗ is stationary if Λ ◦ αt = αt ◦Λ for any t ∈R.
(Here αt and αt are groups of automorphisms of the algebras A and A, respec-
tively.)

3. Λ∗ is ergodic if Λ∗ is stationary and Λ∗(exI (α))⊂ exI (α).
(Here ex I (α) is the set of extreme points of the set of all stationary states I (α).)

4. Λ∗ is orthogonal if for any two orthogonal states ϕ1, ϕ2 ∈ S(A) (denoted by
ϕ1⊥ϕ2) one has Λ∗ϕ1⊥Λ∗ϕ2.

5. Λ∗ is deterministic if Λ∗ is orthogonal and bijective.
6. For a subset S0 of S(A), Λ∗ is chaotic for S0 if Λ∗ϕ1 =Λ∗ϕ2 for any ϕ1, ϕ2 ∈

S0.
7. Λ∗ is chaotic if Λ∗ is chaotic for S(A).
8. (Kraus–Sudarshan representation) A completely positive channel Λ∗ can be rep-

resented as

Λ∗ρ =
∑

i

AiρA∗
i ,

∑

i

A∗
i Ai ≤ 1.

Here Ai are bounded operators on H .

Most of channels appearing in physical processes are CP channels. Examples of
such channels are provided below. Take a density operator ρ ∈ S(H) as an input
state.

Example 7.7 (Unitary evolution) Let H be the Hamiltonian of a system. Then

ρ →Λ∗ρ =UtρU∗
t ,

where t ∈R,Ut = exp(−itH), is a CP channel.

Example 7.8 (Semigroup evolution) Let Vt (t ∈R
+) be a one parameter semigroup

on H. Then

ρ →Λ∗ρ = VtρV ∗
t , t ∈R

+,

is a CP channel.
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Example 7.9 (Quantum measurement) If a measuring apparatus is prepared by a
positive operator-valued measure {Qn} then the state ρ changes to a state Λ∗ρ after
this measurement,

ρ →Λ∗ρ =
∑

n

QnρQn.

Example 7.10 (Reduction) If a system Σ1 interacts with an external system Σ2
described by another Hilbert space K and the initial states of Σ1 and Σ2 are ρ

and σ , respectively, then the combined state θt of Σ1 and Σ2 at time t after the
interaction between two systems is given by

θt ≡Ut(ρ ⊗ σ)U∗
t ,

where Ut = exp(−itH) with the total Hamiltonian H of Σ1 and Σ2. A channel is
obtained by taking the partial trace w.r.t. K such as

ρ →Λ∗ρ ≡ trK θt .

Example 7.11 (Optical communication processes) A quantum communication pro-
cess is described by the following scheme.

ν ∈S(K)

↓
S(H) �ρ −−−−−−−−−−−−−−−−−−−−−−−−−→ ρ̄ =Λ∗ρ ∈S(H)

↓
Loss

S(H) Λ∗−−−−→ S(H)

γ ∗ ↓ ↑ a∗

S(H ⊗ K)
−−−−→

π∗ S(H ⊗ K).

The above maps γ ∗, a∗ are given by

γ ∗(ρ) = ρ ⊗ ν, ρ ∈S(H),

a∗(θ) = trK θ, θ ∈S(H ⊗ K),

where ν is noise coming from the outside of the system. The map π∗ is a cer-
tain channel determined by physical properties of the device transmitting informa-
tion. Hence the channel for the above process is given as Λ∗ρ ≡ trK π∗(ρ ⊗ ν) =
(a∗ ◦ π∗ ◦ γ ∗)(ρ).

Example 7.12 (Attenuation process) An example of the channel from Example 7.11
is the attenuation channel defined as follows: Take ρ = |θ〉〈θ |, a coherent state, and
ν = |0〉〈0|, a vacuum state. Then

Λ∗ρ = |αθ〉〈αθ |, 0 ≤ |α|2 ≤ 1.
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Example 7.13 (Noisy optical channel) When there exists noise ξ , the channel is

Λ∗ρ ≡ trK2 Π∗(ρ ⊗ ξ).

Further, when ξ is the m1 photon number state |m1〉〈m1| of K1,

Λ∗ρ = trK2 V (ρ⊗|m1〉〈m1|o)V ∗.

Take

V : H1 ⊗ K1 → H2 ⊗ K2

as

V
(|n1〉⊗|m1〉

)≡
n1+m1∑

j=0

c
n1,m1
j |j〉⊗|n1 +m1 − j〉

with

c
n1,m1
j ≡

K∑

r=L

(−1)n1+j−r

√
n1!m1!j !(n1 +m1 − j)!

r!(n1 − j)!(j − r)!(m1 − j + r)!

×
√

ηm1−j+2r (1− η)n1+j−2r ,

where

K = min{n1, j}, L≡ max{m1 − j,0}.

Example 7.14 (Single qubit quantum channels) Any density operator in C
2 can be

written in the form

ρ = 1

2
(I + a · σ)

where σ = (σ1, σ2, σ3) are the Pauli matrices, a = (a1, a2, a3) are real parameters,

a2
1 + a2

2 + a2
3 ≤ 1,

and

a · σ =
3∑

i=1

aiσi.

One can prove that a completely positive, trace-preserving map is unitary equivalent
to the following simple map

Λ∗
λ

(
1

2
(I + a · σ)

)

= 1

2
(I + b · σ).
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Here

bi = λiai, i = 1,2,3,

where λi are real numbers which obey certain conditions, see Theorem 7.15 below.

Let us prove complete positivity for the above channels.

Proof Examples 7.7 and 7.8 are trivial, and Example 7.12 is a special case of Ex-
ample 7.11, so we only will give proofs for the remaining examples.

(Example 7.9) For any density operator ρ and any POV {Qk},

Λ∗ρ =
∑

k

Q
1/2
k ρQ

1/2
k .

Since ρ is positive, Q
1/2
k ρQ

1/2
k is positive. Hence Λ∗ρ is positive. Moreover, we

get

trΛ∗ρ = tr

(∑

k

Q
1/2
k ρQ

1/2
k

)

=
∑

k

tr(Qkρ)

= tr

(∑

k

Qkρ

)

= trρ = 1.

Therefore, we obtain

Λ∗ρ ∈S(H).

From the definition of Λ∗, the dual map Λ : B(H)→ B(H) of Λ∗ is given by

Λ(A)=
∑

k

Q
1/2
k AQ

1/2
k , A ∈ B(H).

Thus, for any vector x ∈ H and any n ∈N, we have

〈

x,

n∑

i,j=1

B∗
i Λ(A∗

i Aj )Bjx

〉

=
〈

x,
∑

i,j

B∗
i

∑

k

Q
1/2
k (A∗

i Aj )Q
1/2
k Bjx

〉

=
∑

i,j

∑

k

〈
x,B∗

i Q
1/2
k (A∗

i Aj )Q
1/2
k Bjx

〉

=
∑

i,j

∑

k

〈
AiQ

1/2
k Bix,AjQ

1/2
k Bjx

〉
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=
∑

k

〈∑

i

AiQ
1/2
k Bix,

∑

j

AjQ
1/2
k Bjx

〉

≥ 0

for any n ∈N and any Ai,Bi ∈ B(H). Therefore, Λ∗ is a channel.
(Example 7.10) For any x ∈ H, any CONS {yk} ∈ K, we get

〈x,Λ∗ρx〉 = 〈x, trK Ut(ρ ⊗ σ)U∗
t x
〉

=
∑

k

〈
x ⊗ yk,Ut (ρ ⊗ σ)U∗

t x ⊗ yk

〉

=
∑

k

〈
x ⊗ yk,Ut (ρ ⊗ σ)U∗

t x ⊗ yk

〉

=
∑

k

〈
U∗

t x ⊗ yk, (ρ ⊗ σ)U∗
t x ⊗ yk

〉≥ 0,

and

trΛ∗
t ρ = trH trK Ut(ρ ⊗ σ)U∗

t = trUt(ρ ⊗ σ)U∗
t

= trU∗
t Ut (ρ ⊗ σ)= tr(ρ ⊗ σ)= 1.

Thus Λ∗ρ is a state. The dual map Λt : B(H)→ B(H) of the channel Λ∗ is defined
by

Λt(Q)= trK σU∗
t (Q⊗ I )Ut

for any Q ∈ B(H). The completely positivity of Λ∗
t can be proved as follows:

〈

x,

n∑

i,j=1

B∗
i Λt (A

∗
i Aj )Bjx

〉

=
〈

x,

n∑

i,j=1

B∗
i trK(I ⊗ σ)U∗

t (A∗
i Aj ⊗ I )UtBjx

〉

=
n∑

i,j=1

∑

k

〈
x ⊗ yk, (B

∗
i ⊗ I )

(
I ⊗ σ 1/2)U∗

t (A∗
i Aj ⊗ I )

(
I ⊗ σ 1/2)

×Ut(Bj ⊗ I )x ⊗ yk

〉

=
∑

k

〈
n∑

i

AiUtBix ⊗ σ 1/2yk,

n∑

j

AjUtBjx ⊗ σ 1/2yk

〉

≥ 0,

for any n ∈N and any Ai,Bi ∈ B(H).
(Example 7.11) We have only to show the completely positivity of γ and a be-

cause π is completely positive. For any Ai ∈ B(H ⊗ K), Bj ∈ B(H), CONS {xk}
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of H, CONS {yl} of K, ξ ∈S(K), x ∈ H, and any n ∈N, we have

〈

x,

n∑

i,j=1

B∗
i γ (A∗

i Aj )Bjx

〉

=
n∑

i,j=1

〈Bix, trK ξA∗
i AjBjx〉

=
n∑

i,j=1

∑

m

〈
Bix ⊗ ym, (I ⊗ ξ)A∗

i AjBjx ⊗ ym

〉

=
n∑

i,j=1

∑

m

∑

k,l

〈
Bix ⊗ ym, (I ⊗ ξ)A∗

i xk ⊗ yl xk ⊗ yl,AjBjx ⊗ ym

〉

=
n∑

i,j=1

∑

k,l

〈
xk ⊗ yl,Aj

(|Bjx Bix| ⊗ I
)
(I ⊗ ξ)A∗

i xk ⊗ yl

〉

=
∑

k,l

n∑

i,j=1

〈
xk ⊗ yl,Aj (Bj ⊗ I )

(|x〉〈x| ⊗ I
)
(B∗

i ⊗ I )
(
I ⊗ ξ

1
2
)(

I ⊗ ξ
1
2
)

×A∗
i xk ⊗ yl

〉

=
∑

m

∑

k,l

n∑

j=1

〈
xk ⊗ yl,Aj

(
I ⊗ ξ

1
2
)
(Bj ⊗ I )x ⊗ ym

〉

×
n∑

i=1

〈
xk ⊗ yl,Ai

(
I ⊗ ξ

1
2
)
(Bi ⊗ I )x ⊗ ym

〉

=
∑

m

∑

k,l

∣
∣
∣
∣
∣

n∑

j=1

〈
xk ⊗ yl,Aj

(
I ⊗ ξ

1
2
)
(Bj ⊗ I )x ⊗ ym

〉
∣
∣
∣
∣
∣
2 ≥ 0.

Thus γ is a channel. For any Ai ∈ B(H), Bj ∈ B(H ⊗ K), CONS {xk} of H, CONS
{yl} of K, x ⊗ y ∈ H ⊗ K, and any n ∈N, we obtain

〈

x ⊗ y,

n∑

i,j=1

B∗
i a(A∗

i Aj )Bjx ⊗ y

〉

=
n∑

i,j=1

〈
Bix ⊗ y, (A∗

i Aj ⊗ I )Bjx ⊗ y
〉

=
n∑

i,j=1

〈
Bix ⊗ y, (A∗

i ⊗ I )(Aj ⊗ I )Bjx ⊗ y
〉
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=
〈

n∑

i=1

(Ai ⊗ I )Bix ⊗ y,

n∑

j=1

(Aj ⊗ I )Bjx ⊗ y

〉

=
∑

k,l

〈
n∑

i=1

(Ai ⊗ I )Bix ⊗ y, xk ⊗ yl

〉

×
〈

xk ⊗ yl,

n∑

j=1

(Aj ⊗ I )Bjx ⊗ y

〉

=
∑

k,l

∣
∣
∣
∣
∣

〈
n∑

i=1

(Ai ⊗ I )Bix ⊗ y, xk ⊗ yl

〉∣
∣
∣
∣
∣

2

≥ 0.

Therefore, a∗ is a channel. Since the composition of completely positive maps is
completely positive, the mapping Λ is completely positive, that is, Λ∗ is a channel.

(Example 7.14) This comes from Theorem 7.15. �

Theorem 7.15 A mapping Γλ in B(C2) is completely positive and trace-preserving
if and only if it has the form

Γ ∗
λ ρ =U

[
Λ∗

λ(VρV ∗)
]
U∗

where U and V are unitary operators in C
2 and λi are real numbers, |λi | ≤ 1, i =

1,2,3, which satisfy the following inequalities:

(λ1 + λ2)
2 ≤ (1+ λ3)

2, (λ1 + λ2)
2 ≤ (1+ λ3)

2,

(
1− λ2

1 − λ2
2 − λ2

3

)2 ≥ 4
(
λ2

1λ
2
2 + λ2

2λ
2
3 + λ2

3λ
2
1 − 2λ1λ2λ3

)
.

The theorem is proved in [669].

7.4.1 von Neumann Entropy for the Qubit State

Any density operator in C
2 has the form

ρ = 1

2
(I + a · σ).

Its eigenvalues are 1 ± a, where a = (a2
1 + a2

2 + a2
3)1/2, 0 ≤ a ≤ 1, and the von

Neumann entropy is

S(ρ)=− trρ logρ = F(a),

where

F(a)=−1

2
(1+ a) log

1

2
(1+ a)− 1

2
(1− a) log

1

2
(1− a).



7.5 Quantum Mutual Entropy 143

Note that F(a) is a decreasing function for 0 < a < 1 since

F ′(a)= 1

2
log

(

1− 2a

1+ a

)

< 0.

For the channel

Λ∗
λ(ρ)=Λ∗

λ

(
1

2
(I + a · σ)

)

= 1

2
(I + b · σ),

bi = λiai , |λi | ≤ 1, i = 1,2,3, we get

S
(
Λ∗

λ(ρ)
)= F(b).

We obtain the entropy increase

S(ρ)≤ S
(
Λ∗

λ(ρ)
)

because F(a) is a decreasing function, F(a)≤ F(b) if b ≤ a.The last inequality is
valid since |λi | ≤ 1, i = 1,2,3.

7.5 Quantum Mutual Entropy

Quantum relative entropy was introduced by Umegaki and generalized by Araki and
Uhlmann. Then a quantum analogue of Shannon‘s mutual entropy was considered
by Levitin, Holevo and Ingarden for the classical input and output passing through
a possibly quantum channel, in which case, as discussed below, the Shannon theory
is essentially applied. Thus we call such quantum mutual entropy semi-quantum
mutual entropy in the sequel. The fully quantum mutual entropy, namely, for the
quantum input and output with a quantum channel, was introduced by Ohya, which
is called the quantum mutual entropy. It was generalized to a general quantum sys-
tem described by a C∗-algebra.

The quantum mutual entropy clearly contains the semi-quantum mutual entropy
as shown below. We mainly discuss the quantum mutual entropy in a usual quantum
system described by a Hilbert space, and its generalization to C∗-systems will be
explained briefly for future use (e.g., relativistic quantum information) in the last
section of this chapter. Note that the general mutual entropy contains all other cases
including the measure theoretic definition of Gelfand and Yaglom.

Let H be a Hilbert space for the input space, andthe output space is described by
another Hilbert space H̃ , one often takes H = H̃. A channel from the input system
to the output system is a mapping Λ∗ from S(H) to S(H̃).

An input state ρ ∈ S(H) is sent to the output system through a channel Λ∗, so
that the output state is written as ρ̃ ≡ Λ∗ρ. Then it is important to investigate how
much information of ρ is correctly sent to the output state Λ∗ρ. This amount of
information transmitted from input to output is expressed by the mutual entropy (or
mutual information).
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The quantum mutual entropy was introduced on the basis of von Neumann en-
tropy for purely quantum communication processes. The mutual entropy depends
on an input state ρ and a channel Λ∗, so it is denoted by I (ρ;Λ∗), which should
satisfy the following conditions:

1. The quantum mutual entropy is well-matched to the von Neumann entropy, that
is, if a channel is trivial, i.e., Λ∗ = identity map, then the mutual entropy equals
to the von Neumann entropy: I (ρ; id)= S(ρ).

2. When the system is classical, the quantum mutual entropy reduces to the classical
one.

3. Shannon’s type fundamental inequality 0 ≤ I (ρ;Λ∗)≤ S(ρ) holds.

In order to define the quantum mutual entropy, we need the quantum relative en-
tropy and the joint state (it is called a “compound state” in the sequel) describing
the correlation between an input state ρ and the output state Λ∗ρ through a chan-
nel Λ∗. A finite partition of Ω in the classical case corresponds to an orthogonal
decomposition {Ek} of the identity operator I of H in the quantum case because the
set of all orthogonal projections is considered to have an event system in a quantum
system as discussed in Chap. 5. It is known that the following equality holds

sup

{

−
∑

k

trρEk log trρEk; {Ek}
}

=− trρ logρ,

and the supremum is attained when {Ek} is a Schatten decomposition of ρ =∑
k μkEk . Therefore, the Schatten decomposition is used to define the compound

state and the quantum mutual entropy.
The compound state ΦE (corresponding to a joint state in classical systems) of ρ

and Λ∗ρ was introduced by Ohya in 1983. It is given by

ΦE =
∑

k

μkEk ⊗Λ∗Ek,

where E stands for a Schatten decomposition {Ek} of ρ so that the compound state
depends on how we decompose the state ρ into basic states (elementary events), in
other words, how we see the input state. It is easy to see that trΦE = 1,ΦE > 0.

Applying the relative entropy S(·, ·) to two compound states ΦE and Φ0 ≡ ρ ⊗
Λ∗ρ (the former includes a certain correlation of input and output and the later does
not), we can define the quantum mutual entropy (information) as

I (ρ;Λ∗)= sup
{
S(ΦE,Φ0);E = {Ek}

}
,

where the supremum is taken over all Schatten decompositions of ρ because this
decomposition is not always unique unless every eigenvalue of ρ is not degenerated.
Some computations reduce it to the following form for a linear channel.

Theorem 7.16 We have

I (ρ;Λ∗)= sup

{∑

k

μkS(Λ∗Ek,Λ
∗ρ);E = {Ek}

}

.
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Proof Let {xn} be a CONS of H1 containing all eigenvectors of ρ. Namely, we
put ρ =∑n μkEn and En = |xn〉〈xn| for every n. Then ρEn = μnEn if xn is an

eigenvector of ρ, and ρEn = 0 otherwise. We, in addition, put {y(n)
k } be a CONS of

H2 which diagonalizes Λ∗En, that is, Λ∗En =∑k ν
(n)
k |y(n)

k 〉〈y(n)
k |. Then {xn⊗y

(n)
k }

becomes a CONS of the tensor product Hilbert space H1 ⊗ H2.
By use of this CONS, we can expand ΦE as ΦE = ∑

n

∑
k μnν

(n)
k |xn ⊗

y
(n)
k 〉〈xn ⊗ y

(n)
k |.

Thus we obtain

trΦE logΦE =
∑

n

∑

k

μnν
(n)
k log

(
μnν

(n)
k

)

=
∑

n

∑

k

μnν
(n)
k

(
logμn + logν

(n)
k

)

=
∑

n

μn logμn +
∑

n

μn

∑

k

ν
(n)
k logν

(n)
k

= −S(ρ)−
∑

n

μnS(Λ∗En)

and

trΦE logΦ0 = tr

(∑

n

(μnEn ⊗Λ∗En) log(ρ ⊗Λ∗ρ)

)

=
∑

n

μn tr
(
(En ⊗Λ∗En)(logρ ⊗ I+ log I⊗Λ∗ρ)

)

= −S(ρ)− S(Λ∗ρ),

where we have used the affinity of the channel. Finally, we obtain the relation

S(ΦE;Φ0) = S(Λ∗ρ)−
∑

n

μnS(Λ∗En)

=
∑

n

μnS(Λ∗En;Λ∗ρ).
�

It is easy to see that the quantum mutual entropy satisfies conditions (1)–(3)
mentioned above.

When the input system is classical, an input state ρ is given by a probability
distribution, or a probability measure. In either case, the Schatten decomposition of
ρ is unique, namely, for the case of a probability distribution ρ = {μk},

ρ =
∑

k

μkδk,
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where δk is the delta measure, that is,

δk(j)= δk,j =
{

1 (k = j),

0 (k �= j),
∀j.

Therefore, for any channel Λ∗, the mutual entropy becomes

I (ρ;Λ∗)=
∑

k

μkS(Λ∗δk,Λ
∗ρ),

which equals to the following usual expression when one of the two terms is finite
for an infinite-dimensional Hilbert space:

I (ρ;Λ∗)= S(Λ∗ρ)−
∑

k

μkS(Λ∗δk).

The above equality has been taken by Holevo and Levitin (HL for short in the sequel)
as the one associated with a classical–quantum channel. Thus the Ohya’s quantum
mutual entropy (we call it the quantum mutual entropy in the sequel) contains the
HL quantum mutual entropy (we call it the semi-quantum mutual entropy in the
sequel) as a special one. We will elaborate more on this in the next chapter.

Note that the definition of the quantum mutual entropy might be written as

IF (ρ;Λ∗)= sup

{∑

k

μkS(Λ∗ρk,Λ
∗ρ);ρ =

∑

k

μkρk ∈ F(ρ)

}

,

where F(ρ) is the set of all orthogonal finite decompositions of ρ. Here ρk being
orthogonal to ρj (denoted by ρk ⊥ ρj ) means that the range of ρk is orthogonal to
that of ρj. We state this equality in the next theorem.

Theorem 7.17 One has I (ρ;Λ∗)= IF (ρ;Λ∗).

Proof The inequality I (ρ;Λ∗) ≤ IF (ρ;Λ∗) is obvious. Let us prove the converse.
Each ρk in an orthogonal decomposition of ρ is further decomposed into one-
dimensional projections ρk =∑j μ

(k)
j E

(k)
j , a Schatten decomposition of ρk . From

the following equalities of the relative entropy proved by Araki: (1) S(aρ, bσ ) =
aS(ρ,σ )− a log b

a
, for any positive number a, b; (2) ρ1 ⊥ ρ2 → S(ρ1 + ρ2, σ ) =

S(ρ1, σ )+ S(ρ2, σ ), we have
∑

k

μkS(Λ∗ρk,Λ
∗ρ) =

∑

k,j

μkμ
(k)
j S

(
Λ∗E(k)

j ,Λ∗ρ
)+
∑

k,j

μkμ
(k)
j logμ

(k)
j

≤
∑

k,j

μkμ
(k)
j S

(
Λ∗E(k)

j ,Λ∗ρ
)
,

which implies the converse inequality I (ρ;Λ∗)≥ IF (ρ;Λ∗) because
∑

k,j μkμ
(k)
j ×

E
(k)
j is a Schatten decomposition of ρ. Thus I (ρ;Λ∗)= IF (ρ;Λ∗). �
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Moreover, the following fundamental inequality follows from the monotonicity
of relative entropy:

Theorem 7.18 (Shannon’s Inequality)

0 ≤ I (ρ;Λ∗)≤ min
{
S(ρ), S(Λ∗ρ)

}
.

Proof S(ΦE;Φ0)≥ 0 implies I (ρ;Λ∗)≥ 0. When S(Λ∗ρ) is finite,

S(ΦE;Φ0) =
∑

n

μnS(Λ∗En;Λ∗ρ)

= S(Λ∗ρ)−
∑

n

μnS(Λ∗En)≤ S(Λ∗ρ),

which implies I (ρ;Λ∗) ≤ S(Λ∗ρ). When S(Λ∗ρ) is infinite, the inequality
I (ρ;Λ∗)≤ S(Λ∗ρ)=+∞ is obvious. Since Λ∗ is of a Schwarz type, we have

S(ΦE;Φ0) =
∑

n

μnS(Λ∗En;Λ∗ρ)≤
∑

n

μnS(En;ρ)

=
∑

n

μn(trEn logEn − trEn logρ)=− trρ logρ = S(ρ).

Taking the supremum over E, we get I (ρ;Λ∗)≤ S(ρ). �

For given two channels Λ∗
1 and Λ∗

2, one has the quantum data processing in-
equality which is

S(ρ)≥ I (ρ,Λ∗
1)≥ I (ρ,Λ∗

2 ◦Λ∗
1).

The second inequality follows from monotonicity of the relative entropy.
This is analogous to the classical data processing inequality for a Markov process

X → Y → Z:

S(X)≥ I (X,Y )≥ I (X,Z)

where I (X,Y ) is the mutual information between random variables X and Y .
The mutual entropy is a measure for not only information transmission but also

description of state change, so that this quantity can be applied to several topics in
quantum dynamics. It can be also applied to some topics on a quantum computer
or in computation to see the ability of information transmission. These applications
are discussed in Chaps. 8 and 9.

7.5.1 Generalized (or Quasi) Quantum Mutual Entropy

Let us discuss a generalized (or quasi) quantum mutual entropy here. This mutual
entropy is defined for given two states ρ and σ without a channel. For given states
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ρ and σ defined on Hilbert spaces H and K, respectively, a compound state Φ of
these ρ and σ is a state satisfying the following marginal conditions: trK Φ = ρ and
trH Φ = σ . Such a (quasi) compound state is not unique, we denote the set of all
compound states by C(ρ,σ ).

Definition 7.19

1. For given states ρ and σ , the generalized quantum mutual entropy for a fixed a
compound state Φ of ρ and σ is

I (ρ,σ ;Φ)≡ S(Φ,Φ0),

where Φ0 = ρ ⊗ σ .
2. For given states ρ and σ , the generalized quantum mutual entropy is I (ρ,σ ) ≡

sup{I (ρ,σ ;Φ);Φ ∈ C(ρ,σ )}.

The generalized quantum mutual entropy can be used to define a measure to
characterize the entangled states, which will be discussed in Chap. 8.

7.5.2 Ergodic Type Theorem

We prove one ergodic type theorem for quantum mutual entropy.

Theorem 7.20 Let a state ϕ be given by ϕ(·)= trρ·. Then

1. If a channel Λ∗ is deterministic, then I (ρ;Λ∗)= S(ρ).
2. If a channel Λ∗ is chaotic, then I (ρ;Λ∗)= 0.
3. If ρ is a faithful state and the every eigenvalue of ρ is non-degenerate, then

I (ρ;Λ∗)= S(Λ∗ρ).

(Here ρ is said to be faithful if trρA∗A= 0 implies A= 0.)

Proof (1) Since Λ∗ is deterministic, for each elementary event Ek of ρ, Λ∗Ek is a
pure state and Λ∗ρ =∑k μkΛ

∗Ek is an extremal decomposition of Λ∗ρ into pure
states. Hence, S(Λ∗ρ) = S(ρ) = −∑k μk logμk . We have S(σE,σ0) = S(Λ∗ρ)

because Λ∗Ek is pure (so S(Λ∗Ek)= 0).
Therefore, we get I (ρ;Λ∗)= S(ρ).
(2) Since Λ∗ is chaotic, the compound state σE is equivalent to σ0. Indeed

σE =
∑

k

μkEk ⊗Λ∗Ek

=
∑

k

μkEk ⊗Λ∗ρ

= σ0.



7.6 Entropy Exchange and Coherent Information 149

Thus we get I (ρ;Λ∗)= supE S(σE;σ0)= S(σ0;σ0)= 0.
(3) When ρ is a faithful state and every eigenvalue of ρ is non-degenerate, then

Λ∗Ek is a pure state. From this fact, we have

I (ρ;Λ∗)= sup
E

S(σE;σ0)= S(Λ∗ρ)

because of S(Λ∗Ek)= 0. �

7.6 Entropy Exchange and Coherent Information

First, we define the entropy exchange. If a quantum operation Λ∗ is represented as

Λ∗(ρ)=
∑

i

AiρA∗
i ,

∑

i

A∗
i Ai ≤ 1

then the entropy exchange of the quantum operation Λ∗ with input state ρ is defined
to be

Se(ρ,Λ∗)= S(W)=− tr(W logW),

where the entries of the matrix W are

Wij =
tr(AiρA∗

j )

tr(Λ∗(ρ))
.

Remark that if
∑

i A
∗
i Ai = 1 holds, then the quantum operation Λ∗ is a channel.

Definition 7.21 The coherent information is defined by

Ic(ρ,Λ∗)= S

(
Λ∗(ρ)

tr(Λ∗(ρ))

)

− Se(ρ,Λ∗).

Let ρ be a quantum state and Λ∗
1, Λ∗

2 be trace-preserving quantum operations.
Then

S(ρ)≥ Ic(ρ,Λ∗
1)≥ Ic(ρ,Λ∗

2 ◦Λ∗
1),

which is a similar property to that of quantum mutual entropy.
Another entropy is defined by this coherent information with the von Neumann

entropy S(ρ), namely,

ICM(σ,Λ∗)≡ S(σ )+ S(Λ∗σ)− Se(ρ,Λ∗).

We call this mutual type information the coherent mutual entropy here.
However, this coherent information cannot be considered as a candidate of the

mutual entropy for communication due to a theorem of the next section.
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7.7 Comparison of Various Quantum Mutual Type Entropies

There exist several different kinds of information similar to mutual entropy. We
compare these mutual type entropies.

Let {xn} be a CONS in the input Hilbert space H1, and let a quantum channel Λ∗
be given by

Λ∗(•)≡
∑

n

An •An,

where An ≡ |xn〉〈xn| is a one-dimensional projection satisfying

∑

n

An = I.

Theorem 7.22 When {Aj } is a projection-valued measure and dim(ranAj) = 1,
for an arbitrary state ρ we have

1. I (ρ,Λ∗)≤ min{S(ρ), S(Λ∗ρ)}
2. IC(ρ,Λ∗)= 0
3. ICM(ρ,Λ∗)= S(ρ).

Proof For any density operator ρ ∈ S(H1) and the channel Λ∗ given above, we
have Wij = trAiρAj = δij 〈xi, ρxj 〉 = 〈xi, ρxi〉 =Wii so that one has

W =
⎛

⎜
⎝

〈x1, ρx1〉 0
. . .

0 〈xN,ρxN 〉

⎞

⎟
⎠=

∑

n

〈xn,ρxn〉An.

Then the entropy exchange of ρ with respect to the quantum channel Λ∗ is

Se(ρ,Λ∗)≡ S(W)=−
∑

n

〈xn,ρxn〉 log〈xn,ρxn〉.

Since

Λ∗ρ =
∑

n

AnρAn =
∑

n

〈xn,ρxn〉An =W,

the coherent information of ρ with respect to the quantum channel Λ∗ is given as

IC(ρ,Λ∗)≡ S(Λ∗σ)− Se(ρ,Λ∗)= S(W)− S(W)= 0

for any ρ ∈S(H1). The coherent mutual entropy is computed as

ICM(ρ,Λ∗) ≡ S(ρ)+ S(Λ∗σ)− Se(ρ,Λ∗)
= S(ρ)+ IC(ρ,Λ∗)= S(ρ)

for any ρ ∈S(H1).
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The quantum mutual entropy becomes

I (ρ,Λ∗)= sup

{

S(Λ∗ρ)−
∑

n

μnS(Λ∗En)

}

,

where the sup is taken over all Schatten decompositions ρ =∑m μmEm, Em =
|ym〉〈ym|, 〈yn, ym〉 = δnm.

So we obtain

I (ρ,Λ∗) = S(Λ∗ρ)−
∑

m

μmS(Λ∗Em)

= S(Λ∗ρ)−
∑

m

μm

∑

k

η
(
τm
k

)≤ min
{
S(ρ), S(Λ∗ρ)

}
,

where η(t)≡−t log t and τm
k ≡ |〈xk, ym〉|2. This means that Io(ρ,Λ∗) takes various

values depending on the input state ρ, for instance,

1.
∑

m

μm

∑

k

η
(
τm
k

)= 0 =⇒ I (ρ,Λ∗)= S(Λ∗ρ),

2.
∑

m

μm

∑

k

η
(
τm
k

)
> 0 =⇒ I (ρ,Λ∗) < S(Λ∗ρ).

�

We can further prove that the coherent information vanishes for a general class
of channels.

Proposition 7.23 Let a CONS {xn} be given in the input Hilbert space, and let a se-
quence of the density operators {ρn} be given in the output Hilbert space. Consider
a channel Λ∗ given by

Λ∗(ρ)=
∑

n

〈xn|ρ|xn〉ρn

where ρ is any state in the input Hilbert space. (One can check that it is a trace-
preserving CP map.) Then the coherent information vanishes, that is, IC(ρ,Λ∗)= 0
for any state ρ.

Proof Take a spectral representation for ρn:

ρn =
∑

α

λαn|ψαn〉〈ψαn|.

Then one can write a Kraus–Sudarshan representation for the channel Λ∗:

Λ∗(ρ)=
∑

n,α

AαnρA∗
αn

where

Aαn = λ
1/2
αn |ψαn〉〈xn|.
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Now, the coherent information is

IC(ρ,Λ∗)≡ S(Λ∗ρ)− Se(ρ,Λ∗),

where the entropy exchange is given by

Se(ρ,Λ∗)≡ S(W).

Here the operator W is defined as

W =
∑

n,α

|ψαn〉 tr(AαnρA∗
αn)〈ψαn|.

But it is equal to Λ∗(ρ), i.e.,

Λ∗(ρ)=W,

since

tr(AαnρA∗
αn)= λαn〈xn|ρ|xn〉.

Therefore, we obtain

IC(ρ,Λ∗)= S(Λ∗ρ)− S(W)= 0. �

Remark 7.24 The channel of the form Λ∗(ρ)=∑n〈xn|ρ|xn〉ρn can be considered
as the classical–quantum channel iff the classical probability distribution {pn =
〈xn|ρ|xn〉} is given a priori.

7.8 Lifting and Beam Splitting

There exists a special channel named “lifting”, and it is a useful concept to charac-
terize quantum communication or stochastic processes. It can be a mathematical tool
to describe a process in a quantum algorithm, so that we will explain its foundations
here.

Definition 7.25 Let A1, A2 be C∗-algebras and let A1 ⊗ A2 be a fixed C∗-tensor
product of A1 and A2. A lifting from A1 to A1 ⊗ A2 is a weak ∗-continuous map

E∗ :S(A1)→S(A1 ⊗ A2).

If E∗ is affine and its dual is a completely positive map, we call it a linear lifting; if
it maps pure states into pure states, we call it pure.

The algebra A2 can be that of the output, namely, A above. Note that to every
lifting from A1 to A1 ⊗ A2 we can associate two channels: one from A1 to A1,
defined by

Λ∗ρ1(a1)≡ (E∗ρ1)(a1 ⊗ 1) ∀a1 ∈ A1,
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the other from A1 to A2, defined by

Λ∗ρ1(a2)≡ (E∗ρ1)(1⊗ a2) ∀a2 ∈ A2.

In general, a state ϕ ∈S(A1 ⊗ A2) such that

ϕ |A1⊗1= ρ1 and ϕ |1⊗A2= ρ2

is called a compound state of the states ρ1 ∈S(A1) and ρ2 ∈S(A2). In the classical
probability theory, also the term coupling between ρ1 and ρ2 is used.

The following problem is important in several applications: Given a state ρ1 ∈
S(A1) and a channel Λ∗ :S(A1)→S(A2), find a standard lifting E∗ :S(A1)→
S(A1 ⊗ A2) such that E∗ρ1 is a compound state of ρ1 and Λ∗ρ1. Several particular
solutions of this problem have been proposed by Ohya, Ceccini and Petz, however,
an explicit description of all the possible solutions to this problem is still missing.

Definition 7.26 A lifting from A1 to A1 ⊗ A2 is called non-demolition for a state
ρ1 ∈S(A1) if ρ1 is invariant for Λ∗ i.e., if for all a1 ∈ A1

(E∗ρ1)(a1 ⊗ 1)= ρ1(a1).

The idea of this definition being that the interaction with system 2 does not alter the
state of system 1.

Definition 7.27 Let A1, A2 be C∗-algebras and let A1 ⊗ A2 be a fixed C∗-tensor
product of A1 and A2. A transition expectation from A1⊗A2 to A1 is a completely
positive linear map E∗ : A1 ⊗ A2 → A1 satisfying

E∗(1A1 ⊗ 1A2)= 1A1 .

An input signal is transmitted and received by an apparatus which produces an
output signal. Here A1 (resp., A2) is interpreted as the algebra of observables of
the input (resp., output) signal and E∗ describes the interaction between the input
signal and the receiver as well as the preparation of the receiver. If ρ1 ∈ S(A1) is
the input signal, then the state Λ∗ρ1 ∈ S(A2) is the state of the (observed) output
signal. Therefore, in the reduction dynamics discussed before, the correspondence
from a state ρ to the interacting state θt ≡ Ut(ρ ⊗ ρ)U∗

t gives us a time-dependent
lifting.

Further, another important lifting related to this signal transmission is due to a
quantum communication process discussed above. In several important applications,
the state ρ1 of the system before the interaction (preparation, input signal) is not
known and one would like to know this state knowing only Λ∗ρ1 ∈S(A2), i.e., the
state of the apparatus after the interaction (output signal). From a mathematical point
of view, this problem is not well-posed since the map Λ∗ is usually not invertible.
The best one can do in such cases is to acquire a control on the description of those
input states which have the same image under Λ∗ and then choose among them
according to some statistical criterion.

In the following, we rewrite some communication processes by using liftings.
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Example 7.28 (Isometric lifting) Let V : H1 → H1 ⊗ H2 be an isometry

V ∗V = 1H1 .

Then the map

E : x ∈ B(H1)⊗B(H2)→ V ∗xV ∈ B(H1)

is a transition expectation in the sense of Accardi, and the associated lifting maps a
density matrix w1 in H1 into E∗w1 = V w1V

∗ in H1 ⊗ H2. Liftings of this type are
called isometric. Every isometric lifting is a pure lifting, which is applied to some
quantum algorithms such as Shor’s.

Example 7.29 (The attenuation (or beam splitting) lifting) It is a particular isometric
lifting characterized by the properties:

H1 = H2 =: Γ (C) (Fock space over C)= L2(R),

V : Γ (C)→ Γ (C)⊗ Γ (C)

is a map defined by the expression

V |θ〉 = |αθ〉 ⊗ |βθ〉,

where |θ〉 is the normalized coherent vector parameterized by θ ∈ C and α,β ∈ C

are such that

|α|2 + |β|2 = 1.

Notice that this lifting maps coherent states into products of coherent states. So it
maps the simplex of the so-called classical states (i.e., the convex combinations of
coherent vectors) into itself. Restricted to these states it is of convex product type
explained below, but it is not of convex product type on the set of all states.

Denoting, for θ ∈C,ωθ the coherent state on B(Γ (C)), namely,

ωθ(b)= 〈θ, bθ〉 b ∈ B
(
Γ (C)

)
,

for any b ∈ B(Γ (C))

(E∗ωθ)(b⊗ 1)= ωαθ (b),

so that this lifting is not non-demolition. These equations mean that, by the effect
of the interaction, a coherent signal (beam) |θ〉 splits into two signals (beams) still
coherent, but of lower intensity, and the total intensity (energy) is preserved by the
transformation.

Finally, we mention two important beam splittings which are used to discuss
quantum gates and quantum teleportation later.
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1. (Superposed beam splitting)

Vs |θ〉 ≡ V0
(|θ〉 ⊗ |0〉 − i|0〉 ⊗ |θ〉)

= 1√
2

(|αθ〉 ⊗ |βθ〉 − i|βθ〉 ⊗ |αθ〉).

2. (Beam splitting with two inputs and two outputs) Let |θ〉 and |γ 〉 be two input
coherent vectors. Then

Vd

(|θ〉 ⊗ |γ 〉) ≡ V
(|θ〉 ⊗ |γ 〉)

= |αθ + βγ 〉 ⊗ | − β̄θ + ᾱγ 〉,

where V0 and V are given in Sect. 7.4. These extend linearly to an isometry, and
their isometric liftings are neither of convex product type nor of non-demolition
type.

Example 7.30 (Compound lifting) Let Λ∗ :S(A1)→S(A2) be a channel. For any
ρ1 ∈S(A1) in the closed convex hull of the external states, fix a decomposition of
ρ1 as a convex combination of extremal states in S(A1)

ρ1 =
∫

S(A1)

ω1 dμ

where μ is a Borel measure on S(A1) with support in the extremal states, and define

E∗ρ1 ≡
∫

S(A1)

ω1 ⊗Λ∗ω1 dμ.

Then E∗ : S(A1) → S(A1 ⊗ A2) is a lifting, nonlinear even if Λ∗ is linear, and it
is of a non-demolition type. The most general lifting, the mapping S(A1) into the
closed convex hull of the extremal product states on A1 ⊗ A2 is essentially of this
type. This nonlinear non-demolition lifting was first discussed by Ohya to define the
compound state and the mutual entropy as explained before. However, the above is
a bit general because we shall weaken the condition that μ is concentrated on the
extremal states.

Therefore, once a channel is given, by which a lifting of convex product type
can be constructed. For example, the von Neumann quantum measurement process
is written, in the terminology of lifting, as follows: Having measured a compact
observable A=∑n anPn (spectral decomposition with

∑
n Pn = I ) in a state ρ, the

state after this measurement will be

Λ∗ρ =
∑

n

PnρPn
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and a lifting E∗ of convex product type associated to this channel Λ∗ and to a fixed
decomposition of ρ as ρ =∑n μnρn (ρn ∈S(A1)) is given by

E∗ρ =
∑

n

μnρn ⊗Λ∗ρn.

Before closing this section, we reconsider a noisy channel, attenuation channel,
and amplifier process (lifting) in optical communication.

Attenuation channel. In particular, when m1 = 0 for the noisy channel, Λ∗ is
called the attenuation channel. We discuss this attenuation channel in the context of
the Weyl algebra given in Chap. 4.

Let T be a symplectic transformation of H to H ⊕ K, i.e., σ(f,g)= σ(Tf,T g).
Then there is a homomorphism αT : CCR(H)→ CCR(H ⊕ K) such that

αT

(
W(f )

)=W(Tf ). (7.1)

We may regard the Weyl algebra CCR(H ⊕ K) as CCR(H)⊗ CCR(K), and given
a state ψ on CCR(H), a channeling transformation arises as

(Λ∗ω)(A)= (ω⊗ψ)
(
αT (A)

)
, (7.2)

where the input state ω is an arbitrary state of CCR(H) and A ∈ CCR(H) (this ψ

is a noise state above). To see a concrete example discussed in [559], we choose
H = K, ψ = ϕ and

F(ξ)= aξ ⊕ bξ. (7.3)

If |a|2 + |b|2 = 1 holds for the numbers a and b, this F is an isometry, and a sym-
plectic transformation, and we arrive at the channeling transformation

(Λ∗ω)W(g)= ω
(
W(ag)

)
e−

1
2 ‖bg‖2

(g ∈ H). (7.4)

In order to have an alternative description of Λ∗ in terms of density operators acting
of Γ (H), we introduce the linear operator V : Γ (H)→ Γ (H)⊗ Γ (H) defined by

V
(
πF (A)

)
Φ = πF

(
αT (A)

)
Φ ⊗Φ.

Then we have

V
(
πF

(
W(f )

))
Φ = (πF

(
W(af )

)⊗ πF

(
W(bf )

))
Φ ⊗Φ,

hence

V Φf =Φaf ⊗Φbf .

Lemma 7.31 Let ω be a state of CCR(H) which has a density D in the Fock rep-
resentation. Then the output state Λ∗ω of the attenuation channel has the density
tr2 V DV ∗ in the Fock representation.
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Proof Since we work only in the Fock representation, we skip πF in the formulas.
First, we show that

V ∗(W(f )⊗ I
)
V =W(af )e−

1
2 ‖bf ‖2

(7.5)

for every f ∈ H. (This can be done by computing the quadratic form of both oper-
ators on coherent vectors.) Now we proceed as follows:

tr(tr2 V DV ∗)W(f ) = trV DV ∗(W(f )⊗ I
)

= trDV ∗(W(f )⊗ I
)
V

= trDW(af )e−
1
2 ‖bf ‖2

= ω
(
W(af )

)
e−

1
2 ‖bf ‖2

,

which is nothing but (Λ∗ω)(W(f )) due to (7.4). �

The lemma says that Λ∗ is really the same to the noisy channel with m= 0.
We note that Λ, the dual of Λ∗, is a so-called quasi-free completely positive

mapping of CCR(H) given as

Λ
(
W(f )

)=W(af )e−
1
2 ‖bf ‖2

(7.6)

(cf. [194], or Chap. 8 of [647]).

Proposition 7.32 If ψ is a regular state of CCR(H), that is, t �→ ψ(W(tf )) is a
continuous function on R for every f ∈ H, then

(Λ∗)n(ψ)→ ϕ

pointwise, where ϕ is a Fock state.

Proof It is enough to look at the formula

(
(Λ∗)nψ

)(
W(f )

)= ϕ
(
W
(
anf

))
exp−1

2

(
n−1∑

k=0

∥
∥akbf

∥
∥2

)

,

and the statement is proved. �

It is worth noting that the singular state

τ
(
W(f )

)=
{

0, if f �= 0,

1, if f = 0
(7.7)

is an invariant state of CCR(H). On the other hand, the proposition above applies to
states possessing density operator in the Fock representation. Therefore, we have
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Corollary 7.33 Λ∗ regarded as a channel of B(Γ (H)) has a unique invariant state,
the Fock state, and correspondingly Λ∗ is ergodic.

Λ∗ is not only ergodic but it is completely dissipative in the sense that Λ(A∗A)=
Λ(A∗)Λ(A) may happen only in the trivial case when A is a multiple of the identity,
which was discussed by M. Fannes and A. Verbeure. In fact,

Λ∗ = (id⊗ω)αT (7.8)

where αT is given by (7.1) and (7.3), and ω(W(f ))= exp(−‖bf ‖2) is a quasi-free
state.

Amplifier channel. To recover the loss, we need to amplify the signal (photon).
In quantum optics, a linear amplifier is usually expressed by means of annihilation
operators a and b on H and K, respectively:

c =√
Ga ⊗ I +√

G− 1I ⊗ b∗

where G (≥ 1) is a constant and c satisfies CCR (i.e., [c, c∗] = I ) on H ⊗ K. This
expression is not convenient to compute several pieces of information like entropy.
The lifting expression of the amplifier is good for such use, and it is given as follows:

Let c = μa ⊗ I + νI ⊗ b∗ with |μ|2 − |ν|2 = 1 and |γ 〉 be the eigenvector of c,
i.e., c|γ 〉 = γ |γ 〉. For two coherent vectors |θ〉 on H and |θ ′〉 on K, |γ 〉 can be
written by the squeezing expression, |γ 〉 = |θ ⊗ θ ′;μ,ν〉, and the lifting is defined
by an isometry

Vθ ′ |θ〉 = |θ ⊗ θ ′;μ,ν〉
such that

E∗ρ = Vθ ′ρV ∗
θ ′, ρ ∈S(H).

The channel of the amplifier is

Λ∗ρ = trK E∗ρ.

7.9 Entropies for General Quantum States

Let us briefly discuss some basic facts of the entropy theory for general quantum
systems, which might be needed to treat communication (computation) process from
a general point of view, that is, independently from classical or quantum.

Let (A,S(A)) be a C∗-system. The entropy (uncertainty) of a state ϕ ∈ S seen
from the reference system, a weak ∗-compact convex subset of the whole state space
S(A) on the C∗-algebra A, was introduced by Ohya. This entropy contains the von
Neumann’s and classical entropies as special cases.
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Every state ϕ ∈ S has a maximal measure μ pseudo-supported on ex S (extreme
points in S ) such that

ϕ =
∫

S
ωdμ.

The measure μ giving the above decomposition is not unique unless S is a Choquet
simplex (i.e., for the set Ŝ ≡ {λω;ω ∈ S}, define an order such that ϕ1 � ϕ2 iff
ϕ1 − ϕ2 ∈ Ŝ , S is a Choquet simplex if Ŝ is a lattice for this order), so that we
denote the set of all such measures by Mϕ(S). Take

Dϕ(S) ≡
{

μ ∈Mϕ(S); ∃{μk} ⊂R
+ and {ϕk} ⊂ ex S

s.t.
∑

k

μk = 1,μ=
∑

k

μkδ(ϕk)

}

,

where δ(ϕ) is the delta measure concentrated on {ϕ}. Put

H(μ)=−
∑

k

μk logμk

for a measure μ ∈Dϕ(S).

Definition 7.34 The entropy of a general state ϕ ∈ S w.r.t. S is defined by

SS (ϕ)=
{

inf{H(μ);μ ∈Dϕ(S)} (Dϕ(S) �= ∅),
∞ (Dϕ(S)= ∅).

When S is the total space S(A), we simply denote SS (ϕ) by S(ϕ).
This entropy (called the mixing S -entropy, or the C∗-entropy) of a general state

ϕ satisfies the following properties.

Theorem 7.35 When A = B(H) and αt = Ad(Ut) (i.e., αt (A) = U∗
t AUt for any

A ∈ A) with a unitary operator Ut , for any state ϕ given by ϕ(·) = trρ· with a
density operator ρ, the following facts hold:

1. S(ϕ)=− trρ logρ.
2. If ϕ is an α-invariant faithful state and every eigenvalue of ρ is non-degenerate,

then SI (α)(ϕ)= S(ϕ), where I (α) is the set of all α-invariant faithful states.
3. If ϕ ∈K(α), then SK(α)(ϕ)= 0, where K (α)is the set of all KMS states.

Theorem 7.36 For any ϕ ∈K(α), we have:

1. SK(α)(ϕ)≤ SI (α)(ϕ)

2. SK(α)(ϕ)≤ S(ϕ).

This S (or mixing) entropy gives a measure of the uncertainty observed from
the reference system S so that it has the following merits: Even if the total entropy
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S(ϕ) is infinite, SS (ϕ) is finite for some S , hence it explains a sort of symmetry
breaking in S . Other similar properties of S(ρ) hold for SS (ϕ). This entropy can be
applied to characterize normal states and quantum Markov chains in von Neumann
algebras.

The relative entropy for two general states ϕ and ψ was introduced by Araki and
Uhlmann, and their relation is considered by Donald and Hiai et al.

Araki’s Definition Let N be a σ -finite von Neumann algebra acting on a Hilbert
space H and ϕ,ψ be normal states on N given by ϕ(·)= 〈x, ·x〉 and ψ(·)= 〈y, ·y〉
with x, y ∈ K (a positive natural cone) ⊂ H. The operator Sx,y is defined by

Sx,y(Ay + z)= sN (y)A∗x, A ∈ N , sN ′
(y)z= 0,

on the domain Ny + (I − sN ′
(y))H, where sN (y) is the projection from H to

{N ′y}−, the N-support of y. Using this Sx,y , the relative modular operator Δx,y

is defined as Δx,y = (Sx,y)
∗Sx,y , whose spectral decomposition is denoted by∫∞

0 λdex,y(λ) (Sx,y is the closure of Sx,y ). Then the Araki relative entropy is given
by

Definition 7.37

S(ψ,ϕ)=
{∫∞

0 logλd〈y, ex,y(λ)y〉 (ψ � ϕ),

∞ otherwise,

where ψ � ϕ means that ϕ(A∗A)= 0 implies ψ(A∗A)= 0 for A ∈ N .

Uhlmann’s Definition Let L be a complex linear space and p,q be two seminorms
on L. Moreover, let H(L) be the set of all positive Hermitian forms α on L satisfy-
ing |α(x, y)| ≤ p(x)q(y) for all x, y ∈ L. Then the quadratic mean QM(p,q) of p

and q is defined by

QM(p,q)(x)= sup
{
α(x, x)1/2;α ∈H(L)

}
, x ∈ L.

There exists a family of seminorms pt(x) of t ∈ [0,1] for each x ∈ L satisfying
the following conditions:

1. For any x ∈ L, pt(x) is continuous in t

2. p1/2 =QM(p,q)

3. pt/2 =QM(p,pt )

4. p(t+1)/2 =QM(pt , q).

This seminorm pt is denoted by QIt (p, q) and is called the quadratic interpo-
lation from p to q . It is shown that for any positive Hermitian forms α,β , there
exists a unique function QFt(α,β) of t ∈ [0,1] with values in the set H(L) such
that QFt(α,β)(x, x)1/2 is the quadratic interpolation from α(x, x)1/2 to β(x, x)1/2.
The relative entropy functional S(α,β)(x) of α and β is defined as

S(α,β)(x)=− lim
t→0

inf
1

t

{
QFt(α,β)(x, x)− α(x, x)

}
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for x ∈ L. Let L be a *-algebra A and ϕ,ψ be positive linear functionals on A defin-
ing two Hermitian forms ϕL,ψR such as ϕL(A,B) = ϕ(A∗B) and ψR(A,B) =
ψ(BA∗).

Definition 7.38 The Uhlmann relative entropy of ϕ and ψ is defined by

S(ψ,ϕ)= S
(
ψR,ϕL

)
(I ).

Ohya’s Definition Next we discuss the mutual entropy in C∗-systems. For any
ϕ ∈ S ⊂S(A) and a channel Λ∗ :S(A)→S(A), define the compound states by

ΦS
μ =

∫

S
ω⊗Λ∗ωdμ

and

Φ0 = ϕ ⊗Λ∗ϕ.

The first compound state generalizes the joint probability in classical systems,
and it exhibits the correlation between the initial state ϕ and the final state Λ∗ϕ.

Definition 7.39 The mutual entropy w.r.t. S and μ is

I S
μ (ϕ;Λ)= S

(
ΦS

μ ,Φ0
)
,

and the mutual entropy w.r.t. S is defined as

I S (ϕ;Λ∗)= lim
ε→0

sup
{
I S
μ (ϕ;Λ∗);μ ∈ Fε

ϕ(S)
}
,

where

Fε
ϕ (S)=

{ {μ ∈Dϕ(S);SS (ϕ)≤H(μ)≤ SS (ϕ)+ ε <+∞},
Mϕ(S) if SS (ϕ)=+∞.

The following fundamental inequality is satisfied in almost all physical cases:

0 ≤ I S (ϕ;Λ∗)≤ SS (ϕ).

The main properties of the relative entropy and the mutual entropy are shown in
the following theorem.

Theorem 7.40

1. (Positivity) S(ϕ,ψ)≥ 0 and S(ϕ,ψ)= 0 iff ϕ =ψ .
2. (Joint convexity) S(λψ1 + (1 − λ)ψ2, λϕ1 + (1 − λ)ϕ2) ≤ λS(ψ1, ϕ1) + (1 −

λ)S(ψ2, ϕ2) for any λ ∈ [0,1].
3. (Additivity) S(ψ1 ⊗ψ2, ϕ1 ⊗ ϕ2)= S(ψ1, ϕ1)+ S(ψ2, ϕ2).
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4. (Lower semicontinuity) If limn→∞‖ψn − ψ‖ = 0 and limn→∞‖ϕn → ϕ‖ = 0,
then S(ψ,ϕ) ≤ limn→∞ infS(ψn,ϕn). Moreover, if there exists a positive num-
ber λ satisfying ψn ≤ λϕn, then limn→∞ S(ψn,ϕn)= S(ψ,ϕ).

5. (Monotonicity) For a channel Λ∗ from S to S,

S(Λ∗ψ,Λ∗ϕ)≤ S(ψ,ϕ).

6. (Lower bound) ‖ψ − ϕ‖2/4 ≤ S(ψ,ϕ).

Remark 7.41 This theorem is a generalization of that for the density operators.

Before closing this section, we mention the dynamical entropy introduced by
Connes, Narnhofer and Thirring.

Connes–Narnhofer–Thirring Entropy The CNT entropy Hϕ(M) of a C∗-
subalgebra M ⊂ A is defined by

Hϕ(M)≡ sup

{∑

j

μjS(ϕj �M, ϕ �M);ϕ =
∑

j

μjϕj

}

,

where the supremum is taken over all finite decompositions ϕ =∑j μjϕj of ϕ,
and ϕ �M is the restriction of ϕ to M. This entropy is the mutual entropy when a
channel is the restriction to subalgebra and the decomposition is orthogonal. There
are some relations between the mixing entropy SS (ϕ) and the CNT entropy.

1. For any state ϕ on a unital C∗-algebra A,

S(ϕ)=Hϕ(A).

2. Let (A,G,α) with a certain group G be a W ∗-dynamical system and let ϕ be a
G-invariant normal state of A, then

SI (α)(ϕ)=Hϕ

(
Aα
)
,

where Aα is the fixed points algebra of A w.r.t. α.
3. Let A be the C∗-algebra C(H) of all compact operators on a Hilbert space H,

and G be a group, α be a ∗-automorphic action of G-invariant density operator.
Then

SI (α)(ρ)=Hρ

(
Aα
)
.

4. There exists a model such that

SI (α)(ϕ) > Hϕ

(
Aα
)= 0.
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7.10 Sufficiency and Relative Entropy

The notion of sufficiency plays an important role in statistics. In classical statistics,
the sufficiency is defined as follows:

Let (Ω, F ,P (Ω)) be a probability space, P be a subset of P(Ω) and G be a
subalgebra of F . G is said to be sufficient for P if for any A ∈ F , there exists a

G -measurable function h satisfying the equality

h=Eμ(1A | G) μ-a.e.,∀μ ∈ P.

Moreover, G is said to be pairwise sufficiency for P if G is sufficient for any pair
{μ,ν} in P.

We have the following important theorem.

Theorem 7.42

1. If the set P is uniform (i.e., any μ and ν in P are absolutely continuous with
respect to each other), G is sufficient for P iff the Radon–Nikodym derivative dν

dμ
for any μ,ν ∈ P is in the set MG of all G -measurable functions in the sense of
μ-a.e.

2. G is pairwise sufficiency for P iff dμ
d(μ+ν)

∈MG (μ+ ν)-a.e.

Let D be the set of all measures such that there exists a measure λ satisfying
μ� λ for any μ in D.

Theorem 7.43

1. D is a countable subset of P(Ω).
2. G is sufficient for P iff G is pairwise sufficient for P .

Kullback–Leibler obtained the following important characterization of suffi-
ciency by means of the classical relative entropy.

Theorem 7.44 Take μ and ν in P(Ω).

1. If G is sufficient for {μ,ν}, then S(μ, ν)= SG (μ, ν).
2. If S(μ, ν)= SG (μ, ν) <+∞, then G is sufficient for {μ,ν}.

Csiszar proved a theorem concerning the distance between two measures.

Theorem 7.45 For any μ and ν in P(Ω), we have ‖μ− ν‖ ≤√
2S(μ, ν).

The quantum version of the sufficiency was first studied by Umegaki [762, 763]
and it is developed by Gudder–Marchard [302], Hiai–Ohya–Tsukada [328, 329] and
Petz [646].

Let N be a σ -finite von Neumann algebra, S be the set of all normal states on N,
α(R) be the set of all strongly continuous one-parameter groups of automorphisms
of N, and let Eϕ(· |M) be the conditional expectation from N to its subalgebra M.
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Definition 7.46

1. M is said to be sufficient for a set of S of S if for any ϕ ∈ S and any A ∈ N,
there exists the conditional expectation Eϕ(· | M) satisfying A0 = Eϕ(A | M)

ϕ-a.e., where B = C ϕ-a.e. means that ϕ(|B −C|)= 0.
2. M is said to be minimal sufficient for a set of S if M is the smallest subalgebra

to be sufficient for S .

One can easily prove following facts:

1. For two states ϕ, ψ with ψ � ϕ, M is sufficient for {ϕ,ψ} iff there exists the
conditional expectation Eϕ(· |M) such that ψ(A)=ψ(Eϕ(A |M)), A ∈N.

2. If M is sufficient for {ϕ,ψ}, then ψ = ϕ on N iff ψ = ϕ on M.
3. If S contains a faithful state ϕ, then M is sufficient for S iff M is sufficient for

all pairs {ϕ,ψ}, ∀ψ ∈ S .
4. If M is sufficient for S , then any subalgebra M0 containing M is sufficient for

S if there exists the conditional expectation Eϕ(· |M0).

Let us define two sets as

Nα ≡
{
A ∈N;αt (A)=A, t ∈R

}
,

Nϕ ≡
{
A ∈N;σϕ

t (A)=A, t ∈R
}
,

where {σϕ
t ; t ∈R} is the modular automorphism group w.r.t. ϕ.

Then we have important theorems as follows:

Theorem 7.47 Let ϕ be a faithful state.

1. Nϕ is sufficient for a pair {ϕ,ψ} iff ψ ∈ I (σϕ), the set of all invariant states
w.r.t. the modular automorphism σ

ϕ
t (t ∈R).

2. Nϕ is minimal sufficient for I (σϕ).
3. If N is R-finite, then Nα is sufficient for I (α).
4. The center Z≡N∩N′ is sufficient for {ϕ,ψ} iff ψ ∈K(σϕ), the set of all KMS

states w.r.t. σϕ .
5. Z is minimal sufficient for K(σϕ).
6. If M is sufficient for {ϕ,ψ}, then S(ϕ,ψ)= SM(ϕ,ψ).

The Csiszar’s inequality is generalized to quantum case.

Theorem 7.48 For two states ϕ,ψ in S, ‖ϕ −ψ‖ ≤√
2S(ϕ,ψ).

Using this theorem and the modular operator, one has

Theorem 7.49 Let two states ϕ, ψ be faithful and M⊂Nϕ . Put ψ ′ ≡ ψ ◦
Eϕ(· |M). When SM(ψ,ϕ) <+∞, one has

1. S(ψ,ψ ′)= S(ψ,ϕ)− SM(ψ,ϕ), and
2. ‖ψ ′ −ψ‖ ≤√

2S(ψ,ϕ)− SM(ψ,ϕ).
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The theorem stated above can be applied to classify the states.

Theorem 7.50

1. If ϕ, ψ ∈ I (α), then S(ϕ,ψ)= SNα
(ϕ,ψ).

2. If ϕ,ψ ∈ I (α), then S(ϕ,ψ)= SZ(ϕ,ψ).
3. For any ϕ ∈K(α) and ψ ∈S, ψ ∈ I (α) if S(ψ,ϕ)= SNα

(ψ,ϕ) <+∞.
4. For any ϕ ∈K(α) and ψ ∈S,ψ ∈ I (α) if S(ψ,ϕ)= SZ(ψ,ϕ) <+∞.

The concept of sufficiency can be used to find the smallest algebra that is enough
to characterize a certain set of states of interest for a particular study. The proofs of
theorems of this section can be found in the book [330] and the papers [328, 329].

7.11 Notes

The quantum entropy for a density operator was defined by von Neumann [806]
about 20 years before the Shannon entropy appeared. The Schatten decomposition
is discussed in [685]. The properties of entropy are summarized in [578, 814]. The
quantum relative entropy was first defined by Umegaki [761] and its property was
studied by Lindblad [481]. Its generalization to von Neumann algebra was done by
Araki [63, 64] and further generalization to ∗-algebra was done by Uhlmann, where
the monotonicity was proved. Main properties of the relative entropy are summa-
rized from the articles [63, 64, 206, 328, 329, 481, 578, 646, 760]. Bogoliubov
inequality was introduced in [122]. The quantum mutual entropy was introduced
by Holevo, Livitin, Ingarden [341, 342, 358, 477] for the classical input and out-
put passing through a possibly quantum channel. Belavkin and Stratonovich stud-
ied quantum signals processing by similar classical quantum mutal type of entropy
[90]. The fully quantum-mechanical mutual entropy was defined by Ohya [559],
and its generalization to C∗-algebra was done in [561]. The proof of the equal-
ity sup{−∑k trρEk log trρEk; {Ek}} = − trρ logρ can be found in [578]. Theo-
rems 7.17 and 7.18 are proved in [559]. Applications of the mutual entropy can be
found in various fields [11, 51, 535, 536, 562, 563, 570, 585]. The mathematical
discussion of a channel was given in [559, 570, 587], and the concept of lifting
was introduced in [19]. The ergodic type Theorem 7.20 for the quantum mutual en-
tropy was proved by Ohya [570]. The characterization of quantum communication
or stochastic processes is discussed in [12, 244], and the beam splitting was rigor-
ously studied by Fichtner, Freutenberg and Liebscher [242–244]. Several particular
solutions of the compound states have been proposed in [559, 561, 562]. The tran-
sition expectation was introduced by Accardi [6] to study quantum Markov process
[8]. Details of the noisy channel were given in [585]. In quantum optics, a linear am-
plifier has been discussed by several authors [523, 828], and its rigorous expression
given here is in [587].

The comparison of several mutual type entropies is studied in [601].
The entropy exchange of a quantum operation and the coherent information were

discussed in [110, 716]. Further discussion on these two entropies is given in [84].
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The entropy (uncertainty) of a state in a C∗-algebra A was introduced in [561]
and its properties are discussed in [51, 359, 535]. For Choquet simplex, we refer to
[162]. The relative entropy for two general states was introduced by Araki [63, 64]
and Uhlmann [760] and their relation is considered in [206, 328, 329]. The mutual
entropy in a C∗-algebra was introduced by Ohya [570]. Theorem 7.40 is a sum-
mary of the main results in the papers [63, 64, 206, 328, 329, 646, 760]. Connes–
Narnhofer–Thirring entropy was introduced in [176], and the relation between this
entropy and the mutual entropy was studied in [535, 536]. Other references of quan-
tum entropy are extensively discussed in the book [578]. Bogoliubov inequality was
proved in [120].



Chapter 8
Locality and Entanglement

We will discuss in this chapter various notions of locality and quantum entangle-
ment. Bell’s approach to the problem of quantum nonlocality does not include the
spatial dependence of entangled states which is crucial for this problem. We will
present a new approach, suggested by Volovich, to the problem of quantum non-
locality which is based on the consideration of the spatially depending entangled
states and which restores locality.

We pay a special attention to the spatial dependence of the correlation functions
and show that the quantum mechanical correlations are asymptotically consistent
with the local realistic hidden-variables representation. The dependence on the spa-
tial variables is crucial for the consideration of the problem of locality and entangled
states. In non-relativistic quantum mechanics, the wave function of two particles
is ψ = (ψij (r1, r2, t)) where i and j are spinor indices, t is time and r1 and r2

are vectors in a three-dimensional space. Information is physical and, moreover, it
is localized in space–time. If one makes local measurements of spin σ · a in the
spatial region OA and spin σ · b (a, b are unit vectors in R

3, σ are Pauli matri-
ces) in the region OB then the appropriate quantum correlation function has the
form

〈ψ |(σ · a)POA
⊗ (σ · b)POB

|ψ〉.

Here POA
(resp., POB

) is the projection operator to the region OA (resp., OB ).
The spatial dependence in this quantum mechanical correlation function leads

to phenomena of disentanglement when particles separate and to a modifica-
tion of Bell’s theorem about the local realistic representation of quantum correla-
tions.

Separability and entanglement of quantum states are discussed, and their char-
acterization based on various recent studies are presented. It is shown also that the
Einstein–Podolsky–Rosen (EPR) model and the Bohm model of entangled states
are not equivalent.

Locality, entanglement and quantum field theory are discussed also in Chap. 16.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_8, © Springer Science+Business Media B.V. 2011
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8.1 EPR Model and Bohm Model

Remarkable experimental and theoretical results achieved in quantum optics, quan-
tum computing, teleportation, and cryptography in recent years are based on the
previous investigations of fundamental properties of quantum mechanics. Especially
important are the properties of non-factorizable entangled states introduced by EPR
in 1935 which were named by Schrödinger as the most characteristic feature of
quantum mechanics. After the works of Bohm (1951) and Bell (1965), these inves-
tigations led to the recent important experimental research in quantum optics.

Though the EPR work dealt with continuous variables, most of the further ac-
tivity have concentrated almost exclusively on systems of discrete spin variables
following Bohm’s [124] and Bell’s [95] works. It was shown by Khrennikov and
Volovich [413, 414] that, in fact, Bohm’s formulation is not equivalent to the origi-
nal EPR model, and there exists a local hidden-variable representation for the EPR
correlation function of positions or momenta of two entangled particles.

The discovery of Bell’s inequality is one of the important achievements in study-
ing of fundamental problems of quantum theory. Results of EPR and Bell are often
interpreted as showing the impossibility of a local realistic representation of quan-
tum mechanics. After Bell discovered the inequality, its variants have appeared. One
of the simplest versions is the Clauser–Horn–Shimony–Holt (CHSH) inequality.
These variants are not equivalent with each other, however, the important common
point is that the violation of any of them implies a nonclassical non-local correlation,
one of entanglements.

The precise meaning of the local or non-local correlation we shall discuss in this
chapter.

Bell’s inequalities do not include an explicit dependence upon the space–time
variables though such dependence is crucial for the whole discussion of the prob-
lem of locality or non-locality in quantum mechanics. A modification of the Bell
framework was proposed by Volovich [790, 793, 797] which includes the depen-
dence on spatial variables and which restores locality.

In this chapter, we discuss the EPR paradox, Bell’s inequalities and its variants
(e.g., CHSH inequality), and we will discuss them from the point of view of the
quantum field theory in Chap. 16, where we stress that the fundamental notion in
physics is not the notion of a particle but of a quantum field.

It will be shown in Sect. 8.5 (Local Observations) of this chapter that Bell’s
inequalities are consistent with the quantum theory if we take into account the spa-
tial dependence of the wave function and locality of detectors separated at a large
enough distance.

8.1.1 Various Localities

There are various notions of locality and causality. In classical physics, a cause
should always precede its effect. In the special relativity theory, this requirement is
strengthened so as to limit causes to the past light cone of the event to be explained;
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also an event cannot be a cause of any events outside the former event’s future light
cone. These restrictions are consistent with the requirement that causal influences
cannot travel faster than the speed of light.

Einstein formulated locality in the following way:
“But on one supposition we should, in my opinion, absolutely hold fast: the real

factual situation of the system S2 is independent of what is done with the system S1,
which is spatially separated from the former.”

There are two well known mathematical formulations of local causality in the
quantum field theory. They are conditions of local commutativity [698, 736, 811]
and Bogolyubov’s local causality [122]. Local commutativity means that the com-
mutators (or anti-commutators) of the field operators vanish for space-like distances.
There is a similar formulation of local commutativity in the algebraic approach to
the quantum field theory.

The Bogolyubov causality condition is formulated in terms of the evolution op-
erator (the S-matrix). Here we formulate it more generally in terms of channel
transformations. Our physical system is under action of various external conditions,
i.e., under the influence of various classical fields (electromagnetic, gravitational,
etc.). Let G = {g(x)} be a set of classical fields defined on the Minkowski space
M = {x = (r, t)|r ∈ R

3, t ∈ R} with the inner product 〈x, x〉 = (ct)2 − |r|2, where
c is the speed of light. We suppose that the sets of the classical fields G1 and G2
are such that the union of the supports of the fields G1 is earlier or space-like to
the union of the supports of the fields G2, i.e., suppG1 � suppG2. Let the channel
transformation Λ∗ be dependent on the fields G. Then the generalized Bogolyubov
local causality condition reads:

Λ∗
g1+g2

= Λ∗
g2

Λ∗
g1

, g1 ∈ G1, g2 ∈ G2.

If we try to relate these mathematical formulations of local causality with phys-
ical description of observations then some questions occur. For instance, there is
the Landau and Peierls problem that one cannot speak about the localization of
relativistic quantum particles in space but only about their momenta and energies.
There is a known question whether we can prepare a relativistic quantum particle
in a Newton–Wigner state with a good localization in a bounded region in space.
And if so, whether it instantly develops a non-causal behavior, i.e., the probability
of finding the particle at any later time arbitrary far away is not zero.

We shall show that, in fact, the notions of chance and probability are not well
suited to describe the space–time locally causal behavior of classical and quantum
systems.

We consider various mathematical formulations of the notion of locality and local
realism, in particular what can be called Bell’s locality and local realism, Einstein’s
local realism, and local realistic representation for quantum correlations.

Many of these discussions are very much linked to the deep examination of the
space–time dependence of measurements, namely, the locality of observation. The
space–time dependence is not explicitly indicated in many important achievements
of the modern quantum information theory. We emphasize the importance of the in-
vestigation of quantum information effects in space and time. Transmission and pro-
cessing of (quantum) information is a physical process in space–time. Information
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transmission is physical and, moreover, it is localized. Therefore, a formulation of
the basic notions in the quantum information theory, such as the notions of compos-
ite systems, entangled states, and the channel, should include space–time variables
[794, 797].

In 1935, Einstein, Podolsky and Rosen (EPR) advanced an argument about in-
completeness of quantum mechanics [218]. They proposed a gedanken experiment
involving a system of two particles spatially separated but correlated in position and
momentum and argued that two non-commuting variables (position and momentum
of a particle) can have simultaneous physical reality. They concluded that the de-
scription of physical reality given by quantum mechanics, which does not permit
such a simultaneous reality, is incomplete.

Though the EPR work dealt with continuous variables, most of the further ac-
tivity have concentrated almost exclusively on systems of discrete spin variables
following to Bohm’s [124] and Bell’s [95] works.

Entangled states, i.e., the states of two particles with the wave function which is
not a product of the wave functions of a single particle, have been studied in many
theoretical and experimental works starting from the works of Einstein, Podolsky
and Rosen, Bohm and Bell.

Bell’s theorem [95] states that there are quantum spin correlation functions that
cannot be represented as classical correlation functions of separated random vari-
ables. It has been interpreted as incompatibility of the requirement of locality with
the statistical predictions of quantum mechanics. For a recent discussion of Bell’s
theorem, see, for example, [169] (see also the references in [791]). It is now widely
accepted, as a result of Bell’s theorem and related experiments, that “Einstein’s local
realism” must be rejected.

Let us stress here that there are various interpretations of the notion of locality.
Locality in the sense of Bell’s representation does not mean locality in the sense
of some dependence on spatial variables. There is no explicit dependence on the
spatial variables at all in the Bell’s representation. “Bell’s locality” in his hidden-
variable representation means just the factorization of random variables which do
not depend on the spatial variables. The spatial dependence of the wave function in
quantum mechanics is also neglected in Bell’s discussion. The role of locality in the
three dimensional space in quantum mechanics and in the hidden variables approach
is considered in [790, 791] and will be discussed in this chapter.

8.1.2 Probability and Local Causality

In the quantum field theory, there are well known conditions of local causality (local
commutativity and Bogolyubov’s causality). However, even for classical systems,
the notions of chance and probability are not quite consistent with the notion of
causality which is formulated in space–time.

Consider the following approach. Let A be an event localized in a space–time
region OA (for instance, detection of a particle) and B an event localized in a space–
time region OB . Suppose that the regions OA and OB are space-like separated.



8.1 EPR Model and Bohm Model 171

Namely, for (t1,x1) ∈ OA, (t2,x2) ∈ OB , one has |x1 − x2|/|t1 − t2| > c, where c is
the speed of light. Local causality demands that events in OA should not be causes
of events in OB , and vice versa. Therefore, one could expect that the conditional
probability P(A|B) of the event A in OA given the occurrence of event B in OB

should not depend on the event B , i.e.,

P(A|B) = P(A).

One could try stating the last formula as the local causality condition. However, it
is not true. Indeed, suppose there is only one classical or quantum particle in the
space with some distribution, i.e., at every instant of time there is only one particle.
We can assume that the probability P(A) of detecting the particle in the region OA

is 1/2, P(A) = 1/2, and also the probability P(B) = 1/2 of detecting the particle
in the region OB . Now, if we detect the particle in the region OB then the condi-
tional probability P(A|B) that the particle can be detected in the region OA will
be just zero, and we obtain 0 = P(A|B) �= P(A) = 1/2. That is, the independence
in the sense of the space–like separation will not be a correct interpretation of the
independency in the probabilistic sense.

It is important to remark that from the above example, the definition of the con-
ditional probability (independency, locality) is very subtle, so that we have to re-
consider it carefully. It is interesting to note that we deal here with the reduction (or
collapse) of the distribution function in the classical theory similar to the infamous
collapse of the wave function in quantum mechanics.

Bell’s Local Causality

Slightly more elaborated condition was suggested by Bell. We shall see, however,
that his condition is also not valid either in the classical or in the quantum theory.
First, Bell introduced the notion of “beables” which can be described in classical
terms. The beables must include the settings of switches and knobs on experimental
equipment, the currents in coils, and the readings of instruments. These beables play
a role analogous to the classical fields G in the Bogolyubov approach.

Let N denote a specification of all the beables, of some theory, belonging to the
overlap of the backward light cones of space-like separated regions O1 and O2. Let
K be a specification of some beables from the remainder of the backward light cone
of O1 to N and B of some beables in the region O2, and let M be a specification
of some beables from the remainder of the backward light cone of O2 to N . Bell
postulates (J.S. Bell, The theory of local beables. TH-2053-CERN, 28 July 1975)
the following condition of local causality:

P(A|K,M,N,B) = P(A|K,N).

The Bell condition means that supplementary information from the region O2 is
redundant.
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Classical and quantum theory is not locally causal in the sense of Bell. Indeed,
Bell himself noticed that ordinary quantum mechanics, even the relativistic quantum
field theory, is not locally causal in the sense of his local causality condition. He
considered the following example. Suppose we have a radioactive nucleus which
can emit a single α-particle, surrounded by α-particle counters at a considerable
distance. So long as it is not specified that some other counter registers, there is a
chance for a particular counter that it registers. But if it is specified that some other
counter does register, even in a region of space–time outside the relevant backward
light cone, the chance that the given counter registers is zero. We simply do not have
the above local causality condition.

It is interesting that then, based on this wrong local causality condition, Bell
proceeded to derive his inequalities for the correlation functions. The main point in
the derivation is the representation of the joint probability distribution in the product
form:

P(A,B|K,M,N) = P(A|K,N)P (B|M,N).

It follows from the Bayes formula

P(A,B|K,M,N) = P(A|K,M,N,B)P (B|K,M,N)

and the local causality condition above.

8.1.3 EPR Model vs. Bohm and Bell Model

The original EPR system involving continuous variables has been considered by
Bell in [96]. He has mentioned that if one admits “measurement” of arbitrary “ob-
servables” on arbitrary states than it is easy to mimic his work on spin variables
(just take a two-dimensional subspace and define an analogue of spin operators).
The problem which he was discussing in [96] is narrower, restricted to measure-
ment of positions only, on two non-interacting spinless particles in free space. Bell
used the Wigner distribution [96] approach to quantum mechanics. The original
EPR state has a non-negative Wigner distribution. Bell argues that it gives a local,
classical model of hidden variables, and therefore the EPR state should not violate
local realism. He then considers a state with non-positive Wigner distribution and
demonstrates that this state violates local realism.

Bell’s proof of violation of local realism in the phase space has been criticized
in [390] because of the use of an unnormalizable Wigner distribution. Then in [80]
it was demonstrated that the Wigner function of the EPR state, though positive def-
inite, provides evidence of the non-local character of this state if one measures a
displaced parity operator.

To the original EPR problem here we apply the method which was used by Bell
in his well known paper [95]. He has shown that the correlation function of two
spins cannot be represented by classical correlations of separated bounded random
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variables. This Bell’s theorem has been interpreted as incompatibility of local real-
ism with quantum mechanics. We shall show that, in contrast to Bell’s theorem for
spin correlation functions, the correlation function of positions (or momenta) of two
particles always admits a representation in the form of classical correlation of sep-
arated random variables. This result looks rather surprising since one often thinks
that the Bohm–Bell reformulation of the EPR paradox is equivalent to the original
one.

8.1.4 Bell’s Locality

Bell has suggested some form of locality which we shall formulate as follows. Sup-
pose that in a Hilbert space H we have two families of quantum-mechanical ob-
servables, say {Ai} and {Bj }, such that [Ai,Bj ] = 0 for all indices i and j , though
operators Ai and Bj not necessary commute among themselves. Then for any den-
sity operator ρ in H there should exist a classical probability space (Ω, F , dP ) and
two families of classical random variables ai(λ) and bj (λ), λ ∈ Ω such that the
quantum correlation functions are equal to the classical correlation functions:

tr(ρAiBj ) =
∫

Ω

ai(λ)bj (λ) dP (λ)

for all indices i and j . Here dP (λ) is the probability measure. It is supposed that
the function ai(λ) takes values in the spectrum of Ai , and the function bj (λ) takes
values in the spectrum of Bj . Bell’s theorem says that there are such ρ, Ai and Bj

which cannot be represented in this form.
We call this relation the Bell locality because of the following interpretation.

Consider an experiment when at apparatus 1 one makes the measurements of the
observables Ai , and at apparatus 2 one makes the measurements of the observables
Bj , and the two apparatus are (space-like) separated. The parameter λ, Bell argued,
represents a state of the system and is called the hidden variable. The random vari-
ables ai(λ) and bj (λ) describe the outcomes of the measurements at apparatus 1
and 2, respectively. One can call this formula a local realistic representation in the
sense of Bell. The locality here means that the measure dP (λ) does not depend on
indices i and j . One can always find a representation

tr(ρAiBj ) =
∫

Ω

ai(λ)bj (λ)dPij (λ),

but it is not considered local in the sense of Bell. Remark that adaptive expression
of this equality will be discussed later in the chapter.
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8.1.5 Discussion of Bell’s Locality

In the Bohm’s formulation, one considers a pair of spin one-half particles formed in
the singlet spin state and moving freely towards two detectors. If one neglects the
space part of the wave function then one has the Hilbert space C

2 ⊗ C
2, and the

quantum mechanical correlation of two spins in the singlet state ψspin ∈ C
2 ⊗ C

2 is

Dspin(a, b) = 〈ψspin|σ · a ⊗ σ · b|ψspin〉 = −a · b. (8.1)

Here a = (a1, a2, a3) and b = (b1, b2, b3) are two unit vectors in the three-
dimensional space R

3, σ = (σ1, σ2, σ3) are the Pauli matrices, σ · a = ∑3
i=1 σiai ,

and ψspin = (|01〉 − |10〉)/√2. Note that |01〉 = |0〉 ⊗ |1〉.
Bell’s theorem (see Sect. 8.1.8 below) states that the function Dspin(a, b) in (8.1)

cannot be represented in the form
∫

ξ1(a,λ)ξ2(b,λ) dρ(λ),

i.e.,

Dspin(a, b) �=
∫

ξ1(a,λ)ξ2(b,λ) dρ(λ). (8.2)

Here ξ1(a,λ) and ξ2(b,λ) are random fields on the sphere, which satisfy the bound
∣
∣ξn(a,λ)

∣
∣ ≤ 1, n = 1,2, (8.3)

and dρ(λ) is a positive probability measure,
∫

dρ(λ) = 1. The parameters λ are
interpreted as hidden variables in a realist theory.

The proof of the theorem is based on Bell’s (or CHSH) inequalities. We would
like to stress that the main point in the proof is actually not the discreteness of
classical or quantum spin variables, but the bound (8.3) for classical random fields.

8.1.6 Example of Local Realist Representation for Spins

If we relax the bound, then one can exhibit a locally realistic model which repro-
duces quantum correlation of two spins. Indeed, let us take the probability space Ω

with just 3 points, Ω = {1,2,3}, and the expectation

Ef = 1

3

3∑

λ=1

f (λ).

Let the random fields be

ξ1(a,λ) = −ξ2(a,λ) = √
3aλ, λ = 1,2,3.
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Then one has the relation:

−(a, b) = 1

3

3∑

λ=1

√
3aλ

(−√
3bλ

) = Eξ1(a)ξ2(b).

The Bell’s theorem (8.1) is not valid in this case because we do not have the
bound (8.3). Instead, we have

∣
∣ξn(a,λ)

∣
∣ ≤ √

3.

8.1.7 Local Realist Representation for EPR Correlations

Now let us apply Bell’s approach employing correlation functions to the original
EPR case. The Hilbert space of two 1-dimensional particles is L2(R) ⊗ L2(R), and
the canonical coordinates and momenta are q1, q2, p1, p2 which obey the commu-
tation relations

[qm,pn] = iδmn, [qm,qn] = 0, [pm,pn] = 0, m,n = 1,2.

The EPR paradox can be described as follows. There is such a state ψ of two
particles that by measuring p1 or q1 of the first particle, we can predict with cer-
tainty, and without interacting with the second particle, either the value of p2 or the
value of q2 of the second particle. In the first case, p2 is an element of physical re-
ality, in the second such is q2. Then, these realities must exist in the second particle
before any measurement on the first particle since it is assumed that the particles
are separated by a space-like interval. However, the realities cannot be described by
quantum mechanics because they are incompatible; coordinates and momenta do
not commute. So the EPR concludes that quantum mechanics is not complete. Note
that the EPR state actually is not a normalized state since it is represented by the
delta-function, ψ = δ(x1 − x2 − a).

An important point in the EPR consideration is that one can choose what we
measure: either the value of p1 or the value of q1. For a mathematical formula-
tion of a free choice, we introduce canonical transformations of our variables with
parameter α:

qn(α) = qn cosα − pn sinα,

pn(α) = qn sinα + pn cosα; n = 1,2.

Then one gets
[
qm(α),pn(α)

] = iδmn; m,n = 1,2.

In particular, one has qn(0) = qn, qn(3π/2) = pn, n = 1,2.
Now let us consider the correlation function

D(α1, α2) = 〈ψ |q1(α1) ⊗ q2(α2)|ψ〉. (8.4)
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The correlation function D(α1, α2) in (8.4) is an analogue of the Bell’s correlation
function Dspin(a, b) in (8.1). Bell in [96] has suggested to consider the correlation
function of just the free evolutions of the particles at different times (see below).

We shall prove the following local realist representation for the correlation func-
tion.

Theorem 8.1 Quantum-mechanical correlation function in (8.4) can be represented
in the form

〈ψ |q1(α1) ⊗ q2(α2)|ψ〉 =
∫

ξ1(α1, λ)ξ2(α2, λ) dρ(λ). (8.5)

Here ξn(αn,λ), n = 1,2 are two real functions (random processes), possibly un-
bounded, and dρ(λ) is a probability measure,

∫
dρ(λ) = 1.

Proof Let us prove that there are required functions ξn(αn,λ) for an arbitrary
state ψ . We rewrite the correlation function D(α1, α2) of (8.4) in the form

〈ψ |q1(α1) ⊗ q2(α2)|ψ〉 = 〈q1q2〉 cosα1 cosα2 − 〈p1q2〉 sinα1 cosα2

− 〈q1p2〉 cosα1 sinα2 + 〈p1p2〉 sinα1 sinα2.

Here we used the notation

〈q1q2〉 = 〈ψ |q1q2|ψ〉.
Now let us set

ξ1(α1, λ) = f1(λ) cosα1 − g1(λ) sinα1,

ξ2(α2, λ) = f2(λ) cosα2 − g2(λ) sinα2.

Here the real functions fn(λ), gn(λ), n = 1,2, are such that

E(f1f2) = 〈q1q2〉, E(g1f2) = 〈p1q2〉,
E(f1g2) = 〈q1p2〉, E(g1g2) = 〈p1p2〉.

(8.6)

We use for the expectation the notation E(f1f2) = ∫
f1(λ)f2(λ) dρ(λ). To solve

the system of equations (8.6), we take

fn(λ) =
2∑

μ=1

Fnμημ(λ), gn(λ) =
2∑

μ=1

Gnμημ(λ),

where Fnμ, Gnμ are constants and E(ημην) = δμν . We denote

〈q1q2〉 = A, 〈p1q2〉 = B, 〈q1p2〉 = C, 〈p1p2〉 = D.
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A solution of (8.6) may be given, for example, by

f1 = Aη1, f2 = η1,

g1 = Bη1 +
(

D − BC

A

)

η2, g2 = C

A
η1 + η2.

Hence the representation of the quantum correlation function in terms of the sepa-
rated classical random processes (8.5) is proved. �

The condition of reality of the functions ξn(αn,λ) is important. It means that the
range of ξn(αn,λ) is the set of the eigenvalues of the operator qn(αn). If we relax
this condition, then one can get a local hidden-variable representation just by using
an expansion of unity:

〈ψ |q1(α1)q2(α2)|ψ〉 =
∑

λ

〈ψ |q1(α1)|λ〉〈λ|q2(α2)|ψ〉

=
∑

λ

ξ1(α1, λ)ξ2(α2, λ),

where

ξ1(α1, λ) = 〈ψ |q1(α1)|λ〉, ξ2(α2, λ) = 〈λ|q2(α2)|ψ〉.
For a discussion of this point in the context of a noncommutative spectral theory,

see [791].
Similarly, one can prove a representation

〈ψ |q1(t1) ⊗ q2(t2)|ψ〉 =
∫

ξ1(t1, λ)ξ2(t2, λ) dρ(λ)

where qn(t) = qn + pnt, n = 1,2, is a free quantum evolution of the particles. It is
enough to take

ξ1(t1, λ) = f1(λ) + g1(λ)t1, ξ2(t2, λ) = f2(λ) + g2(λ)t2.

To summarize, it is shown that, in contrast to the Bell’s theorem for the spin or
polarization variables, for the original EPR correlation functions which deal with
positions and momenta one can get a local (in the sense of Bell) realistic represen-
tation in terms of separated random processes. The representation is obtained for
any state including entangled states. Therefore, the original EPR model does not
lead to quantum non-locality in the sense of Bell even for entangled states. One
can get quantum non-locality in the EPR situation only if we (rather artificially) re-
strict ourself in the measurements with a two-dimensional subspace of the infinite
dimensional Hilbert space corresponding to the position or momentum observables.

If we adopt Bell’s approach to the local realism (i.e., of using classical separated
stochastic processes but without explicit dependence on spatial variables) then one
can say that the original EPR model admits a locally realistic description, in contrast
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to what was expected for the model. It follows also that the phenomena of quantum
non-locality in the sense of Bell depends not only on the properties of entangled
states but also on particular observables which we want to measure (bounded spin-
like or unbounded momentum and position observables). An interrelation of the
roles of entangled states and the bounded observables in considerations of local
realism and quantum non-locality deserves a further theoretical and experimental
study.

8.1.8 On Bell’s Theorem

Bell proved [95] that there are quantum spin correlation functions in entangled states
that cannot be represented as classical correlation functions of separated random
variables. Bell’s theorem can be formulated as the following inequality, see [790]:

〈ψspin|σ · a ⊗ σ · b|ψspin〉 �=
∫

Ω

ξa(λ)ηb(λ)dP (λ),

where ξa(λ) and ηb(λ) are the functions depending on unit vectors a and b with
the bounds |ξa(λ)| ≤ 1, |ηb(λ)| ≤ 1, and (Ω, F ,P ) is a probability space. The in-
equality here means that there cannot be an equality for all a and b. Another, shorter
formulation of the theorem is:

cos(α − β) �= E(ξαηβ),

where ξα = ξα(λ) and ηβ = ηβ(λ) are two random processes [343] such that
|ξα(λ)| ≤ 1, |ηβ(λ)| ≤ 1, and E is the expectation,

E(ξαηβ) =
∫

Ω

ξα(λ)ηβ(λ)dP (λ).

Here the function cos(α − β) describes a quantum-mechanical correlation of spins
of two entangled particles with α and β representing the angles of the measured
spins since we have

〈ψspin|σ · a ⊗ σ · b|ψspin〉 = −a · b = cos(α − β).

The proof of the inequality is based on the Bell–CSHS inequality which reads
(see the next section)

∣
∣P(α,β) − P(α,β ′)

∣
∣ + ∣

∣P(α′, β) + P(α′, β ′)
∣
∣ ≤ 2

for arbitrary angles α, β , α′, β ′. Here P(α,β) = E(ξαηβ) is the classical correlation
function.

Bell’s theorem has been interpreted as incompatibility of the requirement of lo-
cality with the statistical predictions of quantum mechanics [95]. For a recent dis-
cussion of Bell’s theorem and Bell’s inequalities, see, for example, [48, 813] and
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references therein. It is now widely accepted, as a result of Bell’s theorem and re-
lated experiments, that “local realism” must be rejected.

Let us discuss first the quantum-mechanical correlation function. The correlation
function

〈ψspin|σ · a ⊗ σ · b|ψspin〉
describes quantum correlations of two spins in the two qubit Hilbert space when the
space–time dependence of the wave functions of the particles is neglected. Let us
note, however, that the very formulation of the problem of locality in quantum me-
chanics prescribes a special role to the position in the ordinary three-dimensional
space. Therefore, the problem of local in space observations should not be ne-
glected in discussions of the problem of locality in relation to Bell’s inequali-
ties.

If we want to speak about locality in the quantum theory then we have to some-
how localize our particles. For example, we could approximately measure the den-
sity of the energy or the position of the particles simultaneously with the spin. Only
then we could come to some conclusions about the relevance of the spin correla-
tion function to the problem of locality. Therefore, one has to consider a quantum-
mechanical correlation function which describes localized observations and one
cannot neglect the spatial dependence of the wave function.

Let us stress that we discuss here not a problem of interpretation of the quantum
theory, but a problem of how to make correct quantum-mechanical computations
describing an experiment with two detectors localized in space. It was pointed out
[790] that if we make local observations of spins then the space–time part of the
wave function leads to an extra factor in quantum correlations, and as a result the
ordinary conclusion from the Bell theorem about the non-locality of the quantum
theory fails.

We present a modification of Bell’s equation which includes space and time vari-
ables. The function cos(α − β) describes the quantum mechanical correlation of
spins of two entangled particles if we neglect the space–time dependence of the
wave function. It was shown in [790] that if one takes into account the space part
of the wave function then the quantum correlation describing local observations
of spins in the simplest case will take the form of g cos(α − β) instead of just
cos(α − β). Here the parameter g describes the location of the system in space
and time. In this case, one gets a modified Bell’s equation

g cos(α − β) = E(ξαηβ).

One can prove that if the distance between detectors is large enough then the factor g

becomes small and there exists a solution of the modified equation. This result has
applications to the security of certain quantum-cryptographic protocols [792, 793].
We will show that, in fact, at large separation between particles all reasonable quan-
tum states become disentangled (factorized).

It is important to study also a more general question of which class of functions
f (s, t) admits a representation of the form

f (s, t) = E(xsyt ),
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where xs and yt are bounded stochastic processes, and also an analogous question
for the functions of several variables f (t1, . . . , tn). Such considerations lead to a
noncommutative generalization of von Neumann’s spectral theorem which will be
considered below.

In the previous section, it was mentioned that the vacuum state ω0 in the free
quantum field theory is a nonfactorized (entangled) state for observables belonging
to space-like separated regions:

ω0
(
ϕ(x)ϕ(y)

) − ω0
(
ϕ(x)

)
ω0

(
ϕ(y)

) �= 0.

Here ϕ(x) is a free scalar field in the Minkowski space–time and (x − y)2 > 0.
Hence there is a statistical dependence between causally disconnected regions. We
will discuss this aspect more in Chap. 16.

However, one has an asymptotic factorization of the vacuum state for large sep-
arations of the space-like regions. Moreover, one proves that in the quantum field
theory there is an asymptotic factorization for any reasonable state and any local ob-
servables. Therefore, at large distances any reasonable state becomes disentangled.
We have the relation

lim|l|→∞
[
ω

(
αl(A)B

) − ω
(
αl(A)

)
ω(B)

] = 0.

Here ω is a state from a rather wide class of the states which includes entangled
states, A and B are two local observables, and αl(A) is the translation of the ob-
servable A along the three-dimensional vector l. As a result, a violation of Bell’s
inequalities (see below) can be observed without inconsistency with principles of
relativistic quantum theory only if the distance between detectors is rather small.
We suggest a further experimental study of entangled states in space–time by study-
ing the dependence of the correlation functions on the distance between detectors.

It would be useful if the local algebraic approach to the quantum theory [65, 123,
310] could be developed in this direction.

This fact leads also to important consequences for quantum teleportation and
quantum cryptography, see [792].

Bell’s theorem constitutes an important part in quantum cryptography [219]. It
is now generally accepted that techniques of quantum cryptography, discussed in
Chap. 17, can allow secure communications between distant parties [818], see [792]
and the references therein. The promise of secure cryptographic quantum key distri-
bution schemes is based on the use of quantum entanglement in the spin space and
on quantum no-cloning theorem. An important contribution of quantum cryptogra-
phy is a mechanism for detecting eavesdropping.

However, in certain current quantum cryptography protocols the space part of
the wave function is neglected. But just the space part of the wave function de-
scribes the behavior of particles in the ordinary real three-dimensional space. As
a result, such schemes can be secure against eavesdropping attacks in the abstract
spin space, but could be insecure in the real three-dimensional space. We will dis-
cuss how one can try to improve the security of quantum cryptography schemes
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in space by using a special preparation of the space part of the wave function,
see [791].

A apace–time description is important for quantum computation [487]. Some
problems of quantum teleportation in space have been discussed in [248].

8.2 Bell’s Theorem

8.2.1 Bell’s Theorem and Stochastic Processes

In the presentation of Bell’s theorem, we will follow [794] where one can also find
more references. Bell’s theorem reads:

cos(α − β) �= E(ξαηβ), (8.7)

where ξα and ηβ are two random processes such that |ξα| ≤ 1, |ηβ | ≤ 1, and E is
the expectation. In more details,

Theorem 8.2 There exist no probability space (Ω, F , dρ(λ)) and no pair of
stochastic processes ξα = ξα(λ), ηβ = ηβ(λ), 0 ≤ α, β ≤ 2π which obey |ξα(λ)| ≤ 1,
|ηβ(λ)| ≤ 1 such that the following equation is valid

cos(α − β) = E(ξαηβ) (8.8)

for all α and β .

Before we prove this theorem, we need mathematical preparation. Here Ω is a
set, F is a σ -field of subsets and dρ(λ) is a probability measure, i.e., dρ(λ) ≥ 0,∫

dρ(λ) = 1. The expectation is

E(ξαηβ) =
∫

Ω

ξα(λ)ηβ(λ)dρ(λ).

One can write (8.8) as an integral equation

cos(α − β) =
∫

Ω

ξα(λ)ηβ(λ)dρ(λ). (8.9)

We say that the integral equation (8.9) has no solutions (Ω, F , dρ(λ), ξα, ηβ) with
the bound |ξα | ≤ 1, |ηβ | ≤ 1.

We will prove the theorem below. Let us discuss now the physical interpretation
of this result.

Consider a pair of spin one-half particles formed in the singlet spin state and mov-
ing freely towards two detectors. If one neglects the space part of the wave function
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then one has the Hilbert space C
2 ⊗ C

2 and the quantum-mechanical correlation of
two spins in the singlet state ψspin ∈ C

2 ⊗ C
2 is

Dspin(a, b) = 〈ψspin|σ · a ⊗ σ · b|ψspin〉 = −a · b. (8.10)

Here a = (a1, a2, a3) and b = (b1, b2, b3) are two unit vectors in the three-
dimensional space R

3, σ = (σ1, σ2, σ3) are the Pauli matrices,

σ1 =
(

0 1
1 0

)

, σ2 =
(

0 −i
i 0

)

, σ3 =
(

1 0
0 −1

)

,

σ · a ≡
3∑

i=1

σiai,

and

ψspin = 1√
2

((
0
1

)

⊗
(

1
0

)

−
(

1
0

)

⊗
(

0
1

))

.

If the vectors a and b belong to the same plane then one can write −a · b =
cos(α − β), and hence Bell’s theorem states that the function Dspin(a, b) in (8.10)
cannot be represented in the form

P(a, b) =
∫

ξ(a,λ)η(b,λ)dρ(λ), (8.11)

i.e.,

Dspin(a, b) �= P(a, b). (8.12)

Here ξ(a,λ) and η(b,λ) are random fields on the sphere, |ξ(a,λ)| ≤ 1,
|η(b,λ)| ≤ 1, and dρ(λ) is a positive probability measure,

∫
dρ(λ) = 1. The pa-

rameters λ are interpreted as hidden variables in a realist theory. It is clear that
(8.12) can be reduced to (8.7).

8.2.2 CHSH Inequality

To prove Theorem 8.2, we will use the following theorem which is a slightly gener-
alized CHSH result.

Theorem 8.3 Let f1, f2, g1, and g2 be random variables (i.e., measurable func-
tions) on the probability space (Ω, F , dρ(λ)) such that

∣
∣fi(λ)gj (λ)

∣
∣ ≤ 1, i, j = 1,2.

Let

Pij ≡ E(figj ), i, j = 1,2.
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Then

|P11 − P12| + |P21 + P22| ≤ 2.

Proof One has

P11 − P12 = E(f1g1) − E(f1g2)

= E
(
f1g1(1 ± f2g2)

) − E
(
f1g2(1 ± f2g1)

)
.

Hence

|P11 − P12| ≤ E(1 ± f2g2) + E(1 ± f2g1) = 2 ± (P22 + P21).

Now let us note that if x and y are two real numbers then

|x| ≤ 2 ± y → |x| + |y| ≤ 2.

Therefore, taking x = P11 − P12 and y = P22 + P21, one gets the bound

|P11 − P12| + |P21 + P22| ≤ 2.

The theorem is proved. �

The last inequality is called the CHSH inequality. By using notations of (8.11),
one has

∣
∣P(a, b) − P(a, b′)

∣
∣ + ∣

∣P(a′, b) + P(a′, b′)
∣
∣ ≤ 2

for any four unit vectors a, b, a′, b′. So then, we have to prove Theorem 8.2.

Proof Let us denote

fi(λ) = ξαi
(λ), gj (λ) = ηβj

(λ), i, j = 1,2

for some αi,βj . If one were to have

cos(αi − βj ) = E(figj ),

then, due to Theorem 8.3, one should have
∣
∣cos(α1 − β1) − cos(α1 − β2)

∣
∣ + ∣

∣cos(α2 − β1) + cos(α2 − β2)
∣
∣ ≤ 2.

However, for α1 = π/2, α2 = 0, β1 = π/4, β2 = −π/4 we obtain
∣
∣cos(α1 − β1) − cos(α1 − β2)

∣
∣ + ∣

∣cos(α2 − β1) + cos(α2 − β2)
∣
∣ = 2

√
2

which is greater than 2. This contradiction proves Theorem 8.2. �

It will be shown below that if one takes into account the space part of the
wave function then the quantum correlation in the simplest case will take the form
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g cos(α−β) instead of just cos(α−β) where the parameter g describes the location
of the system in space and time. In this case, one can get a representation

g cos(α − β) = E(ξαηβ)

if g is small enough. The factor g gives a contribution to visibility or efficiency of
detectors that are used in the phenomenological description of detectors.

8.3 Various Local Realisms

Einstein, Podolsky and Rosen presented an argument to show that there are situa-
tions in which the scheme of the quantum theory seems to be incomplete [218]. They
proposed a gedanken experiment involving a system of two particles spatially sepa-
rated but correlated in position and momentum, and argued that two non-commuting
variables (position and momentum of a particle) can have simultaneous physical
reality. They concluded that the description of physical reality given by quantum
mechanics is incomplete because it does not permit such a simultaneous reality, due
to the uncertainty principle.

Though the EPR work dealt with continuous position and momentum variables,
most of the further activity has concentrated almost exclusively on systems of dis-
crete spin variables following Bohm’s [124] and Bell’s [95] works.

Bell’s theorem [95] discussed above says that there are quantum spin correlation
functions that cannot be represented as classical correlation functions of separated
random variables. It has been interpreted as incompatibility of the requirement of
locality with the statistical predictions of quantum mechanics [95].

However, it was shown in [790, 791, 797] that in the derivation of such a con-
clusion the fundamental fact that space–time exists was neglected. Moreover, if we
take into account the spatial dependence of the wave function then the standard
formalism of quantum mechanics might be consistent with local realism.

We will give two different definitions of the notions of local realism which we
call Bell’s and Einstein’s local realism. We demonstrate that if we do not neglect the
space–time structure in the standard quantum-mechanical formalism then quantum
mechanics actually is consistent with local realism. Since detectors of particles are
obviously located somewhere in space it shows that loopholes are unavoidable in
experiments aimed to establish a violation of Bell’s inequalities [82].

8.3.1 Bell’s Local Realism

A mathematical formulation of Bell’s local realism may be given by the relation (in
more details it is discussed in the next section)

〈ψ |A(a)B(b)|ψ〉 = E
(
ξ(a)η(b)

)
. (8.13)
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Here A(a) and B(b) are self-adjoint operators which commute on a natural domain,
and a and b are certain indices. Here E is a mathematical expectation, ξ(a) and
η(b) are two stochastic processes, and ψ is a vector from a Hilbert space. Then we
say that the triplet

{
A(a),B(b),ψ

}

satisfies the Bell’s local realism (BLR) condition.
Bell proved that a two spin quantum correlation function which is equal to just

−a · b, where a and b are two three-dimensional vectors, cannot be represented in
the form (8.13), i.e.,

〈ψspin|σ · a ⊗ σ · b|ψspin〉 �= E
(
ξ(a)η(b)

)
, (8.14)

if one has the bound |ξ(a)| ≤ 1, |η(b)| ≤ 1. Here a = (a1, a2, a3) and b =
(b1, b2, b3) are two unit vectors in the three-dimensional space R

3, and σ =
(σ1, σ2, σ3) are the Pauli matrices.

Therefore, the correlation function of two spins does not satisfy the BLR condi-
tion (8.13). In this sense, sometimes one speaks about quantum non-locality.

8.3.2 Space and Time in Axioms of Quantum Mechanics

Note, however, that in the previous discussion the space–time parameters were not
explicitly involved though one speaks about non-locality. Actually, the “local real-
ism” in the Bell’s sense as it was formulated above in (8.13) is a notion which has
nothing to do with the notion of locality in the ordinary three-dimensional space.
Therefore, we also define another notion which we will call the condition of local
realism in the sense of Einstein.

To explain the notion, let us first remind that the usual axiomatic approach to
quantum theory involves only the Hilbert space, observable, the density operator ρ,
and the von Neumann formula for the probability P(B) of the outcome B , P(B) =
trρEB where {EB} is POVM associated with a measurable space (Ω, F ), here B

belongs to the σ -algebra F . It was stressed in [793] that in a more realistic axiomatic
approach to quantum mechanics one has to include an axiom on the existence of
space and time. It can be formulated as follows

U(d)EBU(d)∗ = Eαd(B).

Here U(d) is the unitary representation of the group of translations in time and in
the three-dimensional space, and αd : F → F is the group of automorphisms.

8.3.3 Einstein’s Local Realism

Let two families of self-adjoint operators {A(a, O)} and {B(b, O)} be given in a
Hilbert space H, parameterized by the regions O in the Minkowski space–time.
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Suppose that one has a representation

〈ψ |A(a, O1)B(b, O2)|ψ〉 = E
(
ξ(a, O1)η(b, O2)

)

for a, b, O1, O2 for which the operators commute. Then we say that the quadruplet
{
A(a, O1),B(b, O2),U(d),ψ

}

satisfies the Einstein’s local realism (ELR) condition.

8.3.4 Local Realistic Representation for Quantum Spin
Correlations

Quantum correlation describing the localized measurements of spins in the regions
O1 and O2 includes the projection operators PO1 and PO2 . In contrast to Bell’s
theorem (8.14), now there exists a local realist representation [791]

〈ψ |σ · aPO1 ⊗ σ · bPO2 |ψ〉 = E
(
ξ(O1, a)η(O2, b)

)
(8.15)

if the distance between the regions O1 and O2 is large enough. Here all classical
random variables are bounded by 1.

Since detectors of particles are obviously located somewhere in space, it shows
that loopholes are unavoidable in experiments aimed to establish a violation of Bell’s
inequalities. Though there were some reports on experimental derivation of viola-
tion of Bell’s inequalities, in fact, such violations were always based on additional
assumptions besides local realism. No genuine Bell’s inequalities have been violated
since some loopholes were always in the experiments; for a review, see, for exam-
ple, [169, 673]. There were many discussions of proposals for experiments which
could avoid the loopholes; however, up to now a convincing proposal has still not
been suggested.

One can compare the situation with attempts to measure the position and momen-
tum of a particle in a single experiment. Also one could speak about some technical
difficulties (similar to the efficiency of detectors loophole) and hope that someone
could come with a proposal to make an experiment without loopholes. However,
we know from the uncertainty relation for the measurement of momentum and po-
sition that it is not possible. Similarly, formula (8.15) shows that a loophole-free
experiment in which a violation of Bell’s inequalities could be observed is impossi-
ble if the distance between detectors is large enough. Therefore, loopholes in Bell’s
experiments are irreducible.

8.3.5 Correlation Functions and Local Realism

A mathematical formulation of Bell’s local realism may be given as follows. Let two
families of self-adjoint operators {A(a)} and {B(b)} be given in a Hilbert space H,
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which commute (i.e., [A(a),B(b)] = 0) on a natural domain. Here a and b are
elements of two arbitrary sets of indices. Suppose that one has a representation

〈ψ |A(a)B(b)|ψ〉 = E
(
ξ(a)η(b)

)
(8.16)

for any a, b, where E is the mathematical expectation, and ξ(a) and η(b) are two
stochastic processes such that the range of ξ(a) is the spectrum of A(a) and the
range of η(b) is the spectrum of B(b). Here ψ is a vector from H. Then we say that
the triplet

({
A(a)

}
,
{
B(b)

}
,ψ

)

satisfies the BLR (Bell’s local realism) condition.
Bell proved that a two spin quantum correlation function which is equal to just

−a ·b, where a and b are two three-dimensional vectors, cannot be represented in the
form (8.13) if one has the bound |ξ(a)| ≤ 1, |η(b)| ≤ 1. Therefore, the correlation
function of two spins does not satisfy to the BLR condition (8.16). In this sense,
sometimes one speaks about quantum non-locality.

Note, however, that in the previous discussion the space–time parameters were
not explicitly involved though one speaks about non-locality. Actually, the “local
realism” in the Bell’s sense as it was formulated above in (8.13) is a very gen-
eral notion which has nothing to do with notion of locality in the ordinary three-
dimensional space. We will define now another notion which we will call the condi-
tion of local realism in the sense of Einstein. First, let us recall that in the quantum
field theory the condition of locality (local commutativity) reads:

[
F(x),G(y)

] = 0

if the space–time points x and y are space-like separated. Here F(x) and G(y) are
two Bose field operators (for Fermi fields we have anti-commutators).

Suppose that in the Hilbert space H there is a unitary representation U of the
inhomogeneous Lorentz group, and let a family of self-adjoint operators {A(a, O)}
parameterized by the regions O be given in Minkowski space–time where a is an
arbitrary index. Let us suppose that the unitary operator translations act as

U(d)A(a, O)U(d)∗ = A
(
a, O(d)

)

where d is a four-dimensional vector and O(d) is a shift of O at d . Let also a family
of operators {B(b, O)} be given with similar properties. Suppose that one has a
representation

〈ψ |A(a, O1)B(b, O2)|ψ〉 = E
(
ξ(a, O1)η(b, O2)

)
(8.17)

for a, b, O1, O2 for which the operators commute

[
A(a, O1),B(b, O2)

] = 0.
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The correlation function (8.17) describes the results of a simultaneous measurement.
Moreover, we suppose that the range of ξ(a, O1) is the spectrum of A(a, O1) and
the range of η(b, O2) is the spectrum of B(b, O2). Then we say that the quadruplet

({
A(a, O1)

}
,
{
B(b, O2)

}
,U,ψ

)

satisfies the ELR (Einstein’s local realism) condition.
For Fermi fields which anti-commute we assume the same relation (8.17) but the

random fields ξ and η should now be anti-commutative random fields (superanalysis
and probability of anti-commutative variables are considered in [406, 789]).

One can write an analogue of the presented notions in the case when the region O
shrinks to one point (in such a case, we have an operator A(a,x)) and also for n-
point correlation functions

〈ψ |A1(a1, x1) · · ·An(an, xn)|ψ〉 = E
(
ξ1(a1, x1) · · · ξn(an, xn)

)
.

A non-commutative spectral theory related with such representations is considered
in [797].

8.4 Entangled States in Space–Time. Disentanglement

Entangled states, i.e., the states of two particles with the wave function which is
not a product of the wave functions of single particles, have been studied in many
theoretical and experimental works starting from the paper of Einstein, Podolsky
and Rosen, see, e.g., [48].

Let us consider two particles with spin 1/2. As we know, a particle with spin 1/2
is described by the Dirac equation. We start with the discussion of non-relativistic
approximation. Then one has the Pauli equation. For a consideration of the relativis-
tic particles see Sect. 16.5.

The Hilbert space assigned to one particle with spin 1/2 in non-relativistic ap-
proximation is C

2 ⊗L2(R3), and the Hilbert space of two particles is C
2 ⊗L2(R3)⊗

C
2 ⊗ L2(R3). The two-particle wave function is

ψ = (
ψαβ(r1, r2, t)

)
,

where α and β are spinor indices, t is time, and r1 and r2 are vectors in the three-
dimensional space.

We suppose that there are two detectors (A and B) which are located in space R
3

within two bounded regions OA and OB , respectively, well separated from one an-
other. If one makes a local observation of the projection of spin to the direction
along a unit vector a in the region OA then this means that one measures not only
the spin observable σ · a where σ are Pauli matrices but also some another observ-
able which describes the localization of the particle like the energy density or the
projection operator PO to the region O. We will consider here correlation functions
of the projection operators PO .
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A quantum correlation function describing the localized measurements of spin
σ · a in the region OA and spin σ · b (b is a unit vector in R

3) in the region OB is

〈ψ |(σ · a) ⊗ POA
⊗ (σ · b) ⊗ POB

|ψ〉.
Let us consider the simplest case when the wave function (ψαβ(r1, r2, t)) does

not depend on time and, moreover, it has the form of a product of the spin function
ψspin and a complex-valued function φ(r1, r2) depending on the spatial variables r1

and r2,

ψ = ψspinφ(r1, r2).

Then one has

〈ψ |(σ · a) ⊗ POA
⊗ (σ · b) ⊗ POB

|ψ〉
= 〈ψspin|(σ · a) ⊗ (σ · b)|ψspin〉〈φ|POA

⊗ POB
|φ〉

= g(OA, OB)Dspin(a, b)

where

Dspin(a, b) = 〈ψspin|(σ · a) ⊗ (σ · b)|ψspin〉
and where the function

g(OA, OB) = 〈φ|POA
⊗ POB

|φ〉 =
∫

OA×OB

∣
∣φ(r1, r2)

∣
∣2

dr1 dr2

describes the correlation of particles in space. It is the probability to find one particle
in the region OA and another particle in the region OB .

One has

0 ≤ g(OA, OB) ≤ 1.

If OA and OB are bounded regions, and OA(l) is a translation of OA to the three-
dimensional vector l then one can prove

lim|l|→∞g
(

OA(l), OB

) = 0.

We denote

ω(Q) = 〈ψ |Q|ψ〉
for an observable Q. Then

ω(σ · aPOA
⊗ σ · bPOB

) = g(OA, OB)Dspin(a, b).

We take ψspin such that

〈ψspin|σ · a ⊗ I |ψspin〉 = 〈ψspin|I ⊗ σ · b|ψspin〉 = 0,
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so we have

ω(σ · aPOA
⊗ I ) = ω(I ⊗ σ · bPOB

) = 0.

Therefore, we have proved the following proposition which says that the state ψ =
ψspinφ(r1, r2) becomes disentangled (factorized) when the distance between OA

and OB becomes large.

Proposition 8.4 One has the following property of the asymptotic factorization (dis-
entanglement) at large distances:

lim|l|→∞
[
ω(σ · aPOA(l) ⊗ σ · bPOB

) − ω(σ · aPOA(l) ⊗ I )ω(I ⊗ σ · bPOB
)
] = 0,

or

lim|l|→∞ω(σ · aPOA(l) ⊗ σ · bPOB
) = 0.

8.5 Local Observations

8.5.1 Modified Bell’s Equation

In the previous section, the space part of the wave function of the particles was
neglected. However, exactly the space part is relevant to the discussion of locality.
The Hilbert space assigned to one particle with spin 1/2 is C

2 ⊗ L2(R3), and the
Hilbert space of two particles is C

2 ⊗ L2(R3) ⊗ C
2 ⊗ L2(R3). The complete wave

function is ψ = (ψαβ(r1, r2, t)) where α and β are spinor indices, t is time, and r1
and r2 are vectors in the three-dimensional space.

We suppose that there are two detectors (A and B) which are located in space R
3

within the two localized regions OA and OB , respectively, well separated from one
another. If one makes a local observation in the region OA then this means that one
measures not only the spin observable σi but also some another observable which
describes the localization of the particle like the energy density or the projection
operator PO to the region O. We will consider here correlation functions of the
projection operators PO .

A quantum correlation describing the localized measurements of spins in the
regions OA and OB is

〈ψ |σ · aPOA
⊗ σ · bPOB

|ψ〉.
Now one inquires whether one can write a representation

〈ψ |σ · aPOA
⊗ σ · bPOB

|ψ〉 =
∫

ξ(a, OA,λ)η(b, OB,λ)dρ(λ), (8.18)

where |ξ(a, OA(l), λ)| ≤ 1, |η(b, OB,λ)| ≤ 1.
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Remark 8.5 A local modified equation reads

∣
∣φ(r1, r2, t)

∣
∣2

cos(α − β) = E
(
ξ(α, r1, t)η(β, r2, t)

)
.

Let us consider the simplest case when the wave function has the form of the
product of the spin function and the space function ψ = ψspinφ(r1, r2). Then one
has (see the previous section)

〈ψ |σ · aPOA
⊗ σ · bPOB

|ψ〉 = g(OA, OB)Dspin(a, b),

where the function

g(OA, OB) =
∫

OA×OB

∣
∣φ(r1, r2)

∣
∣2 dr1 dr2

describes the correlation of particles in space.
If OA is a bounded region and OA(l) is a translation of OA to the three-

dimensional vector l then one has

lim|l|→∞g
(

OA(l), OB

) = 0.

If we are interested in the conditional probability of finding the projection of spin
along vector a for the particle 1 in the region OA(l) and the projection of spin along
the vector b for the particle 2 in the region OB then we have to divide both sides of
(8.18) by g(OA(l), OB).

Note that here the classical random variable ξ = ξ(a, OA(l), λ) is not only sep-
arated in the sense of Bell (i.e., it depends only on a) but it is also local in the
three-dimensional space since it depends only on the region OA(l). The classical
random variable η is also local in three-dimensional space since it depends only
on OB . Note also that since the eigenvalues of the projector PO are 0 or 1 then one
should have |ξ(a, OA,λ)| ≤ 1.

Due to the property of the asymptotic factorization and the vanishing of the quan-
tum correlation for large |l|, there exists a trivial asymptotic classical representation
of the form (8.18) with ξ = η = 0.

We can do even better and find a classical representation which will be valid
uniformly for large |l|.

If g does not depend on OA and OB then instead of (8.8) in Theorem 8.2 we
could have a modified equation

g cos(α − β) = E(ξαηβ). (8.19)

The factor g is important. In particular, one can write the following representation
[789] for 0 ≤ g ≤ 1/2:

g cos(α − β) =
∫ 2π

0

√
2g cos(α − λ)

√
2g cos(β − λ)

dλ

2π
.
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Therefore, if 0 ≤ g ≤ 1/2 then there exists a solution of (8.19) where

ξα(λ) = √
2g cos(α − λ), ηβ(λ) = √

2g cos(β − λ),

and |ξα| ≤ 1, |ηβ | ≤ 1. If g > 1/
√

2 then it follows from Theorem 8.3 that there is
no solution to (8.19). We have obtained

Theorem 8.6 If g > 1/
√

2 then there is no solution (Ω, F , dρ(λ), ξα, ηβ) to (8.19)
with the bounds |ξα| ≤ 1, |ηβ | ≤ 1. If 0 ≤ g ≤ 1/2 then there exists a solution to
(8.19) with the bounds |ξα | ≤ 1, |ηβ | ≤ 1.

Remark 8.7 Further results on solutions of the modified equation have been ob-
tained by Guschchin, Bochkarev and Prokhorenko. Local variable models for inef-
ficient detectors are presented in [472, 673].

Now let us construct a hidden-variable representation for the quantum-mechanical
correlation function. We have

g
(

OA(l), OB

) =
∫

OA(l)×OB

∣
∣φ(r1, r2)

∣
∣2 dr1 dr2.

There exists such an L > 0 that
∫

BL×R3

∣
∣φ(r1, r2)

∣
∣2 dr1 dr2 = ε < 1/2,

where BL = {r ∈ R
3 : |r| ≥ L}. We have the following

Theorem 8.8 Suppose that the wave function of two particles has the form ψ =
ψspinφ(r1, r2). Then for a large enough |l| there exists the following representation
of the quantum correlation function:

〈ψ |σ · aPOA(l) ⊗ σ · bPOB
|ψ〉 = g

(
OA(l), OB

)
cos(α − β)

= E
(
ξ
(
α, OA(l)

)
η(β, OB)

)
,

where the classical random variables ξ and η are bounded by 1.

Proof To prove the theorem let us make an additional assumption that the classical
random variable has the form of a product of two independent classical random
variables ξ(α, OA) = ξspace(OA)ξspin(α) and similarly for η. We write

g
(

OA(l), OB

)
cos(α − β)

=
∫

OA(l),OB

1

ε

∣
∣φ(r1, r2)

∣
∣2

dr1 dr2 · ε cos(α − β)

= E
(
ξspace

(
OA(l)

)
ηspace(OB)

)
E

(
ξspin(α)ξspin(β)

)
.
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Here ξspace(OA(l)) and ηspace(OB) are random variables on the probability space
Ω = BL × R

3 with the probability measure

dP (r1, r2) = 1

ε

∣
∣φ(r1, r2)

∣
∣2

dr1 dr2

of the form

ξspace
(

OA(l), r1, r2
) = χOA(l)(r1), ηspace(OB, r1, r2) = χOB

(r2),

where χO(r) is the characteristic function of the region O. We assume that OA(l)

belongs to BL. Then we have

E
(
ξspace

(
OA(l)

)
ηspace(OB)

) = 1

ε
g
(

OA(l), OB

)
.

Further, let ξspin(α) be a random process on the circle 0 ≤ ϕ ≤ 2π with the proba-
bility measure dϕ/2π of the form

ξspin(α,ϕ) = √
2ε cos(α − ϕ).

Then we have

E
(
ξspin(α)ξspin(β)

) = ε cos(α − β).

The theorem is proved. �

8.6 Separability and Entanglement

In Sect. 8.4, we discussed the EPR entangled states. The name of entangled state is
given by Schrödinger as the vector state of two particles which is not a product of
the wave functions of single particles. He said “Entanglement is the characteristic
trait of quantum mechanics, the one that enforces its entire departure from classi-
cal lines of thought” [693]. During the last two decades, it was observed that these
fundamental nonclassical states (i.e., entangled states) can be used in several fields.
Now it was found that the effective characterization of entanglement or of separa-
bility, the complementary to the entanglement, of general mixed quantum states is a
hard problem.

Definition 8.9 A state θ (i.e., a density operator) on the tensor product H ⊗ K of
two Hilbert spaces H and K is called a compound state in general, and it is separable
if it can be represented in the form

θ =
∑

k

λkρk ⊗ σk,

where λk ≥ 0 with
∑

k λk = 1, ρk and σk are states in H and K. An entangled state
is a state not belonging to the set of all separable states, so an entangled state is
simply considered as an inseparable state.
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In 1996, Peres introduced the concept of the PPT (Partial Positive Transpose)
criterion to study the separability [645]. Horodeckis [349] gave a necessary and
sufficient condition of separability in terms of positive maps via the so-called
Jamiołkowski isomorphism [379]. In the case of two- or three-dimensional Hilbert
space, it is shown by Størmer [737] that every positive map can be decomposed into
completely positive maps and the transpose operation. Using such a decomposition,
it was shown that the positive map criterion can be equivalent to the PPT condition.
Most of such studies of entanglement have been done in finite-dimensional Hilbert
spaces. In the infinite-dimensional case, Belavkin and Ohya [93, 94] rigorously stud-
ied mathematical structure of a compound state in terms of Hilbert–Schmidt oper-
ators, called the entangling operators, and gave a finer classification of compound
states. It is shown that an entangling operator gives a classification which is a gen-
eralization of the PPT condition. In the finite-dimensional case, the Belavkin and
Ohya criterion is equivalent to the PPT criterion.

In this section, we discuss these criteria of separable and entangled states.
Let us give a typical example of an entangled state. Two systems are described

by separable Hilbert spaces H and K, respectively. For any orthonormal vectors x1,
x2 ∈ H and y1, y2 ∈ K, define

z = 1√
2
x1 ⊗ y1 + 1√

2
x2 ⊗ y2.

Then the state |z〉〈z| is a pure state on H ⊗ K, which satisfies the marginal conditions

trK|z〉〈z| = 1

2

(|x1〉〈x1| + |x2〉〈x2|
) ≡ ρ,

trH|z〉〈z| = 1

2

(|y1〉〈y1| + |y2〉〈y2|
) ≡ σ.

Thus the state |z〉〈z| is usually called the entangled state with two marginal states ρ

and σ .
The notions of separability and entanglement are currently used as above in order

to describe the correlation of two states. In some cases, these notions do not prop-
erly represent the correlation in both classical and quantum systems. For instance,
the correlation in a separable state can be stronger than that of an entangled state.
Although we follow conventional terminology in this book, we will give comments
related to the above facts in a few other places, too.

8.6.1 Entangling Operator

Given a density operator θ on H ⊗ K, define the maps φ : B(K) → B(H)∗ ≡ {A ∈
B(H); tr

√
A∗A < ∞} and φ∗ : B(H) → B(K)∗ as

φ(B) = trK(I ⊗ B)θ, φ∗(A) = trH(A ⊗ I )θ,

θ(A ⊗ B) = trH φ(B)A = trK φ(B)A,
(8.20)
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for any A ∈ B(H) and B ∈ B(K). We have the following theorem for the separabil-
ity.

Theorem 8.10 If the density matrix θ on H ⊗ K is separable then the maps φ and
φ∗ are CP maps.

To prove this theorem, we need some preparations, which will be given in the
following discussion.

For a state σ on the Hilbert space K, by a Schatten decomposition, this state can
be written

σ =
∑

n

pn|en〉〈en|,

where {en} is a complete orthonormal system (CONS) of K and pn are non-negative
numbers. To express the mixed state σ , one can employ a redundant Hilbert space
and a pure state over the composite system. That is, let us prepare another Hilbert
space H whose dimension should be larger than the rank of the density operator σ .
Then, a choice H ≡ l2(Z) suffices, for instance. Taking a CONS {|n〉} of H, we
define a normalized vector Ω ∈ H ⊗ K as

Ω ≡
∑

n

μn|n〉 ⊗ |en〉, (8.21)

where μn is a complex number satisfying |μn|2 = pn. The vector Ω is called the
purification of the mixed state σ . Then one can easily show that one of the marginal
states of |Ω〉〈Ω| is nothing but the original state σ = trH |Ω〉〈Ω|.

More generally, any normal state ϕ on B(K) is written as

ϕ(·) ≡ trσ ·, σ ∈ S(K),

and there exists a Hilbert–Schmidt operator H from an another Hilbert space H
to K (i.e.,

∑
k ‖Hxk‖2 < +∞ for any CONS {xk} in H) such that

ϕ(B) = trH H ∗BH = trK σB, B ∈ B(K), (8.22)

where the dimension of H should be larger than the rank of σ as above. The above
operator H is defined by a map from H to K as

H ≡
∑

n

μn|en〉〈n|, (8.23)

where μn is a complex number satisfying |μn|2 = pn, {en} and {|n〉} are CONSs in
the purification vector Ω above. We have

σ = HH ∗.

The Hilbert–Schmidt operator H is called the entangling operator.
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We now equip H with a complex conjugation JH on the standard base {|n〉}
in H ,

JHx ≡ JH
∑

〈n|x〉|n〉 =
∑

〈n|x〉|n〉, x ∈ H,

defining an isometric transposition “∼”

Ã ≡ JHA∗JH

on B(H), which we call the “H -transposition” operation, i.e., the equation
〈m|Ã|n〉 = 〈n|A|m〉 holds on the standard base {|n〉} in H.

Using the entangling operator H , under this preparation, a pure entangled state
ω on H ⊗ K (i.e., a normalized vector Ω in H ⊗ K) can be achieved as

ω(A ⊗ B) = 〈Ω|A ⊗ B|Ω〉
= trH ÃH ∗BH = trK BHÃH ∗ (8.24)

for all A ∈ B(H) and B ∈ B(K) with marginals

ψ(A) = ω(A ⊗ I ) = trH ÃH ∗H = trH AH̃ ∗H ≡ trH ρA,

ϕ(B) = ω(I ⊗ B) = trK BHH∗ ≡ trK σB,

where Ω in H ⊗ K is given by

〈x ⊗ y|Ω〉 ≡ 〈y|HJHx〉 (8.25)

for all x ∈ H and y ∈ K. We know that the normalized vector Ω is represented in
the decomposed form (8.21) due to the following simple computation:

〈y|HJHx〉 =
∑

n

μn〈y|en〉〈n|JHx〉

=
∑

n

μn〈x|n〉〈y|en〉 = 〈x ⊗ y|Ω〉,

i.e., Ω is the purification of σ given above. So we have

trH ÃH ∗BH =
∑

m,n,k

μnμk〈m|Ã|n〉〈en|B|ek〉〈k|m〉

=
∑

m,n

μnμm〈n|A|m〉〈en|B|em〉

= 〈Ω|A ⊗ B|Ω〉.
Note that the marginal density ρ has the symmetry property with respect to the
complex conjugation JH:

ρ = H̃ ∗H = H ∗H = ρ̃ = ρ,
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where A ≡ JHAJH, that is a “H-complex conjugation” operation. Since ρ is the
marginal state of |Ω〉〈Ω| having a diagonal representation, ρ = ∑

pn|n〉〈n| in the
standard base in H.

Let us extend this operator H so as to discuss several types of compound states.
For a given state (density operator) θ in a compound system H ⊗ K, there is a

Schatten decomposition such that

θ =
∑

k

pk |ek〉〈ek|,

where ek ∈ H ⊗ K and 〈ek|el〉 = δkl , pk ≥ 0,
∑

k pk = 1. This mixed state can
be represented as an entangling operator HF from a Hilbert space F to H ⊗ K,
where F can be taken as the subspace of l2(Z) with a complex conjugation JF on
a standard base {|k〉}. This HF is given as

HF ≡
∑

k

μk|ek〉〈k|,

where μk is a complex number satisfying |μk |2 = pk . Thus we obtain the following
lemma.

Lemma 8.11 Using the entangling operator HF , the normal compound state
ω(·) ≡ tr θ · is expressed as

ω(A ⊗ B) = trF H ∗
F (A ⊗ B)HF . (8.26)

Here H is also equipped with a complex conjugation JH on the standard base
{|n〉} in H. Without loss of generality, the marginal density ρ on H can be diago-
nalized as

ρ = trK θ =
∑

λn|n〉〈n|, λn ≥ 0,
∑

λn = 1. (8.27)

Using the purification Ω of the density operator θ , we can define another entangling
operator HH : H �→ F ⊗ K by

〈z ⊗ y|HHJHx〉 ≡ 〈x ⊗ y ⊗ z|Ω〉
= 〈x ⊗ y|HF JF z〉, ∀x ∈ H, y ∈ K, z ∈ F . (8.28)

For any CONS {ym} in K, the entangling operator HF can be written in a matrix
representation form:

HF =
∑

n,m,k

|n ⊗ ym〉〈n ⊗ ym|ek〉μk〈k|

=
∑

n,k

|n〉 ⊗ hk(n)〈k|, (8.29)
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where hk(n) = ∑
m ym〈n ⊗ dm|ek〉μk ∈ K, and it gives the purification of θ as Ω =∑

n,k |n〉 ⊗ hk(n) ⊗ |k〉. The definition (8.28) means that the entangling operator
HH can be given as a transposition of HF in the sense of its matrix representation
such as

HH =
∑

n,k

|k〉 ⊗ hk(n)〈n|

=
∑

n

|Hn〉〈n|, (8.30)

where Hn = ∑
k |k〉 ⊗ hk(n). Using this decomposition, it is easy to see that the

operator HH satisfies the following theorem [93, 94]:

Theorem 8.12 The compound state ω in (8.26) can be achieved as an entanglement

ω(A ⊗ B) = 〈Ω|I ⊗ A ⊗ B|Ω〉
= trH ÃH ∗

H(I ⊗ B)HH = trH HHÃH ∗
H(I ⊗ B)

with its marginals ρ = H̃ ∗
HHH = H ∗

HHH ∈ S(H) and σ = trH HHH ∗
H ∈ S(K).

Note that if a given state ω is pure, then a Hilbert space F becomes C, i.e.,
HH = H in (8.23). In the following, we will denote the entangling operator defined
in (8.28) by the symbol H indifferently.

8.6.2 True Quantum Entanglement, d- and c-Entanglements

Now let us see how the entangling operator can be used to classify the compound
states.

Put

φ(B) ≡ H ∗ ˜(I ⊗ B)H
(= JH∗(I ⊗ B∗)HJ

)
, B ∈ B(K) (8.31)

and

φ∗(A) ≡ trF HÃH ∗, A ∈ B(H), (8.32)

then one can expresses ω as

ω(A ⊗ B) = trH⊗K θ(A ⊗ B) = trH Aφ(B) = trK Bφ∗(A). (8.33)

This φ maps from B(K) to the predual space B(H)∗, and φ∗ maps from B(H)

to B(K)∗.
Note that the above definitions of (8.31) and (8.32) can be written simply as

(8.20) in the beginning of the previous subsection.
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From the discussion in the previous subsection, we obtain that any density oper-
ator θ can be represented in the form

θ =
∑

n,m

|m〉〈n| ⊗ trF |Hm〉〈Hn| (8.34)

with the marginal expectations

φ∗(A) =
∑

n,m

〈n|A|m〉 trF |Hm〉〈Hn|, (8.35)

φ(B) =
∑

n,m

|m〉〈n|〈Hn|(I ⊗ B)|Hm〉 (8.36)

with the corresponding orthogonality

trK⊗F |Hm〉〈Hn| = λnδn,m = 〈Hn|Hm〉. (8.37)

Note that the diagonal representation of ρ in (8.27) is characterized by the above
weak orthogonality property.

When the weak orthogonality property becomes stronger such as

trF |Hm〉〈Hn| = λnσnδnm,

where σn ∈ S(K), φ∗(A) is

φ∗(A) =
∑

n

〈n|A|n〉 ⊗ λnσn. (8.38)

Note that the map B(∈ B(K)) → φ̃(B) given by

φ̃(B) =
∑

n,m

|m〉〈n|〈Hm|(I ⊗ B)|Hn〉

= H ∗(I ⊗ B)H
(∈ B(H)∗

)

is the complete positive map (CP for short; that is,
∑

i,j B∗
i φ∗(A∗

i Aj )Bj ≥ 0 for any
{Ai} ⊂ B(H) and {Bi} ⊂ B(K)) in the Steinspring form, and the map A(∈ B(H)) →
φ∗(Ã) given by

φ∗(Ã) =
∑

n,m

〈m|A|n〉 trF |Hm〉〈Hn|

=
∑

k

(〈k| ⊗ I
)
HAH ∗(|k〉 ⊗ I

) (∈ B(K)∗
)

is also CP in the Kraus form. However, φ and φ∗ are positive, but they are not nec-
essarily CP, unless B̃(K) = B(K) or B̃(H) = B(H) (i.e., B(K) or B(H)) is abelian.
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We introduce the concept of co-CP maps. A map φ is co-CP if its composition
with the transposition is a CP map, that is,

∑

i,j

B∗
i φ∗(A∗

jAi)Bj ≥ 0 for any {Ai} ⊂ B(H) and {Bi} ⊂ B(K).

So our maps given by the entangling operator H are always co-CP maps.
We shall prove Theorem 8.10.

Proof If the density operator θ of a normal compound state ω on B(H ⊗ K) is given
as θ = ∑

pnρn ⊗σn, ρn ∈ S(H), σn ∈ S(K), then, using (8.20), the map φ∗ can be
represented as

φ∗(A) =
∑

pn trAρ̃n · σn.

Now for all Ai ∈ B(H) we have

trH A∗
i Aj ρ̃n = trH Ã∗

i Ajρn = trH A∗
jAiρ̃n.

This equation means that φ∗ of the separable state ω is always co-CP and also CP.
The complete positivity of φ can be shown easily by the symmetry of ρn in its
eigen-representation. �

We have the following definition of the entanglement.

Definition 8.13 The dual map φ∗ : B(H) → B(K)∗ to co-CP map φ : B(K) →
B(H)∗, normalized as trH φ(I) = 1, is called the (generalized) entanglement of the
state ρ = φ(I) on B(H) to the state σ = φ∗(I ) on B(K). The entanglement φ∗ is
called true quantum if it is not completely positive. All other entanglements are not
true quantum.

This definition can be easily applied to the cases of the infinite-dimensional
Hilbert spaces.

We summarize some notations for the subsequent use. A normal compound state
ω with its marginals ρ and σ is expressed by a density operator θ in H ⊗ K; that
is, ω(·) = tr θ ·, and θ is written in the following forms due to the strength of the
correlation between two marginal states. For any θ , we have the representations
(8.34)–(8.37). We classify the compound states by using the properties of the maps
φ and φ∗.

1. (q-entanglement) We call a compound state θ q-entangled if φ∗ is not CP. We
denote a true quantum entanglement by φ∗

q (i.e., φq is not CP) and a q-compound
state by θq so that

φ∗
q (A) =

∑

n,m

〈n|A|m〉 trF |Hm〉〈Hn|,



8.6 Separability and Entanglement 201

θq =
∑

n,m

|m〉〈n| ⊗ trF |Hm〉〈Hn|,

with the weak orthogonality condition

trK⊗F |Hm〉〈Hn| = λnδn,m = 〈Hn|Hm〉.
The set of all true quantum entanglements is denoted by Eq .

2. (d-entanglement) If an entangling map φ∗ satisfies the following conditions (i)–
(iii) then φ∗ is called a d-entanglement:

(i) φ∗(A) =
∑

n

〈n|A|n〉 trF |Hm〉〈Hn| =
∑

n

λn〈n|A|n〉σn,

(ii) θ =
∑

n

|n〉〈n| ⊗ tr |Hm〉〈Hn| =
∑

n

|n〉〈n| ⊗ λnσn,

with the strong orthogonality condition

(iii) trF |Hm〉〈Hn| = λnσnδnm,

where σn ∈ S(K). Let us denote a d-entanglement by φ∗
d and its compound state

by θd . The set of all d-entanglements is denoted by Ed .
3. (c-entanglement) An entanglement φ∗ is called a c-entanglement if it has the

same form as a d-entanglement, but {σn} are commutative. We denote a c-
entanglement by φ∗

c and its compound state by θc. Ec is the set of all c-
entanglements.

It is clear that Ed and Ec belong to the set of all not true quantum states.

Remark 8.14 In conventional discussions, the above d- and c-entanglements are
classified as the separable states. However, there exist several important applica-
tions with a quantum correlated state written as a d-entanglement, such as quantum
measurement and filtering, quantum compound state, and lifting. So, we named such
states as above. This observation is one of the reasons why we mentioned in the be-
ginning of this section that conventional notions of separability and entanglement
are not always proper.

In the case of pure states, we know that the condition of a true quantum entangle-
ment characterizes the pure entanglement state, i.e., non-product pure state [504].
Before discussing the characterization of mixture entangled states, we will show
how the true quantum entanglement characterizes the pure entangled states.

Let ω be a pure state on B(H ⊗ K). For any pure state, there exists a vector
Ω ∈ H ⊗ K such that

ω(A ⊗ B) = 〈Ω|(A ⊗ B)|Ω〉.
Using (8.20), one has

φ∗(A) = trH(A ⊗ IK)|Ω〉〈Ω|.
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Now, consider the CP condition of φ∗. Let {xk} be a CONS in H and {yl} be a
CONS in K. Assume that Ω is given by

Ω =
∑

k

λk|xk〉 ⊗ |yk〉
(

λk ∈ C,
∑

k

|λk|2 = 1

)

where at least two elements of {λk} are non-zero. In order to show that φ∗ is non-CP,
some preliminaries are necessary. The set Mn(A) denotes the C∗-algebra of n × n

matrices with entries in A. Let {eij } be the canonical basis for Mn(C) ≡ Mn, i.e.,
the n×nmatrices with a 1 in row i, column j , and zeros elsewhere. It is well known
that every element in A �Mn can be written as

∑
Aij ⊗ eij , where the Aij ’s (being

in A) are unique. The map

Θ : A � Mn → Mn(A),
∑

Aij ⊗ eij → (Aij )

is linear, multiplicative, *-preserving, and bijective. Therefore, it should be clear
that CP of φ∗ is equivalent to positivity of the operator

∑n
i,j=1 eij ⊗ φ∗(A∗

i Aj ) for
any n.

Let {ei} be a CONS in C
n. One has

φ∗(A∗
i Aj ) = trH(A∗

i Aj ⊗ I )|Ω〉〈Ω|
=

∑

k,l

trH(A∗
i Aj ⊗ I )|λkxk ⊗ yk〉〈λlxl ⊗ yl|

=
∑

k,l

λkλl trH
(
A∗

i Aj |xk〉〈yl |
)|zk〉〈zl |

=
∑

k,l

λkλl〈xl |A∗
i Aj |xk〉|yk〉〈yl|.

Thus

n∑

i,j=1

eij ⊗ φ∗(A∗
i Aj ) =

n∑

i,j=1

∑

k,l

λkλl〈xl |A∗
i Aj |xk〉|ei〉〈ej | ⊗ |yk〉〈yl |.

Put Ai ≡ |x〉〈xi | (x ∈ H, ‖x‖ = 1), then the above LHS is

(
φ∗(|xi〉〈xj |

)) =
n∑

i,j=1

λjλi |ei〉〈ej | ⊗ |yj 〉〈yi |.

The positivity of {φ∗(|xi〉〈xj |)} entails that of 〈Ψ |(∑φ∗(|vi〉〈vj |)⊗eij )|Ψ 〉 for any
Ψ ∈ C

n ⊗ K. Let us take Ψ± of the form

Ψ± = ek ⊗ yl ± el ⊗ yk (k �= l).
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Then

〈Ψ±|
(∑

φ∗(|vi〉〈vj |
) ⊗ eij

)

|Ψ±〉 = ±2 Reλkλl ∈ R.

If 2 Reλkλl is positive then

〈Ψ−|
(∑

φ∗(|vi〉〈vj |
) ⊗ eij

)

|Ψ−〉 = −2 Reλkλl < 0.

Also if 2 Reλkλl is negative then

〈Ψ+|
(∑

φ∗(|vi〉〈vj |
) ⊗ eij

)

|Ψ+〉 = 2 Reλkλl < 0.

This means that φ∗ is non-CP.

8.6.3 Criteria of Entangled States

As we have mentioned at the beginning of this section, the characterization of en-
tangled states is not easy. There are several operational criteria which enable one to
detect quantum entangled states. One of them is the so-called PPT (positive partial
transpose) criterion introduced by Peres and Horodeckis [349, 645]. In the low-
dimensional case, this criterion characterizes the entangled states. In this subsec-
tion, we discuss the PPT criterion and show that the criteria using entanglement
maps generalize the PPT criterion.

PPT Criterion

The K-partial transpose operation of a compound state θ ∈ S(H ⊗ K) is denoted
by θTK so that

θ ∈ S(H ⊗ K) −→ θTK = (I ⊗ T )θ,

where T is the transpose operation on B(K). For example, θ is decomposable as
θ = ∑

n,m |m〉〈n| ⊗ Bmn, where {|n〉} is the standard basis in H and Bmn ∈ B(K).
Then

θ −→ θTK =
∑

m,n

|m〉〈n| ⊗ BT
mn.

Definition 8.15 A compound state θ is called a PPT state if θTK is positive. All
other states are called NPT states.
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It is easy to show that PPT condition is a necessary condition of a separable state.
If a state θ is separable and written as

∑
k λkρk ⊗σk , then θTK = ∑

k λkρk ⊗σT
k ≥ 0

because σT
k is positive. However, it is known that the converse statement does not

hold. Let us review here the argument of Horodeckis’ works.
Horodeckis gave a non-operational characterization of a separable state:

Theorem 8.16 A state θ ∈ S(H ⊗ K) is separable iff

tr θW ≥ 0

for any Hermitian operator W satisfying tr(ρ ⊗ σ)W ≥ 0 for all pure states ρ ∈
S(H) and σ ∈ S(K).

This theorem is a direct application of Hahn–Banach theorem. The Hermitian op-
erator W which detects an entanglement of θ is called the “entanglement witness”,
a term introduced by Terhal [745].

The witness operator can be translated into the language of positive maps via
the Jamiołkowski isomorphism in the finite-dimensional case. Each entanglement
witness W on H ⊗ K corresponds to a positive map Λ from B(H) to B(K). This
isomorphism is defined by

Λ −→ WJ(Λ) = (I ⊗ Λ)J, (8.39)

where J ≡ ∑dim H
n,m |n〉〈m| ⊗ |m〉〈n| on H ⊗ H. It is very important that the maps

corresponding to entanglement witnesses are positive, but not CP. This fact can be
represented by the following theorem which is a translation of the previous theorem
via the Jamiołkowski isomorphism:

Proposition 8.17 A state θ ∈ S(H ⊗ K) is separable iff

(I ⊗ Λ)θ ≥ 0 (8.40)

for any positive map Λ from B(H) to B(K).

For the low-dimensional case (i.e., the cases such as C
2 → C

2 or C
3 → C

2) any
positive map Λ can be decomposed as

Λ = ΛCP
1 + ΛCP

2 ◦ T , (8.41)

where ΛCP
i are CP maps.

The proof of this decomposition was given by Størmer [737].
Using the decomposability property of positive maps, the condition (I ⊗Λ)θ ≥ 0

reads
(
I ⊗ ΛCP

1

)
θ + (

I ⊗ ΛCP
2

)
θTK ≥ 0. (8.42)

This means that the condition θTK ≥ 0 becomes a necessary and sufficient condition
of separability in the low-dimensional case, for dimensions two or three only.
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Majewski gave a characterization of PPT states by using Tomita–Takesaki
scheme (see Chap. 4) to describe the transposition. Here we review his approach
(see [460, 501, 502]).

Let H be a finite dimensional Hilbert space. Using an invertible density matrix ρ

we can define a faithful state ω on B(H) as ω(A) = trρA for A ∈ B(H). Let us
consider the GNS triple (Hω,πω,Ω) associated with (B(H),ω). Such triples are
given by the following:

• GNS Hilbert space Hω = {πω(A)Ω;A ∈ B(H)}(·,·) with (AΩ,BΩ) ≡ trA∗Bρ

for A,B ∈ B(H)

• Cyclic vector Ω = ρ1/2

• Representation πω(A)Ω = AΩ .

In the GNS representation, the modular conjugation Jm is just the Hermitian
involution, i.e., JmAρ1/2 = ρ1/2A∗, and the modular operator Δ is equal to the map
ρJmρ−1Jm. We remark that ρ−1 is, in general, an unbounded operator. Hence, the

domain of Δ should be considered. Since, (i) {Aρ
1
2 ;A ∈ B(H)} is a dense subset

in the set S(H) of all Hilbert–Schmidt operators, (ii) αt (σ ) = ρit σρ−it is a one-
parameter group of automorphisms on S(H), there exists [130] a set of α-analytic
elements B(H)α . Thus Δσ = αt (σ )|t=−i = ρσρ−1 is well defined for σ ∈ B(H)α .
In particular, the polar decomposition of Tomita’s operator (see Chap. 4) is written
as

SAΩ = A∗Ω = JmΔ
1
2 AΩ.

Note that {πω(A)Ω;A ∈ B(H)} ⊆ D(Δ
1
2 ), where D(·) stands for the domain. In

order to discuss the transposition on πω(B(H)), we introduce the following two
conjugations: Jc on H and J on Hω. Due to the faithfulness of ω, the eigenvectors
{ei} of ρ form an orthogonal basis in H. Hence we can define

Jcx =
∑

i

〈ei, x〉ei

for every x ∈ H. Due to the fact that {eij = |ei〉〈ej |} forms an orthogonal basis
in Hω

, we can also define a conjugation J on H
ω

JAΩ =
∑

i

(eij ,AΩ)eij

with JΩ = Ω .
Following the construction presented in [460, 501], we can define a transposition

on B(H) as the map A ∈ B(H) �→ At ≡ JcA
∗Jc. By τ0 we will denote the map

induced on Hω by transposition, i.e.,

τ0AΩ = AtΩ.

The main properties of τ0 are the following:
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Proposition 8.18 [460]

1. Let A ∈ B(H) and ξ ∈ Hω . Then

Atξ = JA∗Jξ.

2. The map τ0 has its polar decomposition, i.e.,

τ0 = UΔ1/2,

where U is the unitary operator on Hω defined by

U =
∑

ij

|eij )(eij |, (8.43)

and the sum defining the operator U is understood in the weak operator topology.

In the above setting, we can introduce the natural cone P [62, 174] associated
with (πω(B(H)),Ω),

P = {
Δ1/4AΩ : A ≥ 0,A ∈ πω

(
B(H)

)}(·,·)
.

The relationship between the Tomita–Takesaki scheme and transposition is given in
the following:

Proposition 8.19 [460] Let ξ �→ ωξ be a homeomorphism between the natural cone
P and the set of normal states on πω(B(H))such that

ωξ(A) = (ξ,Aξ), A ∈ B(H).

For every state ω define ωτ (A) = ω(At ). If ξ ∈ P then the unique vector in P
mapped into the state ωτ

ξ by the homeomorphism described above is equal to Uξ ,
i.e.,

ωτ
ξ (A) = (Uξ,AUξ), A ∈ B(H).

Let H1 and H2 be finite dimensional Hilbert spaces. We want to emphasize
that finite-dimensionality of Hilbert spaces is assumed only in the proof of Theo-
rem 8.20. More precisely, due to technical questions concerning the domain of the
modular operator Δ, we could prove this theorem only for the finite-dimensional
case (see [460]). On the other hand, we emphasize that the description of a compos-
ite system based on Tomita’s approach is very general. It relies on the construction
of the tensor product of standard forms of von Neumann algebras, and this descrip-
tion can be done in a very general way (so the infinite-dimensional case is included,
cf. [186]).

Again we will consider a composite system 1 + 2. Suppose that a subsystem 1 is
described by A1 = B(H1) equipped with a faithful state ω1 given by an invertible
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density matrix ρ1 as ω1(A) ≡ trρ1A. Similarly, let A2 = B(H2) as another subsys-
tem A2, ρ2 be an invertible density matrix in B(H2), and ω2 be a state on A2 such
that ω2(B) ≡ trρ2B for B ∈ A2. By (K,π,Ω), (K1,π1,Ω1), and (K2,π2,Ω2) we
denote the GNS representations of (A1 ⊗ A2,ω1 ⊗ ω2), (A1,ω1), and (A2,ω2),
respectively. Then the triple (K,π,Ω) can be given by following identifications
(cf. [186, 502]):

K = K1 ⊗ K2, π = π1 ⊗ π2, Ω = Ω1 ⊗ Ω2.

With these identification we have

Jm = J1 ⊗ J2, Δ = Δ1 ⊗ Δ2

where Jm, J1, and J2 are modular conjugations and Δ, Δ1, Δ2 are modular oper-
ators for (π(A1 ⊗ A2)

′′,Ω), (π1(A1)
′′,Ω1), and (π2(A2)

′′,Ω2), respectively. Due
to the finite-dimensionality of the corresponding Hilbert spaces, we will identify
π1(A1)

′′ = π1(A1), etc. Moreover, we will also write AΩ1 and BΩ2 instead of
π1(A)Ω1 and π2(B)Ω2 for A ∈ A1, B ∈ A2 without confusion. Furthermore, we
denote the finite dimension of H2 by n. Thus B(H2) ≡ B(Cn) ≡ Mn(C). To put
some emphasis on the dimensionality of the “reference” subsystem A2, we denote
by Pn the natural cone of (Mπ

n (A1),ω1 ⊗ ω0), where π(A1 ⊗ Mn(C)) is denoted
by Mπ

n (A1) and ω0 is a faithful state on Mn(C).
In order to characterize the set of PPT states, Majewski introduced the notion of

the “transposed cone” P τ
n = (I ⊗ U)Pn, where τ is transposition on Mn(C) and U

is the unitary operator given in (8.43) with the eigenvectors of the density matrix ρ0

corresponding to ω0.
Then the construction Pn and P τ

n may be realized as follows:

Pn = {
Δ1/4[Aij ]Ω : [Aij ] ∈ Mπ

n (A1)+
}
,

P τ
n = {

Δ1/4[Aji]Ω : [Aij ] ∈ Mπ
n (A1)+

}
.

Consequently, we arrived at the following.

Theorem 8.20 [460] In the finite-dimensional case,

P τ
n ∩ Pn = {

Δ1/4[Aij ]Ω : [Aij ] ≥ 0, [Aji] ≥ 0
}
.

Corollary 8.21

1. There is a one-to-one correspondence between the set of PPT states and P τ
n ∩ Pn.

2. There is a one-to-one correspondence between the set of separable states and
P1 ⊗ P2 (cf. [502]).



208 8 Locality and Entanglement

Now we will discuss the relation between the Hilbert space description of PPT
states and BO characterization. First, we note that Tomita’s approach leads to the
following representation of a compound state ω:

ω

(∑

i

Ai ⊗ Bi

)

=
∑

i

(ξ,Ai ⊗ Biξ) =
∑

i

ϕξ,Ai
(Bi), (8.44)

where ϕξ,Ai
(Bi) ≡ (ξ,Ai ⊗ Biξ) and ξ ∈ Pn. Here we have used the well known

result from Tomita–Takesaki theory saying that for any normal state ω on a von
Neumann algebra with cycling and separating vector Ω there is a unique vector ξ

in the natural cone Pn such that ω(A) = (ξ,Aξ).
Let us observe that for A ∈ A1, A ≥ 0, and any B ∈ A2,

ω
(
A ⊗ Bt

) = (
ξ,A ⊗ Btξ

) = (
χξA

,BtχξA

)

= (UχξA
,BUχξA

)

= (χξA
,UBUχξA

) = ω(A ⊗ UBU),

where χξA
is the Tomita representation of trK2(ϕ(A)·) with ϕ(A) = trK1 |ξ)(ξ |A ⊗

I , and we have used the notation given in Proposition 8.19 and the fact that the
partial trace trK1(·) is a well defined conditional expectation.

As ω(A ⊗ B) is linear in A, and any A can be written as a sum of four
positive elements (Jordan decomposition) the previous results can be extended
to

ω
(
A ⊗ Bt

) = ω(A ⊗ UBU) (8.45)

for any A ∈ A1 and B ∈ A2.
Now we are in a position to compare the strategy by the BO approach with the

Majewski approach. First, we note that the maps ϕξ,Ai
(Bi) in (8.44) can be consid-

ered as

B(K1) � A �→ ϕξ,A(·) ∈ B(K2)∗.

Second, note that the positivity of a compound state ω implies

0 ≤ ω

(∑

i,j

A∗
i Aj ⊗ B∗

i Bj

)

=
∑

i,j
ϕξ,A∗

i
Aj

(B∗
i Bj ).

By using the same vector ξ ∈ Pn, let us define ωτ ∈ (A1 ⊗ A2)∗ by

ωτ

(∑

i

Ai ⊗ Bi

)

=
∑

i
ϕτ

ξ,Ai
(Bi),

where ϕτ
ξ,Ai

(Bi) ≡ (ξ, (Ai ⊗ Bt
i )ξ). The positivity of ωτ implies

ωτ

(∑

i,j

A∗
i Aj ⊗ B∗

i Bj

)

=
∑

i,j

ϕτ
ξ,A∗

i Aj
(B∗

i Bj )
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=
∑

i,j

(
ξ,

(
A∗

i Aj ⊗ (B∗
i Bj )

t
)
ξ
)

=
∑

i,j

(
(I ⊗ U)ξ, (A∗

i Aj ⊗ B∗
i Bj )ξ(I ⊗ U)

) ≥ 0,

where in the last equality we have used (8.45). Hence, CP and co-CP of an en-
tangling mapping are equivalent to ξ ∈ P τ

n ∩ Pn. Consequently, we conclude the
following.

Theorem 8.22 The description of PPT states by ξ ∈ P τ
n ∩ Pn can be recognized as

the dual description of PPT states by E /Eq .

8.6.4 Degrees of Entanglement

It is important to measure the degree of entanglement of the entangled states as dis-
cussed above. There exist several such measures, we discuss two of them in this
section. The entanglement degree for mixed states has been studied by some en-
tropic measures such as quantum relative entropy and quantum mutual entropy. Ve-
dral et al. [537] defined the degree of an entangled state θ as the minimum distance
between θ and all disentangled states θ0 ∈ D.

Definition 8.23 D(θ) ≡ min{d(θ‖θ0); θ0 ∈ D}, where d is any measure of a sort of
distance between the two states θ and θ0, properly defined.

As an example of d , one can use the relative entropy S(θ, θ0) ≡ tr θ(log θ −
log θ0), then

D(θ) = min
{
S(θ, θ0); θ0 ∈ D

}
.

Since this measure has to take the minimum over all disentangled states, it is
difficult to compute, in particular, for an infinite-dimensional Hilbert space.

As another example of d which gives just a distance between the two states,
Majewski employed the geometry of the Hilbert space [503].

Definition 8.24 Let ξ be a vector in the natural cone P corresponding to a normal
state of a composite system 1 + 2.

1. The degree of entanglement is given by

De(ξ) = inf
η

{‖ξ − η‖;η ∈ P1 ⊗ P2
}
.

2. The degree of genuine entanglement is defined by

Dge(ξ) = inf
η

{‖ξ − η‖;η ∈ Pn ∩ P τ
n

}
.
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We will briefly discuss the geometric idea behind these definitions. The key to
the argument is the concept of convexity (in Hilbert spaces). Namely, we observe
the following:

1. P ⊃ P1 ⊗ P2 is a convex subset.
2. P ⊃ Pn ∩ P τ

n is a convex subset.
3. The theory of Hilbert spaces says that ∃!ξ0 ∈ P1 ⊗ P2 such that De(ξ) =

‖ξ − ξ0‖.
4. Analogously, ∃!η0 ∈ Pn ∩ P τ

n , such that Dge(ξ) = ‖ξ − η0‖.

The point to note here is that we used the well known property of convex subsets
in a Hilbert space: a closed convex subset W in a Hilbert space H contains a unique
vector having the smallest norm. This ensures the existence of vectors ξ0 and η0
introduced respectively in (3) and (4) above.

To illustrate the above measures of entanglement, we present an example. It
is based on a modification of Kadison–Ringrose argument (cf. [397] and Tomita–
Takesaki Theory (see Chap. 4)).

Example 8.25 Let {e1, e2, e3} (resp., {f1, f2, f3}) be an orthonormal basis in the
three-dimensional Hilbert space H (resp., K). By P we denote the following rank
one orthogonal projector:

P = 1

3
|e1 ⊗ f1 + e2 ⊗ f2 + e3 ⊗ f3〉〈e1 ⊗ f1 + e2 ⊗ f2 + e3 ⊗ f3|

≡ |x〉〈x| ∈ B(H ⊗ K)+.

Let S be an operator of the form

S =
k∑

i=1

Ai ⊗ Bi,

where k < +∞ and Ai ∈ B(H)+, Bi ∈ B(K)+. It can be shown (see [397]) that

‖P − S‖ ≥ 1

6
,

where ‖ · ‖ stands for the operator norm. Any separable state on B(H) ⊗ B(K) can
be expressed in the form

�0 =
l∑

i=1

ωzi
⊗ ωyi

,

where l < +∞, z1, . . . , zl ∈ H, y1, . . . , yl ∈ K, and the vector state ωz is defined as
ωz ≡ (z,Az). Then, again, following Kadison–Ringrose exercise one can show that

‖ωx − �0‖ ≥ 1

6
.
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On the other hand (see [130]), if a vector ξ (resp., vector η) ∈ P defines a normal
positive form ωξ (resp., ωη), then one has

‖ξ − η‖2 ≤ ‖ωξ − ωη‖ ≤ ‖ξ − η‖‖ξ + η‖.
Let, in the composite system 1 + 2 described in the previous subsection, H1 and

H2 be three-dimensional Hilbert spaces. Recall that ω = ω1 ⊗ ω2, where ω1(·) =
trH1(ρ1·) and ω2(·) = trH2(ρ2·) are faithful states. Put ω(·) = trH1⊗H2(�·). A1 ⊗

A2 is isomorphic to πω1(A1) ⊗ πω2(A2). Moreover, states on πω1(A1) ⊗ πω2(A2)

are described by vectors in the natural cone �
1
4 (A1 ⊗ A2)

+�
1
4 . The inequalities

discussed in the first part of the example lead to the following estimation of the

degree of entanglement for the state given by the vector �
1
4 P �

1
4 :

De

(
�

1
4 P �

1
4
) ≥ 1

12
.

We end this example remarking that the same arguments applied to x ′ = 1√
2
(e1 ⊗

f1 + e2 ⊗ f2) in the two-dimensional case lead to

De

(
�

1
4 P �

1
4
) ≥ 1

8
.

A computable degree of entanglement was introduced by Belavkin, Matsuoka
and Ohya [39, 93, 94, 513].

We propose a new degree to measure the difference (or correlation) between the
state θ and the direct tensor product ρ ⊗ σ ; the marginal state of θ .

Let θ be a state with the marginal density operators ρ and σ .

Definition 8.26 Let H, K be separable Hilbert spaces, and let θ be a density oper-
ator in B(H ⊗ K) with its marginal densities denoted by ρ and σ in B(H), B(K),
respectively.

The quasi-mutual entropy of ρ and σ w.r.t. θ is defined by

Iθ (ρ,σ ) ≡ tr θ(log θ − logρ ⊗ σ). (8.46)

The degree of entanglement of θ , denoted by DEN(θ), is defined by

DEN(θ;ρ,σ ) ≡ 1

2

{
S(ρ) + S(σ )

} − Iθ (ρ,σ ), (8.47)

where S(·) is the von Neumann entropy.

Recalling that, for density operators θ , γ in B(H), the relative entropy θ and γ

is defined by

S(θ, γ ) ≡ tr θ(log θ − logγ ),

we see that Iθ (ρ,σ ) is the relative entropy of the tensor product of its marginal
states ρ and σ of θ . Since it is known that the relative entropy is a kind of difference
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between states, it is clear why the degree of entanglement of θ given by (8.47) is
a measure of how far θ is from the product state ρ ⊗ σ . Moreover, we can see
that DEN is a kind of symmetrized quantum conditional entropy. In the classical
case, the conditional entropy always takes non-negative values; however, our new
criterion DEN can be negative according to the strength of correlation between ρ

and σ [40].
If θ ∈ S1 ⊗ S2 is an entangled pure state with the marginal states ρ, σ , then von

Neumann entropy S(θ) = 0. Moreover, from the Araki–Lieb inequality [61]:
∣
∣S(ρ) − S(σ )

∣
∣ ≤ S(θ) ≤ S(ρ) + S(σ ),

we have S(ρ) = S(σ ). It follows that

Iθ (ρ,σ ) = tr θ(log θ − logρ ⊗ σ)

= S(ρ) + S(σ ) − S(θ) = 2S(ρ).

That is, for an entangled pure state, the quasi-mutual entropy is twice the von Neu-
mann (reduced) entropy.

From these facts, the following theorem follows.

Theorem 8.27 For a pure state θ with the marginal states ρ and σ ,

1. θ is entangled iff DEN(θ;ρ,σ ) = − 1
2 {S(ρ) + S(σ )} < 0, and

2. θ is separable iff DEN(θ;ρ,σ ) = 0.

Proof (Part 1) In the case of a pure state θ given by θ = |Ψ 〉〈Ψ | where |Ψ 〉 is a
normalized vector in H ⊗ K, DEN(θ;ρ,σ ) can be computed as

DEN(θ;ρ,σ ) ≡ 1

2

{
S(ρ) + S(σ )

} − Iθ (ρ,σ )

= −1

2

{
S(ρ) + S(σ )

}

= −S(ρ)
(
or = −S(σ )

)
. (8.48)

If DEN(θ;ρ,σ ) < 0, then S(ρ) = S(σ ) > 0, which means that ρ and σ are mixture
states. When ρ can be written as ρ = ∑

i λi |xi〉〈xi | where {|xi〉} is an ONB in H
and

∑
i λi = 1, 0 ≤ λi ≤ 1, then due to the Schmidt decomposition there exists an

ONB {|yi〉} ⊂ K such that

|Ψ 〉 =
∑

i

√
λi |xi〉 ⊗ |yi〉.

This implies that ω is a pure entangled state. The converse statement obviously
holds.

(Part 2) If DEN(θ;ρ,σ ) = 0, then S(ρ) = S(σ ) = 0, which means that ρ and σ

are pure states. When ρ can be written as ρ = |x〉〈x|, then there exists a normalized
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vector |y〉 ∈ K such that

|Ψ 〉 = |x〉 ⊗ |y〉.
This means that ω is a pure separable state. The converse statement obviously
holds. �

Theorem 8.28 DEN(θ;ρ,σ ) is non-negative, i.e., DEN(θ;ρ,σ ) ≥ 0, if a state
θ is separable. Equivalently, θ is entangled if DEN(θ;ρ,σ ) is negative, i.e.,
DEN(θ;ρ,σ ) < 0.

Proof Let θ be a state on B(H1 ⊗ H2). If θ is separable, there exist density matrices
ρn, σn in B(H1), B(H2), respectively, such that

θ =
∑

n

pnρn ⊗ σn

with

pn ≥ 0, ∀n,
∑

n

pn = 1.

Let {xn} be an ONB in H1, and define the completely positive unital (CP1) map
Λ0 : B(H1) → B(H1) by

Λ0(A) =
∑

n

tr(Aρn)xnx
∗
n, A ∈ B(H1). (8.49)

Then its dual is

Λ∗
0(δ) =

∑

n

〈xn, δxn〉ρn, δ ∈ B(H1)∗, (8.50)

so that defining the CP1 map

Λ ≡ Λ0 ⊗ id : B(H1 ⊗ H2) → B(H1 ⊗ H2)

and the density matrix

θd ≡
∑

n

pnxnx
∗
n ⊗ σn,

one easily verifies that

Λ∗(θd) = θ.

Moreover, denoting

ρ =
∑

n

pnρn and σ =
∑

n

pnσn,
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the marginal densities of θ and ρd = ∑
n pn|xn〉〈xn|, the first marginal density of θd ,

one has:

Λ∗(ρd ⊗ σ) = ρ ⊗ σ.

Recall now that the monotonicity property of the relative entropy (see [578] for
a proof and history) that for any pair of von Neumann algebras M, M0, for any
normal CP1 map Λ : M → M0, and for any pair of normal states ω0, ϕ0 on M0,
one has

R
(
Λ∗(ω0)|Λ∗(ϕ0)

) ≤ R(ω0|ϕ0).

Using this property, one finds

Iθ (ρ,σ ) = R(θ |ρ ⊗ σ)

= R
(
Λ∗(θd)|Λ∗(ρd ⊗ σ)

)

≤ R(θd |ρd ⊗ σ) = Iθd
(ρd, σ )

so that

S(σ ) − Iθ (ρ,σ ) ≥ S(σ ) − Iθd
(ρd, σ ) = −

∑

n

pn tr(σn logσn) ≥ 0. (8.51)

Introducing the density operator

θ̂d =
∑

n

pnρn ⊗ yny
∗
n

where {yn} is an ONB in H2, and using a variant of the above argument (in which
the density θd is replaced by θ̂d ), one proves the analogous inequality

S(ρ) − Iθ (ρ,σ ) ≥ S(ρ) − I
θ̂d

(ρ, σd) = −
∑

n

pn tr(ρn logρn) ≥ 0. (8.52)

Combining (8.51) and (8.52), one obtains

DEN(θ;ρ,σ ) = 1

2

((
S(σ ) − Iθ (ρ,σ )

) + (
S(ρ) − Iθ (ρ,σ )

))

≥ 1

2

(

−
∑

n

pn tr(ρn logρn) −
∑

n

pn tr(σn logσn)

)

≥ 0.
�

Definition 8.29 A state θ (i.e., a density operator) on the tensor product H ⊗ K of
two Hilbert spaces H and K is called a product state if it can be represented in the
form

θ = ρ ⊗ σ,
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where ρ and σ are states in H and K. A correlated state is a state not belonging to the
set of all product states, so a correlated state is simply considered as a non-product
state.

Remark 8.30 The above measure DEN(θ;ρ,σ ), in fact, measures the distance be-
tween a correlated and a product state.

Now we consider the strength of the correlation.

Definition 8.31

1. θ1 has stronger correlation than θ2 iff

DEN(θ1;ρ,σ ) < DEN(θ2;ρ,σ).

2. θ is said to be essentially entangled iff

DEN(θ;ρ,σ ) < 0.

8.6.5 Models of Entanglement in Circulant States

Before we exhibit concrete computations of DEN for some models, we recall the
definition of a circulant state suggested by Chruściński and Kossakowski [183].

Consider the finite-dimensional Hilbert space C
d (d ∈ N) with the standard basis

{e0, e1, . . . , ed−1}. Let Σ0 be the subspace of C
d ⊗ C

d generated by ei ⊗ ei (i =
0,1, . . . , d − 1):

Σ0 = span{e0 ⊗ e0, e1 ⊗ e1, . . . , ed−1 ⊗ ed−1}.
For any non-negative integer α, we define the operator Sα on C

d by extending lin-
early the map

ek �−→ ek+α(mod d) (k = 0,1, . . . , d − 1)

and denote by Σα the image obtained by applying Id ⊗ Sα to Σ0, i.e., Σα = (Id ⊗
Sα)Σ0.

It can be easily checked that Σα and Σβ (α �= β) are orthogonal to each other,
and

C
d ⊗ C

d = Σ0 ⊕ Σ1 ⊕ · · · ⊕ Σd−1.

This decomposition is called a circulant decomposition.
Let ρ0, ρ1, . . . , ρd−1 be positive d × d matrices with entries in C which satisfy

tr(ρ0 + · · · + ρd−1) = 1.
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For each matrix ρα (α = 0,1, . . . , d −1), we define a new operator [ρα] on C
d ⊗C

d

as

[ρα] =
d−1∑

i,j=0

〈ei, ραej 〉eij ⊗ Sαeij

(
Sα

)∗
,

where eij denotes |ei〉〈ej |. Since Skeij (S
k)∗ = ei+k,j+k , [ρα] is also written in the

form

[ρα] =
d−1∑

i,j=0

〈ei, ραej 〉eij ⊗ ei+α,j+α.

From the simple calculation, we can verify that the operator

[ρ] ≡
d−1∑

α=0

[ρα]

is positive, and the trace of [ρ] is equal to 1. That is, [ρ] is a state. We call this state
a circulant state. For further details about a circulant state, we refer to [183].

8.6.6 Computation of DEN

Circulant State Model 1

The following example of circulant states is given by Horodeckis [351].
Let us consider the finite dimensional Hilbert space H = C

3 with a standard basis
{e0, e1, e2}. For any α ∈ R such that 2 ≤ α ≤ 5, we define the density matrix θ(α)

on H ⊗ H as

θ(α) = 2

7
|ψ〉〈ψ | + α

7
θ+ + 5 − α

7
θ−,

where

ψ = 1√
3
(e0 ⊗ e0 + e1 ⊗ e1 + e2 ⊗ e2),

θ+ = 1

3

{|e0〉〈e0| ⊗ |e1〉〈e1| + |e1〉〈e1| ⊗ |e2〉〈e2| + |e2〉〈e2| ⊗ |e0〉〈e0|
}
,

θ− = 1

3

{|e1〉〈e1| ⊗ |e0〉〈e0| + |e2〉〈e2| ⊗ |e1〉〈e1| + |e0〉〈e0| ⊗ |e2〉〈e2|
}
.

Then, the marginal states ρ,σ of θ(α) are given by

ρ = σ = 1

3

{|e0〉〈e0| + |e1〉〈e1| + |e2〉〈e2|
}
.
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Besides, the von Neumann entropy of each θ(α) can be calculated as follows:

S
(
θ(α)

) = −2

7
log

2

7
− α

7
log

α

7
− 5 − α

7
log

5 − α

7
+ 5

7
log 3,

S(ρ) = S(σ ) = log 3.

From these calculations, it follows that

DEN
(
θ(α);ρ,σ

) = −2

7
log

2

7
− α

7
log

α

7
− 5 − α

7
log

5 − α

7
− 2

7
log 3 > 0.

Remark 8.32 The separability of the state θ(α) is classified by α as follows:

1. θ(α) is separable iff 2 ≤ α ≤ 3.
2. θ(α) is both PPT and entangled iff 3 < α ≤ 4.
3. θ(α) is NPT iff 4 < α ≤ 5.

Let us compare the above classification with the positivity of DEN of θ(α). We
know that θ(α) does not have purely quantum correlation in the sense of Defini-
tion 8.31 even if θ(α) is entangled, i.e., θ(α) is not an essentially entangled state.

Circulant State Model 2

In the same setting as above, we give density matrices on H ⊗ H by

θ̂1 = ∣
∣
√

3ψ
〉〈√

3ψ
∣
∣, θ̂2 = 3εθ+, θ̂3 = 3εθ−.

Using these matrices, we define ϑ(ε) by

ϑ(ε) = 1

1 + ε + 1/ε
θ1 + ε

1 + ε + 1/ε
θ2 + 1/ε

1 + ε + 1/ε
θ3,

where θk = θ̂k

tr θ̂k

, k = 1,2,3.

It can be verified that the marginal states of ϑ(ε) are the same as in the above
example. Noting that θ1 is pure, we obtain

DEN
(
ϑ(ε);ρ,σ

) = − 1

1 + ε + 1/ε
log

1

1 + ε + 1/ε

− ε

1 + ε + 1/ε
log

ε

1 + ε + 1/ε

− 1/ε

1 + ε + 1/ε
log

1/ε

1 + ε + 1/ε
> 0. (8.53)
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Remark 8.33 The separability of the state ϑ(ε) is classified by ε as follows [389]:

1. ϑ(ε) is separable if ε = 1.
2. ϑ(ε) is both PPT and entangled for ε > 1.

As in Model 1, ϑ(ε) is also not an essentially entangled state because of the
positivity in (8.53).

We can compare two DEN for the models θ(α) and ϑ(ε) mentioned above be-
cause they have the same marginals ρ and σ . If ε = 1 and α = 3.1, then we have

0.732 ≈ DEN
(
ϑ (ε = 1)

)
< DEN

(
θ (α = 3.1)

) ≈ 0.759.

This inequality means that the separable state ϑ (ε = 1) has a stronger correlation
than that of the entangled state θ (α = 3.1) in the sense of Definition 8.31.

From the above observations, the concept of “quantum correlation” might be
more appropriate than the concepts of “entanglement” and “being separable” to
classify quantum states, although we follow the conventional usage in this book.

8.7 Entangled Markov Chains and Their Properties

We discuss here quantum generalization of the classical random walks. The rele-
vance of this problem for quantum information has been emphasized in many pa-
pers. However, the given proposals introduce some features which are not satisfac-
tory from the mathematical point of view. Motivated by such a situation, Accardi
and Fidaleo introduced the notion of entangled Markov chains, including the quan-
tum random walk [38]. They listed the requirements that should be fulfilled by any
candidate definition of a quantum random walk, namely,

1. It should be a quantum Markov chain [3].
2. It should be purely generated in the sense of Fannes, Nachtergaele and

Werner [231].
3. Its restriction on at least one maximal abelian subalgebra should be a classical

random walk.
4. It should be uniquely determined, up to arbitrary phases, by its classical restric-

tion.

In this section, we discuss entangled Markov chains, and we show that they in-
deed form entangled states, giving one example in a higher-dimensional Hilbert
space of dimension bigger than four.

8.7.1 Entangled Quantum Markov Chains

In order to give an intuitive idea of the connection of their construction with entan-
glement, let us note that the key characteristic of entanglement is the superposition
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principle and the corresponding interpretation of the amplitudes as “complex square
roots of probabilities”. This suggest an approach in which, given a classical Markov
chain with finite state space S, a stochastic matrix T , and an initial distribution for
it described by a row vector P , one can construct such a quantum Markov chain. At
first we review briefly how the entangled Markov chains in [38] can be constructed.

Let us first define a quantum Markov chain for a C∗-algebra A.

Definition 8.34 A state ϕ on ⊗A is a quantum Markov chain (QMC for short) with
an initial state ϕ0 over A and transition expectation E : A ⊗ A �→ A if

ϕ(A0 ⊗ A1 ⊗ · · · ⊗ An ⊗ 1 ⊗ 1 ⊗ · · · )
= ϕ0

[
E
(
A0 ⊗ · · · E

(
An−2 ⊗ E

(
An−1 ⊗ E (An ⊗ 1)

)))]
.

We will discuss more about the quantum Markov chain in Chap. 20 in terms
of the concept of lifting. Let S = {e1, e2, . . . , ed}(≡{1,2, . . . , d}) be a state space
with cardinality |S| = d(< ∞). We consider a sequence of identical independent
distributed (i.i.d. for short) random variables

ξn : (Ω, F ,P ) → S

with distribution P(ξn = j ∈ S) = pj , here n = 1,2, . . . . Let (Sn) be a classical
Markov chain with state space S. For example, in this notation

Sn ≡ S0 +
n∑

k=1

ξk = Sn−1 + ξn.

Fix an orthonormal basis (ONB for short) {|ei〉}i≤d of C
|S| and fix a vector |e0〉

in this basis. We consider the infinite tensor product Hilbert space

HN ≡ ⊗N
C

|S|.

Let T = (tij ) be any stochastic matrix (i.e.,
∑

j tij = 1) and let
√

tij be any complex

square root of tij (i.e., tij ≥ 0, |√tij |2 = tij ). Define the vector

|Ψn〉 =
∑

j0,...,jn

√
pj0

n−1∏

α=0

√
tjαjα+1 |ej0 , . . . , ejn

〉

where |ej0 , . . . , ejn
〉 ≡ (

⊗
α∈[0,n] |ejα

〉).
Let M|S| denote the |S| × |S| (i.e., d × d) complex matrix algebra, and let A =

M|S| ⊗ M|S| ⊗ · · · = ⊗NM|S| be the C∗-infinite tensor product of N-copies of M|S|.

Definition 8.35 An observable AΛ∗ is said to be localized in a finite region Λ∗ ⊆ N

if there exist an operator AΛ∗ ∈ ⊗Λ∗M|S| such that

AΛ∗ = AΛ∗ ⊗ IΛ∗c .
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We denote by AΛ∗ the local algebra at Λ∗, and in the following we will identify
AΛ∗ = AΛ∗ .

The basic property of |Ψn〉 is that, although the limit limn→∞ |Ψn〉 does not exist,
the following holds:

Lemma 8.36 For every local observable A ∈ A[0, k] (k ∈ N), one has

〈Ψk+1,AΨk+1〉 = lim
n→∞〈Ψn,AΨn〉 =: ϕ(A). (8.54)

Accardi and Fidaleo showed that the state ϕ defined by (8.54) is a quantum
Markov chain in the sense above, and they called a family of quantum Markov
chains with the above construction the entangled Markov chains.

For entangled Markov chains the transition expectation E is expressed in terms
of the following linear map:

Definition 8.37 Define the linear map Vn : Hn → Hn ⊗ Hn+1 by the linear exten-
sion of

Vn|ejn〉 =
∑

jn+1∈S

√
tjnjn+1 |ejn〉 ⊗ |ejn+1〉,

where Hn = Hn+1 = C
|S| for each n ∈ N.

It is easy to show that V ∗
n Vn = 1. Moreover, En(·) ≡ V ∗

n · Vn : An ⊗ An+1 → An

becomes a transition expectation, and its dual E ∗
n : A∗

n → (An ⊗ An+1)
∗ becomes a

linear lifting in the sense of [19], where An = An+1 = M|S| for each n ∈ N.
Now let us extend Vn to an isometry still denoted by the same symbol

Vn :
⊗

α∈[0,n]
Hα →

⊗

α∈[0,n+1]
Hα (8.55)

by the prescription

Vn

⊗

α∈[0,n]
|ejα

〉 ≡
( ⊗

α∈[0,n−1]
|ejα

〉
)

⊗ Vn|ejn
〉.

It is easily shown that for each j0 ∈ S one has

|Ψn〉 =
∑

j0,...,jn

√
pj0

n−1∏

α=0

√
tjαjα+1 |ej0 , . . . , ejn〉 =

∑

j0

√
pj0 Vn−1 · · ·V0|ej0〉. (8.56)

We give an initial pure state ϕ0 as

ϕ0(·) = trH
(|Ψ0〉〈Ψ0|·

) = 〈Ψ0| · |Ψ0〉. (8.57)
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Then from (8.56) and (8.57) we define a pure state ϕn over
⊗

j∈[0, n] Aj by using
the extended lifting E ∗

n given by E ∗
n (|Ψn〉〈Ψn|) ≡ Vn|Ψn〉〈Ψn|V ∗

n , namely,

ϕn(·) ≡ tr
(

E ∗
n−1

(
E ∗

n−2

(· · · (E ∗
1

(
E ∗

0

(|Ψ0〉〈Ψ0|
)))))

(·)).

Definition 8.38 An entangled Markov chain (EMC) is a quantum Markov chain
ϕ ≡ {ϕ0, E } over A where (i) ϕ0 is a pure state over M|S|, (ii) a transition expectation

E (·) ≡ V ∗ · V is given by (8.55) for some stochastic matrix T = (tij ) and for some
fixed ONB {|ei〉}.

From Lemma (8.54), one has

ϕ = lim
n→∞ϕn.

In [38], the entanglements of ϕn and ϕ are checked. We will discuss the entan-
glement of EMC following [38]. First, we give three definitions of the entangled
compound state:

Definition 8.39 Let A1 and A2 be C∗-algebras, then ω ∈ S(A1 ⊗ A2) is entangled
if

ω /∈ Conv
{
ω1 ⊗ ω2;ωj ∈ S(Aj ), j = 1,2

}
.

Definition 8.40 Let Aj (j ∈ {1,2, . . . , n}) be C∗-algebras, then ω ∈ S(
⊗n

j=1 Aj )

is entangled if

ω /∈ Conv

{
n⊗

j=1

ωj ; ωj ∈ S(Aj ), j ∈ {1,2, . . . , n}
}

.

Definition 8.41 Let Aj (j ∈ {1,2, . . . ,∞}) be C∗-algebras, then ω ∈ S(
⊗∞

j=1 Aj )

is entangled if

ω /∈ Conv

{ ∞⊗

j=1

ωj ; ωj ∈ S(Aj ), j ∈ {1,2, . . . ,∞}
}

.

The entanglement of ϕn can be analyzed in the following sense:

Definition 8.42 Let A = ⊗n
j=1 Aj be divided as A = Ak] ⊗ A(k ≡ A[1,k] ⊗ A(k,n],

then

1. ω ∈ S(A) is 2-entangled if

ω /∈ Conv
{
ωk] ⊗ ω(k;ωk] ∈ S(Ak]), ω(k ∈ S(A(k)

}
, ∀k ∈ {1,2, . . . , n}.

2. ω ∈ S(A) is 2-separable if

ω ∈ Conv
{
ωk] ⊗ ω(k;ωk] ∈ S(Ak]), ω(k ∈ S(A(k)

}
, ∀k ∈ {1,2, . . . , n}.
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Lemma 8.43 If ω ∈ S(A) is 2-entangled, then ω is entangled.

Proof Clear from the definition. �

The 2-entangled entangled Markov chains can be characterized by computing
their degrees of entanglement.

In the next subsection, it will be shown that the 2-separability condition of the
EMC generated by a deterministic stochastic matrix is equivalent to the condition
of Theorem 8.27 for its separability.

The DEN DEN(|Ψn〉〈Ψn|) is that of EMC ϕ in the interval [0, n], which suggests
the following definition of the EMC ϕ.

Definition 8.44 The DEN of ϕ is defined by

DEN(ϕ) ≡ lim
n→∞DEN

(|Ψn〉〈Ψn|
)
, (8.58)

where DEN(|Ψn〉〈Ψn|) = mink∈[1,n]DEN(|Ψn〉〈Ψn|;ρk], σ(k) with ρk] =
trH(k

|Ψn〉〈Ψn| and σ(k = trHk] |Ψn〉〈Ψn|.

8.7.2 Entangled Markov Chains Generated by Unitary
Implementable Matrices

We consider the particular case in which a transition matrix T is given by a unitary
implementable matrix, and we will show that the EMC ϕ of a unitary implementable
matrix has the strongest entanglement. We start from an invariant measure P = (pi)

of the stochastic matrix T = (tij ) with non-zero elements (i.e., tij > 0 for any i,
j ∈ S). Then the following theorem holds.

Theorem 8.45 To every stochastic matrix T we associate the density matrix σT

given as

σT ≡
∑

i

pi |fi〉〈fi |,

where |fi〉 = ∑
k

√
tik|ek〉. Then

1. The state ϕn is a pure 2-separable state for any n < ∞ iff S(σT ) = 0.
2. The state ϕn is a pure 2-entangled state for any n < ∞ iff S(σT ) > 0.
3. There always exists the DEN of ϕ such that

−S(P ) ≤ DEN(ϕ) = −S(σT ) ≤ 0,

where S(P ) is the Shannon entropy of a probability measure P .

To prove this theorem we need a lemma.
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Lemma 8.46 Put σ(1) ≡ σT and define the density matrix σ(m) as

σ(m) ≡ E ∗
m−1

(
E ∗

m−2

(· · · (E ∗
1

(
σ(1)

))))
.

Then

S
(
σ(1)

) = S
(
σ(m)

)
, ∀m ∈ [1,∞).

Proof If σ(1) is a pure state, then σ(m) is a pure state. The claim of the lemma
follows.

Assume that σ(1) is a mixture state. This assumption means that the rank of σ(1)

is bigger than 2. Put k = rank(σ (1)), then σ(1) has a Schatten decomposition

σ(1) =
k∑

l=1

λl

∣
∣gl(1)

〉〈
gl(1)

∣
∣,

where λl > 0 (l ∈ [1, k]), ∑k
l=1λl = 1, and {|gl(1)〉} is a set of orthonormal vectors.

The vector |gl(1)〉 can be represented by using the ONB {|ei〉}
∣
∣gl(1)

〉 =
∑

i

μ(i; l)|ei〉

where
∑

i |μ(i; l)|2 = 1. Due to orthogonality of {|gl(1)〉}, one has

〈
gj (1), gl(1)

〉 =
∑

i

μ(i; j)∗μ(i; l) = δj,l .

Using the set {|gl(1)〉}, the density operator σ(m) is given as

σ(m) =
k∑

l=1

λl E ∗
m−1

(· · · (E ∗
1

(∣
∣gl(1)

〉〈
gl(1)

∣
∣
))) =

k∑

l=1

λl

∣
∣gl(m)

〉〈
gl(m)

∣
∣,

where
∣
∣gl(m)

〉 = Vm−1 · · ·V1
∣
∣gl(1)

〉

=
∑

i1,...,im+1

μ(i1; l)
m−1∏

α=1

√
tiαiα+1 |ei1 , . . . , eim〉.

Then {|gl(m)〉} becomes also a set of orthonormal vectors in
⊗m

j=1 Hj . In fact, one
can compute

〈
gj (m),gl(m)

〉 =
∑

i1,...,im

μ(i1; j)∗μ(i1; l)
m−1∏

α=1

tiαiα+1

=
∑

i1

μ(i1; j)∗μ(i1; l) = δj,l .
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Therefore, one has

S
(
σ(1)

) = S
(
σ(m)

) = −
k∑

l=1

λl logλl.
�

Proof of Theorem 8.45 Now ϕn is given by

ϕn(·) = tr |Ψn〉〈Ψn|·,

where |Ψn〉 = ∑
j0,...,jn

√
pj0

∏n−1
α=0

√
tjαjα+1 |ej0 , . . . , ejn〉. From the purity of ϕn one

has

DEN
(|Ψn〉〈Ψn| : ρk], σ(k

) = −S(σ(k), ∀k ∈ [1, n].
Since P is the invariant measure of T , the marginal density σ(k is computed as

σ(k = trHk] |Ψn〉〈Ψn|

=
∑

j0,...,jk−1;lk,...,ln
pj0

k−2∏

α=0

tjαjα+1

√
tjk−1lk

∗ · · ·√tln−1ln
∗

× √
tjk−1jk

· · ·√tjn−1jn
|ejk

, . . . , ejn
〉〈elk , . . . , eln |

=
∑

i;jk,...,jn;lk,...,ln
pi

√
tilk

∗ · · ·√tln−1ln
∗√

tijk
· · ·√tjn−1jn

× |ejk
, . . . , ejn〉〈elk , . . . , eln |

=
∑

i

pi

∣
∣fi(n − k)

〉〈
fi(n − k)

∣
∣,

where |fi(n − k)〉 = ∑
jk,...,jn

√
tijk

· · ·√tjn−1jn |ejk
, . . . , ejn〉.

It is easily checked that the norm of |fi(n − k)〉 is equal to 1 but the set {|fi(n −
k)〉} is not orthogonal, in general. Therefore, one can estimate the entropy of σ(k as
follows:

0 ≤ S(σ(k) ≤ −
∑

pi logpi = H(P ),

where S(σ(k) = H(P ) holds if {|fi(n− k)〉} is an orthogonal set (i.e., it is an ONB).
In the case of k = n − 1, one has

σ(n−1 =
∑

i

pi

∣
∣fi(1)

〉〈
fi(1)

∣
∣ =

∑

i

pi |fi〉〈fi | = σT . (8.59)

According to the notation of Lemma 8.46, σ(n−m can be represented as

σ(n−m = σ(m).
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Lemma 8.46 means that

DEN
(|Ψn〉〈Ψn| : ρk], σ(k

) = −S(σT ).

From Theorem 8.27 and the definition of DEN(ϕ), the theorem holds. �

Suppose that there exists a unitary matrix U = (uij ) such that |uij |2 = tij for any
i and j . Then the stochastic matrix T = (tij ) is unitary implementable and we can
take

√
tij = uij . Under this condition, the set {|fi〉} giving the decomposition of σT

by (8.59) becomes an ONB:

〈fj , fi〉 =
∑

k

u∗
jkuik = (UU∗)ij = δi,j .

Thus we have the following theorem.

Theorem 8.47 If EMC ϕ has an invariant measure P of a unitary implementable
matrix T , then there exists the DEN of ϕ such that

DEN(ϕ) = −S(P ).

8.8 Notes

The entangled state has been studied recently by several authors [813]. There have
been a lot of works discussing the properties of entanglement [108, 324, 350]. In par-
ticular, the measures to distinguish the entangled states from separable states have
been extensively investigated. One of the computable criterion is the PPT criterion
[645] proposed by Peres, which gives a necessary and sufficient condition in the
low-dimensional case [349], however, is a necessary condition but not a sufficient
one in the high-dimensional case. Belavkin and Ohya [93, 94] have discussed an
approach employing a Hilbert–Schmidt operator. Entanglement degree for mixed
states has been studied using entropic measures; quantum relative entropy [776]
and quantum mutual entropy [94]. This approach can be applied in the infinite-
dimensional case, and it is a generalization of the PPT criterion.

Entangled states were introduced by Einstein, Podolsky and Rosen [218] and
Schrodinger [692, 693]. Bell’s theorem for entangled states of spins without the
spatial dependence was proved in [95]. The spatial dependence of entangled states
and the modification of the Bell theorem was considered by Volovich [790, 794].

Tomita–Takesaki theory has been applied to the characterized entangled state
[504]. The notion of the entanglement witness was introduced by Jamiołkowski
[379], and its relation with the entangling operator was discussed in [383]. The
various examples of quantum correlation is discussed in [164]. The definition of the
entangled Markov chain is given by Accardi and Fidaleo [38] and its development
is discussed in [39, 40].





Chapter 9
Quantum Capacity and Coding

We discuss in this chapter the following topics in quantum information: (1) the
channel capacity for quantum communication processes by applying the quantum
mutual entropy introduced in Chap. 7, (2) formulations of quantum analogues of
McMillan’s theorem and coding type theorem for entanglement transmission.

9.1 Channel Capacity

As we discussed, it is important to check the ability or efficiency of a channel. It is
the channel capacity which mathematically describes this ability. Here we discuss
two types of the channel capacity, namely, the capacity of a quantum channel Γ ∗
and that of a classical (classical–quantum–classical) channel Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗.

9.1.1 Capacity of Quantum Channel

The capacity of a quantum channel is the ability to transmit information by the chan-
nel itself, so that it does not depend on how a message being treated as a classical
object is coded.

As was discussed in Chap. 1, the main theme of quantum information is to study
the information carried by a quantum state and its change associated with a change
of the quantum state due to an effect of a quantum channel describing a certain
dynamics, in a generalized sense, of a quantum system. So the essential point of
quantum communication through a quantum channel is the change of quantum states
by the quantum channel, which should be first considered free from any coding
of messages. The message is treated as a classical object, so that the information
transmission started from messages and their quantum codings is a semi-quantum
and is discussed in the next subsection. This subsection treats the pure quantum
case, in which the (pure) quantum capacity is discussed as a direct extension of the
classical (Shannon’s) capacity in Chap. 6.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_9, © Springer Science+Business Media B.V. 2011
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Before starting mathematical discussion, we explain a bit more about what we
mean by “pure quantum” for transmission capacity. We have to start from any quan-
tum state and a channel, then compute the supremum of the mutual entropy to define
the “pure” quantum capacity. One is often confused by this point, for example, one
starts from the coding of a message, computes the supremum of the mutual entropy
and then says that the supremum is the capacity of a quantum channel, which is not
purely quantum but a classical capacity through a quantum channel.

Even when this coding is a quantum coding and one sends the coded message
to a receiver through a quantum channel, if one starts from a classical state, i.e.,
a probability distribution of messages, then this capacity is not the capacity of the
quantum channel itself. In this case, the usual Shannon’s theory is applied because
one can easily compute the conditional distribution in a usual (classical) way. The
supremum is the capacity of a classical–quantum–classical channel, and it is in the
second category discussed in the next subsection.

The capacity of a quantum channel Γ ∗ : S(H) →S(K) is defined as follows:
Let S0 (⊂ S(H)) be the set of all states prepared for expression of information.
Then the quantum capacity of the channel Γ ∗ with respect to S0 is defined by

CS0(Γ ∗) = sup
{
I (ρ;Γ ∗);ρ ∈ S0

}
.

Here I (ρ;Γ ∗) is the mutual entropy given in Chap. 7 with Λ∗ = Γ ∗. When S0 =
S(H) , CS(H)(Γ ∗) is denoted by C(Γ ∗) for simplicity. The capacity C(Γ ∗) is the
largest information possibly sent through the channel Γ ∗.

We have

Theorem 9.1

0 ≤ CS0(Γ ∗) ≤ sup
{
S(ρ);ρ ∈ S0

}
.

Proof From the monotonicity of the relative entropy (i.e., for a channel Λ∗ from
the state space of any algebra A into that of B, when S(Λ∗ϕ1,Λ

∗ϕ2) ≤ S(ϕ1, ϕ2)

for any ϕ1 ∈ S(A), ϕ2 ∈ S(B)), one has I (ρ;Λ∗) = sup {∑j λjS(Λ∗ρj ,Λ
∗ρ) :∑

j λjρj = ρ} ≤ sup{∑
j λjS(ρj , ρ) : ∑j λjρj = ρ} = S(ρ), which concludes the

proof after taking the supremum over ρ ∈ S0. �

Remark 9.2 We also considered the pseudo-quantum capacity Cp(Γ ∗) defined
[590] using the pseudo-mutual entropy Ip(ρ;Γ ∗) where the supremum is taken
over all finite decompositions instead of all orthogonal pure decompositions:

Ip(ρ;Γ ∗) = sup

{∑

k

λkS(Γ ∗ρk,Γ
∗ρ);ρ =

∑

k

λkρk, finite decomposition

}

.

However, the pseudo-mutual entropy is not well-matched to the conditions ex-
plained in Sect. 9.2, and it is difficult to compute numerically. It is easy to see
that

CS0(Γ ∗) ≤ CS0
p (Γ ∗).
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It is worth noting that in order to discuss the details of transmission process for
a sequence of n messages, we have to consider a channel on the n-tuple space and
the average mutual entropy (transmission rate) per message, and such a discussion
will be given in Sect. 9.2.

9.1.2 Capacity of Classical–Quantum–Classical Channel

The capacity of C–Q–C channel Λ∗ = Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗ is the capacity of the infor-
mation transmission process starting from the coding of messages; therefore, it can
be considered as the capacity including a coding (and a decoding). The channel Ξ∗
sends a classical state to a quantum one, and the channel Ξ̃∗ transforms a quan-
tum state to a classical one. Note that Ξ∗ and Ξ̃∗ can be considered as the dual
maps of ξ : B(H) → C

n (A �→ (ϕ1(A),ϕ2(A), . . . , ϕn(A))) and ξ̃ : C
m → B(K)

((c1, c2, . . . , cm) �→ ∑
j cjAj ), respectively.

The capacity of the C–Q–C channel Λ∗ = Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗ is

CP0(Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗) = sup
{
I (ρ; Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗);ρ ∈ P0

}
,

where P0 (⊂ P(Ω)) is the set of all probability distributions prepared for input (a-
priori) states (distributions or probability measures, that is, classical states). More-
over, the capacity for coding free is found by taking the supremum of the mutual
entropy over all probability distributions and all codings Ξ∗:

CP0
c (Ξ̃∗ ◦ Γ ∗) = sup

{
I (ρ; Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗);ρ ∈ P0,Ξ

∗}.

The last capacity is both for coding and decoding free and it is given by

C
P0
cd (Γ ∗) = sup

{
I (ρ; Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗);ρ ∈ P0,Ξ

∗, Ξ̃∗}.

These capacities C
P0
c , C

P0
cd do not measure the ability of the quantum channel Γ ∗

itself, but measure the ability of Γ ∗ through the coding and decoding.
The above three capacities CP0 , C

P0
c , C

P0
cd satisfy the following inequalities

0 ≤ CP0(Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗) ≤ CP0
c (Ξ̃∗ ◦ Γ ∗) ≤ C

P0
cd (Γ ∗) ≤ sup

{
S(ρ);ρ ∈ Po

}
.

Here S(ρ) is the Shannon entropy −∑
pk logpk for the initial probability distribu-

tion {pk} of the message.

9.1.3 Bound of Mutual Entropy and Capacity

Here we discuss a bound of mutual entropy and capacity. The discussion of this
subsection is based on [345, 584, 587, 591, 601].
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To each input symbol xi there corresponds a state σi of the quantum commu-
nication system; σi functions as the codeword of xi . The coded state is a convex
combination

ρ =
∑

i

piδi → σ =
∑

i

piΞ
∗δi =

∑

i

piσi

whose coefficients are the corresponding probabilities, pi is the probability that the
letter xi should be transmitted over the channel. To each output symbol yj there
corresponds a non-negative observable, that is, a self-adjoint operator Qj on the
output Hilbert space K, such that

∑
j Qj = I ({Qj } is called POVM). In terms of

the quantum states, the transition probabilities are trΓ ∗σi(Qj ), and the probability
that xi was sent and yj is read is

pji = pi trΓ
∗σi(Qj ).

On the basis of this joint probability distribution, the classical mutual information is
given by

Icl =
∑

i,j

pji log
pji

piqj

where qj = trΓ ∗σ(Qj ). The next theorem provides a fundamental bound for the
mutual information in terms of the quantum von Neumann entropy, suggested by
Levitin and Gordon [296, 477] and was proved by Holevo [345] in 1973. Ohya
introduced in 1983 the quantum mutual entropy by means of the relative entropy, as
discussed in Chap. 7.

Theorem 9.3 With the above notation,

Icl =
∑

i,j

pji log
pji

piqj

≤ S(Γ ∗σ) −
∑

i

piS(Γ ∗σi)

holds.

Holevo’s upper bound can now be expressed as

S(Γ ∗σ) −
∑

i

piS(Γ ∗σi) =
∑

i

piS(Γ ∗σi,Γ
∗σ).

We shall see that Theorem 9.3 follows from Bogoliubov’s inequality and local
monotonicity of the relative entropy. For a general quantum case, we have the fol-
lowing inequality according to Theorem 7.15 in Chap. 7.

Theorem 9.4 When the Schatten decomposition (i.e., one dimensional spectral de-
composition) ρ = ∑

i piρi is unique,

Icl ≤ I (ρ;Γ ∗) =
∑

i

piS(Γ ∗ρi,Γ
∗ρ)

for any channel Γ ∗.
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Going back to general discussion, an input state ρ is the probability distribution
{λk} of messages, and its Schatten decomposition is unique as ρ = ∑

k λkδk with
delta measures δk , so the mutual entropy is written by

I (ρ; Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗) =
∑

k

λkS(Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗δk, Ξ̃
∗ ◦ Γ ∗ ◦ Ξ∗ρ).

If the coding Ξ∗ is a quantum coding, then Ξ∗δk is expressed by a quan-
tum state. Denote the coded quantum state by σk = Ξ∗δk as above and put
σ = Ξ∗ρ = ∑

k λkΞ
∗(δk) = ∑

k λkσk . Then the above mutual entropy in a
(classical–quantum–classical) channel Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗ is written as

I (ρ; Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗) =
∑

k

λkS(Ξ̃∗ ◦ Γ ∗σk, Ξ̃
∗ ◦ Γ ∗σ). (9.1)

This is the expression of the mutual entropy of the whole information transmission
process starting from a coding of classical messages.

Remark that if
∑

k λkS(Γ ∗σk) is finite, then (9.1) becomes

I (ρ; Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗) = S(Ξ̃∗ ◦ Γ ∗σ) −
∑

k

λkS(Ξ̃∗ ◦ Γ ∗σk).

Further, if ρ is a probability measure having a density function f (λ), that is, ρ(A) =∫
A

f (λ)dλ, where A is an interval in R, and each λ corresponds to a quantum coded
state σ(λ), then

σ =
∫

f (λ)σ (λ)dλ

and

I (ρ; Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗) = S(Ξ̃∗ ◦ Γ ∗σ) −
∫

f (λ)S
(
Ξ̃∗ ◦ Γ ∗σ(λ)

)
dλ.

One can prove that this is less than

S(Γ ∗σ) −
∫

f (λ)S
(
Γ ∗σ(λ)

)
dλ.

This upper bound is a special one of the following inequality

I (ρ; Ξ̃∗ ◦ Γ ∗ ◦ Ξ∗) ≤ I (ρ;Γ ∗ ◦ Ξ∗),

which comes from the monotonicity of the relative entropy and gives the proof of
Theorem 9.4 above.

Let us discuss a more general bound. If A and B are two positive Hermitian
operators (not necessarily states, i.e., not necessarily with unit traces) then we set

S(A,B) = trA(logA − logB).
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By means of the Bogoliubov inequality

S(A,B) ≥ trA(log trA − log trB)

which was proved in Sect. 9.5 and the monotonicity of the mutual entropy, we have
the following bound giving the bound of the mutual entropy I (ρ;Γ ∗ ◦ Ξ∗).

Theorem 9.5 For a probability distribution ρ = {λk} and a quantum coded state
σ = Ξ∗ρ ≡ ∑

k λkσk , λk ≥ 0,
∑

k λk = 1, one has the following inequality for
any quantum channel decomposed as Γ ∗ = Γ ∗

1 ◦ Γ ∗
2 such that Γ ∗

1 σ = ∑
i AiσA∗

i ,∑
i A

∗
i Ai = I :

∑

k

λkS(σk, σ )

≥
∑

k,i

λktr (AiΓ
∗

2 σkA
∗
i )

[
log tr (AiΓ

∗
2 σkA

∗
i ) − log tr (AiΓ

∗
2 σA∗

i )
]
.

Proof By applying the local monotonicity of the relative entropy,

S(ρ, τ ) ≥
∑

i

S(AiρA∗
i ,AiτA∗

i )

where ρ and τ are any states, we have

∑

k

λkS(σk, σ ) ≥
∑

k

∑

i

λkS(AiΓ
∗

2 σkA
∗
i ,AiΓ

∗
2 σA∗

i ).

Here the second inequality follows from the Bogoliubov inequality. �

In the case that the channel Γ ∗
2 is identical, Γ ∗

2 σk = σk , the above inequality
reduces to the bound of Theorem 9.3:

∑

k

λkS(σk, σ ) ≥
∑

k,i

λktr(Biσk)
[
log tr(Biσk) − log tr(Biσ )

]

where Bi = A∗
i Ai .

In fact, it is the classical Shannon’s mutual entropy. If we introduce the transition
probability p(i|k) = trBiσk then we can rewrite the last inequality in the form of
the bound to the classical mutual entropy

∑

k

λkS(σk, σ ) ≥
∑

k,i

λkp(i|k)

[

logp(i|k) − log
∑

n

p(i|n)λn

]

=
∑

k,i

pik logpik −
∑

k

λk logλk −
∑

i

μi logμi,



9.2 Computation of Capacity 233

where pik = p(i|k)λk is the joint probability and

∑

k

pik = μi,
∑

i

pik = λk.

Note that
∑

k λkS(σk, σ ) and
∑

i,k λkS(AiΓ
∗

2 σkA
∗
i ,AiΓ

∗
2 σA∗

i ) are the quan-
tum mutual entropies I (ρ;Γ ∗) for special channels Γ ∗ as above and that the
lower bound is equal to the classical mutual entropy which depends on the POVM
{Bi = A∗

i Ai}.
Using the above upper and lower bounds of the mutual entropy, we can compute

these bounds of the capacity in many different cases.

9.2 Computation of Capacity

Shannon’s communication theory is largely of asymptotic character, the message
length N is supposed to be very large. So we consider the N -fold tensor product of
the input and output Hilbert spaces H and K,

HN =
N⊗

H, KN =
N⊗

K.

Note that

B(HN) =
N⊗

B(H), B(KN) =
N⊗

B(K).

A channel Λ∗
N : S(HN) → S(KN) sends density operators acting on HN into those

acting on KN . In particular, we take a memoryless channel which is the tensor prod-
uct of the same single site channels: Λ∗

N = Λ∗ ⊗ · · · ⊗ Λ∗ (N -fold). In this setting,
we compute the quantum capacity and the classical–quantum–classical capacity, de-
noted by Cq and Ccq below.

A pseudo-quantum code (of order N ) is a probability distribution on S(HN) with
finite support in the set of product states. So {(pi), (ϕi)} is a pseudo-quantum code if
(pi) is a probability vector and ϕi are product states of B(HN). This code is nothing
but a quantum code for a classical input (so a classical–quantum channel) such that
p = ∑

j pj δj ⇒ ϕ = ∑
j pjϕj , as discussed in the previous chapter. Each quantum

state ϕi is sent over the quantum mechanical media (e.g., optical fiber) and yields
the output quantum states Λ∗

Nϕi . The performance of coding and transmission is
measured by the quantum mutual entropy

I (ϕ;Λ∗
N)

(= I
(
(pi), (ϕi);Λ∗

N

)) =
∑

i

piS(Λ∗
Nϕi,Λ

∗
Nϕ).

We regard ϕ as the quantum state of the n-component quantum system during the
information transmission. Taking the supremum over certain classes of pseudo-
quantum codes, we obtain various capacities of the channel. The supremum is over
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product states when we consider memoryless channels, so the capacity is

Ccq(Λ
∗
N) = sup

{
I
(
(pi), (ϕi);Λ∗

N

);
(
(pi), (ϕi)

)
is a pseudo-quantum code

}
.

Next we consider a subclass of pseudo-quantum codes. A quantum code is de-
fined by the additional requirement that {ϕi} is a set of pairwise orthogonal pure
states [559]. This code is pure quantum, namely, we start at a quantum state ϕ and
take orthogonal extremal decompositions ϕ = ∑

i piϕi ; this decomposition is not
unique. Here the coding is how to take such an orthogonal extremal decomposition.
The quantum mutual entropy is

I (ϕ;Λ∗
N) = sup

{∑

i

piS(Λ∗
Nϕi,Λ

∗
Nϕ);

∑

i

piϕi = ϕ

}

,

where the supremum is over all orthogonal extremal decompositions
∑

i piϕi = ϕ

(i.e., ϕi ⊥ ϕj ,ϕi ∈ exS). Then we arrive at the capacity

Cq(Λ
∗
N) = sup

{
I (ϕ;Λ∗

N):ϕ}

= sup
{
I
(
(pi), (ϕi);Λ∗

N

): ((pi), (ϕi)
)

is a quantum code
}
.

It follows from the definition that

Cq(Λ
∗
N) ≤ Ccq(Λ

∗
N) (9.2)

holds for every channel.

Proposition 9.6 For a memoryless channel, the sequences Ccq(Λ
∗
N) and Cq(Λ

∗
N)

are subadditive.

Proof If ((pi), (ϕi)) and ((qj ), (ψj )) are (pseudo-)quantum codes of order N and
M , then ((pi, qj ), (ϕi ⊗ ψj )) is a (pseudo-)quantum code of order N + M and

I
(
(pi, qj ), (ϕi ⊗ ψj );Λ∗

N+M

) = I
(
(pi), (ϕi);Λ∗

N

) + I
(
(qj ), (ψj );Λ∗

M

)
(9.3)

follows from the additivity of relative entropy when taking tensor product. One can
check that if the initial codes are semi-classical (restricted quantum) then the product
code is semi-classical (restricted quantum) as well. After taking the supremum, the
additivity (9.3) yields the subadditivity of the sequences Ccq(Λ

∗
N) and Cq(Λ

∗
N). �

Therefore, the following limits exist and they coincide with the infimum:

C̃cq = lim
N→∞

1

N
Ccq(Λ

∗
N), C̃∞

q = lim
N→∞

1

N
Cq(Λ

∗
N). (9.4)

(For multiple channels with some memory effect, one may take the limsup in (9.4)
to get a good concept of capacity per single use.)
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Example 9.7 Let Λ∗ be a channel on the 2 × 2 density matrices such that

Λ∗:
(

a b

b̄ c

)

�→
(

a 0
0 c

)

.

Consider the input density matrix

ρλ = 1

2

(
1 1 − 2λ

1 − 2λ 1

)

(0 < λ < 1).

For λ �= 1/2 the orthogonal extremal decomposition is unique, in fact,

ρλ = λ

2

(
1 −1

−1 1

)

+ 1 − λ

2

(
1 1
1 1

)

,

and we have

I (ρλ,Λ
∗) = 0 for λ �= 1/2.

However, I (ρ1/2,Λ
∗) = log 2. Since Cq(Λ∗) ≤ Ccq(Λ

∗) ≤ log 2, we conclude that
Cq(Λ∗) = Ccq(Λ

∗) = log 2.

9.2.1 Divergence Center

In order to estimate the quantum mutual entropy, we introduce the concept of a
divergence center. Let {ωi : i ∈ I } be a family of states and consider a constant r > 0.

Definition 9.8 We say that the state ω is a divergence center for a family of states
{ωi : i ∈ I } with radius ≤ r if

S(ωi,ω) ≤ r for every i ∈ I.

In the following discussion about the geometry of relative entropy (or divergence
as it is called in information theory), the ideas of [184] can be recognized very well.

Lemma 9.9 Let ((pi), (ϕi)) be a quantum code for the channel Λ∗ and ω a diver-
gence center with radius ≤ r for {Λ∗ϕi}. Then

I
(
(pi), (ϕi);Λ∗) ≤ r.

Proof We assume that the states Λ∗ϕi , Λ∗ϕ = ∑
i piΛ

∗ϕi and ω have finite en-
tropy, and their densities are denoted by ρi , ρ, ρ′, respectively. We have

−S(Λ∗ϕi) − trρi logρ ′ ≤ r,
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hence
∑

i

piS(Λ∗ϕi,Λ
∗ϕ) = −

∑

i

piS(Λ∗ϕi) − trρ logρ

≤ r − trρ(logρ − logρ ′)

= r − S(Λ∗ϕ,ω). (9.5)

The extra assumption we made holds always in the finite-dimensional case. When
the entropies are not finite but the relative entropies are such, one has to use more
sophisticated methods for the proof. It is quite clear that Inequality (9.5) is close to
equality if S(Λ∗ϕi,ω) is roughly r and

∑
i piΛ

∗ϕi is roughly ω. �

Definition 9.10 Let {ωi : i ∈ I } be a family of states. We say that the state ω is an
exact divergence center with radius r if

r = inf
ϕ

sup
i

{
S(ωi, ϕ)

}

and ω is a minimizer for the right-hand side.

When r is finite, there exists a minimizer because ϕ �→ sup{S(ωi, ϕ): i ∈ I } is
lower semicontinuous with compact level sets (cf. Proposition 5.27 in [578]).

Lemma 9.11 Let ψ0,ψ1 and ω be states of B(K) such that the Hilbert space K
is finite-dimensional, and set ψλ = (1 − λ)ψ0 + λψ1 (0 ≤ λ ≤ 1). If S(ψ0,ω),
S(ψ1,ω) are finite and

S(ψλ,ω) ≥ S(ψ1,ω) (0 ≤ λ ≤ 1)

then

S(ψ1,ω) + S(ψ0,ψ1) ≤ S(ψ0,ω).

Proof Let the densities of ψλ,ω be ρλ, ρ. Due to the assumption S(ψλ,ω) < +∞,
the kernel of ρ is smaller than that of ρλ. The function f (λ) = S(ϕλ,ω) is convex
on [0,1] and f (λ) ≥ f (1) (cf. Proposition 3.1 in [578]). It follows that f ′(1) ≤ 0.
Hence we have

f ′(1) = tr(ρ1 − ρ0)(I + logρ1) − tr(ρ1 − ρ0) logρ

= S(ψ1,ω) − S(ψ0,ω) + S(ψ0,ψ1) ≤ 0.

This is the inequality we had to obtain.
We note that when differentiating the function f (λ) the well-known formula

∂

∂t
trf (A + tB)|t=0 = tr

(
f ′(A)B

)

can be used. �
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Lemma 9.12 Let {ωi : i ∈ I } be a finite set of states of B(K) such that the Hilbert
space K is finite-dimensional. Then the exact divergence center is unique, and it is
in the convex hull of the states ωi .

Proof Let K be the (closed) convex hull of the states ω1,ω2, . . . ,ωn, and let ω be
an arbitrary state such that S(ωi,ω) < +∞. There is a unique state ω ∈ K such
that S(ω′,ω) is minimal (where ω′ runs over K) (see Theorem 5.25 in [578]). Then
S(λωi + (1−λ)ω′,ω) ≥ S(ω′,ω) for every 0 ≤ λ ≤ 1 and 1 ≤ i ≤ n. It follows from
the previous lemma that

S(ωi,ω) ≥ S(ωi,ω
′).

Hence the divergence center of ωi ’s must be in K. The uniqueness of the exact
divergence center follows from the fact that the relative entropy functional is strictly
convex in the second variable. �

Theorem 9.13 Let Λ∗:S(H) → S(K) be a channel with finite dimensional K.
Then the capacity Ccq(Λ

∗) = Cq(Λ
∗) is the divergence radius of the range of Λ∗.

Proof Let ((pi), (ϕi)) be a quantum code. Then I ((pi), (ϕi);Λ∗) is at most the di-
vergence radius of {Λ∗ϕi} (according to Lemma 9.9), which is obviously majorized
by the divergence radius of the range of Λ∗. Therefore, the capacity does not exceed
the divergence radius of the range.

To prove the converse inequality, we assume that the exact divergence radius of
Λ∗(S(H)) is larger than t ∈ R. Then we can find ϕ1, ϕ2, . . . , ϕn ∈ S(H) such that
the exact divergence radius r of Λ∗(ϕ1), . . . ,Λ

∗(ϕn) is larger than t . Lemma 9.12
tells us that the divergence center ω of Λ∗(ϕ1), . . . ,Λ

∗(ϕn) lies in their convex
hull K . By a possible reordering of the states ϕi , we can achieve

S
(
Λ∗(ϕi), ω

)
{= r, if 1 ≤ i ≤ k,

< r, if k < i ≤ n.

Let K ′ be the convex hull of Λ∗(ϕ1), . . . ,Λ
∗(ϕn). We claim that ω ∈ K ′. Indeed,

choose ω′ ∈ K ′ such that S(ω′,ω) is minimal (ω′ is running over K ′). Then

S
(
Λ∗ϕi, εω

′ + (1 − ε)ω
)
< r

for every 1 ≤ i ≤ k and 0 < ε < 1, due to Lemma 9.11. However,

S
(
Λ∗ϕi, εω

′ + (1 − ε)ω
)
< r

for k ≤ i ≤ n and for a small ε by a continuity argument. In this way, we conclude
that there exists a probability distribution (pi,p2, . . . , pk) such that

k∑

i=1

piΛ
∗ϕi = ω, S(Λ∗ϕi,ω) = r.
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Consider now the pseudo-quantum code ((pi), (ϕi)) in the above and get

k∑

i=1

piS

(

Λ∗ϕi,Λ
∗
(

k∑

j=1

pjϕj

))

=
k∑

i=1

piS(Λ∗ϕi,ω) = r.

So we have found a quantum code which has quantum mutual entropy larger than t .
The channel capacity must exceed the entropy radius of the range. �

9.2.2 Comparison of Capacities

Up to now our discussion has concerned the capacities of coding and transmission,
which are bounds for the performance of quantum coding and quantum transmis-
sion. After a measurement is performed, the quantum channel becomes classical and
Shannon’s theory is applied. The total capacity (or classical–quantum–classical ca-
pacity) of a quantum channel Λ∗ is

Ccqc(Λ
∗) = sup

{
I
(
(pi), (ϕi); Ξ̃∗ ◦ Λ∗)},

where the supremum is taken over all pseudo-quantum codes ((pi), (ϕi)) and all
measurements Ξ̃∗. Due to the monotonicity of the mutual entropy,

Ccqc(Λ
∗) ≤ Ccq(Λ

∗),

and similarly

C̃cqc(Λ
∗
N) ≡ lim sup

1

N
Ccqc(Λ

∗
N) ≤ C̃cq(Λ

∗
N)

holds for the capacities per single use.

Example 9.14 Any 2 × 2 density operator has the following standard representation

ρx = 1

2
(I + x1σ1 + x2σ2 + x3σ3),

where σ1, σ2, σ3 are the Pauli matrices and x = (x1, x2, x3) ∈ R
3 with x2

1 + x2
2 +

x2
3 ≤ 1. For a positive semi-definite 3 × 3 matrix A, the application Γ ∗ : ρx �→ ρAx

gives a channel when ‖A‖ ≤ 1. Let us compute the capacities of Γ ∗. Since a unitary
conjugation does not change capacity, obviously, we may assume that A is diagonal
with eigenvalues 1 ≥ λ1 ≥ λ2 ≥ λ3 ≥ 0. The range of Γ ∗ is visualized as an ellipsoid
with (Euclidean) diameter 2λ1. It is not difficult to see that the tracial state τ is the
exact divergence center of the segment connected the states (I ±λ1σ1)/2, and hence
τ must be the divergence center of the whole range. The divergence radius is

S

(
1

2

(
1 0
0 0

)

+ λ

2

(
1 0
0 −1

)

, τ

)
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= log 2 − S

(
1

2

(
1 + λ 0

0 1 − λ

))

= log 2 − η
(
(1 + λ)/2

) − η
(
(1 − λ)/2

)
.

This gives the capacity Ccq(Γ
∗) according to Theorem 9.13. Inequality (9.2) tells us

that the capacity Cq(Γ
∗) cannot exceed this value. On the other hand, I (τ,Γ ∗) =

log 2 − η((1 + λ)/2) − η((1 − λ)/2) and we have Ccq(Γ
∗) = Cq(Γ

∗).

The relations among Ccq, Cq and Ccqc form an important problem and are worth
studying. For a noiseless channel, Ccqc = logn was obtained in [264], where n is
the dimension of the output Hilbert space (actually identical to the input one). Since
the tracial state is the exact divergence center of all density matrices, we have Ccq =
logn and also Cq = logn.

We expect that Ccq < Ccqc for “truely quantum mechanical channels” but C̃cqc =
C̃cq = C̃q must hold for a large class of memoryless channels.

One can obtain the following results for the attenuation channel which is dis-
cussed in the previous chapter.

Lemma 9.15 Let Λ∗ be the attenuation channel. Then

sup I
(
(pi), (ϕi);Λ∗) = logn

where the supremum is over all pseudo-quantum codes ((pi)
n
i=1, (ϕf (i))

n
i=1) apply-

ing n coherent states.

Proof We know that Λ∗ϕf = ϕaf , so the output {Λ∗ϕf (1), . . . ,Λ
∗ϕf (n)} consists of

n pure states. The corresponding vectors of Γ ∗(H) span a Hilbert space of dimen-
sion k ≤ n. Since the tracial state on that Hilbert space is a divergence center with
radius ≤ logk ≤ logn, logn is always a bound for the mutual information according
to Lemma 9.9.

In order to show that the bound logn is really achieved, we choose the vectors
f (k) such that

f (k) = λkf (1 ≤ k ≤ n),

where f ∈ H is a fixed nonzero vector. Then in the limit λ → ∞ the states ϕf (k)

become orthogonal since

∣
∣〈Φλkf ,Φλmf 〉∣∣2 = exp

(−λ2(k − m)2‖f ‖2/2
) → 0

whenever k �= m. In the limit λ → ∞, the tracial state (of a subspace) becomes the
exact divergence center, and we have

lim
λ→∞ I

(
(1/n), (ϕf (i));Λ∗) = logn.

This proves the lemma. �

The next theorem follows directly from the previous lemma.



240 9 Quantum Capacity and Coding

Theorem 9.16 The capacity Ccq of the attenuation channel is infinite.

Since the argument of the proof of the above lemma works for any quasi-free
channel, we can conclude Cpq = ∞ also in that more general case. Another remark
concerns the classical capacity Ccqc. Since the states ϕf (n) used in the proof of
Lemma 9.15 commute in the limit λ → ∞, the classical capacity Ccqc is infinite as
well. Ccqc = ∞ follows also from the proof of the next theorem.

Theorem 9.17 The capacity Cq of the attenuation channel is infinite.

Proof We follow the strategy of the proof of the previous theorem, but we use the
number states in place of the coherent ones. The attenuation channel sends the
number state |n〉〈n| into the binomial mixture of the number states |0〉〈0| (≡ Φ),
|1〉〈1|, . . . , |n〉〈n|. Hence the commuting family of a convex combination of number
states is invariant under the attenuation channel, and the channel restricted to those
states is classical with obviously infinite capacity. Since Cq (as well as Ccqc) cannot
have a smaller value, the claim follows. �

Let us make some comments on the previous results. The theorems mean that
an arbitrarily large amount of information can go through the attenuation channel;
however, the theorems do not say anything about the price for it. The expectation
value of the number of particles needed in the pseudo-quantum code of Lemma 9.15
tends to infinity. Indeed,

∑

i

1

n
ϕf (i)(N) = 1

n

n∑

i=1

∥
∥f (i)

∥
∥2 = λ(n + 1)(2n + 1)‖f ‖2/6,

which increases rapidly with n. (Above N denoted the number operator.) Hence the
good question is to ask the capacity of the attenuation channel when some energy
constrain is posed:

C(E0) = sup

{

I
(
(pi), (ϕi);Λ∗);

∑

i

piϕi(N) ≤ E0

}

.

To be more precise, we have posed a bound on the average energy; different con-
straint is also possible, cf. [153]. Since

Λ(N) = ηN

for the dual operator Λ of the channel Λ∗ and the number operator N , we have

C(E0) = sup

{∑

i

piS

(

ϕi,
∑

j

pjϕj

)

;S(ϕ) <
∑

i

piϕi(N) ≤ ηE0

}

.

The solution of this problem is the same as for

S(ϕ) < sup
{
S(ψ) : ψ(N) = ηE0

}
,
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and the well-known maximizer of this problem is a so-called Gibbs state. Therefore,
we have

C(E0) = a2E0 + log
(
a2E0 + 1

)
.

This value can be realized as a classical capacity if the number states can be output
states of the attenuation channel.

9.3 Quantum McMillan Type Theorem

McMillan’s theorem in classical systems was discussed in Chap. 6. Here we con-
sider how it can be extended to quantum systems. In classical systems, the entropy
function and the conditional entropy function with respect to two σ -fields C̃ and D̃,
generated by two finite (measurable) partitions of the message space M, are defined
as

Ŝ(C̃) = −
∑

C∈C̃

logμ(C)1C,

Ŝ(C̃ | D̃) = −
∑

C∈C̃,D∈D̃

logμ(C|D)1C∩D.

They are basic quantities of McMillan’s theorem. We discuss the quantum analogue
of these quantities.

9.3.1 Entropy Operators in Quantum Systems

Let N be a finite-dimensional von Neumann (matrix) algebra acting on a Hilbert
space H and τ be an α-invariant faithful normal trace on N , where α is an auto-
morphism of N . That is, (i) N is a subset of B(H) satisfying N ′′ ≡ (N ′)′ = N and
dim H < +∞, (ii) τ is a positive linear functional on N ; τ(A∗A) ≥ 0, τ (λA + B)

= λτ(A) + τ(B) with faithfulness (⇔ τ(A∗A) = 0 implies A = 0), normality(⇔
sup τ(Aj ) = τ(supAj)), trace property (⇔ τ(AB) = τ(BA)) for any A,B ∈ N .

We take the resolution of unity I in the quantum case to define basic quantities
above instead of taking finite (measurable) partitions of M in the classical case. Let

P (M) be the set of all minimal finite resolutions P̃ of unity I in a subalgebra M of
N , that is, P̃ ≡ {Pj } (i.e., each Pj is a projection in M such that Pi ⊥ Pj (i �= j),∑n

j=1 Pj = I and there is no projection E such as 0 < E < Pj for each j ).
The entropy operator and the entropy w.r.t. the subalgebra M and the trace τ are

defined by

Ŝ(M) = −
∑

k

Pk log τ(Pk) and S(M) = τ
(
Ŝ(M)

)
.
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Theorem 9.18 The entropy operator Ŝ(M) of a subalgebra M is uniquely deter-
mined (i.e., does not depend on the choice of P̃ ≡ {Pj }), so is the entropy S(M).

Proof (i) When M is a type In factor (i.e., the center Z ≡ {A ∈ M;AB = BA,

∀B ∈ M} of M is equal to the set CI , where C is the set of all complex numbers),
M is isometrically isomorphic to B(Cn), the set of all n × n matrices on the n-
dimensional Hilbert space C

n. Then the minimality of the partition implies

Ŝ(M) = (logn)I and S(M) = logn.

(ii) When M is not a factor, the center Z of M is generated by a minimal finite
partition {Qj } ∈ Z , and M can be expressed as M = ⊕

j Mj , where Mj = Qj M
is a type Inj

factor (i.e., the center Zj of Mj is equal to CI ). Then by taking
qj = τ(Qj )

−1 and τj = qj τ � Mj (the restriction of τ to Mj ), we have

Ŝ(M) = Ŝ(Z) +
∑

j

Ŝj (Mj ),

S(M) = S(Z) +
∑

j

qjSj (Mj ),

where Ŝj and Sj are defined by using τj instead of τ , respectively. �

For two von Neumann subalgebras M1 and M2, let M1 ∨ M2 be the von
Neumann subalgebra generated by M1 and M2. It is easily seen that a partition
{Qk} ∈ P(M1) is not always in P(M1 ∨ M2) but there exists a partition {Qkj } in
P(M1 ∨ M2) with Qk = ∑

j Qkj . With this fact, we have the conditional entropy
operator and the conditional entropy defined as

Ŝ(M1|M2) = −
∑

kj

Qkj

{
log τ(Qkj ) − log τ(Qk)

}
,

S(M1|M2) = τ
(
Ŝ(M1|M2)

)
,

where {Qk} ∈ P(M2) and {Qkj } ∈ P(M1 ∨ M2) with Qk = ∑
j Qkj . These en-

tropies are unique as Ŝ(M) and S(M).
On the basis of the above formulations, we have the following two fundamental

propositions.

Proposition 9.19 For von Neumann subalgebras M, M1, M2, the following
equalities hold:

1. Ŝ(M) = Ŝ(M1|CI)

2. Ŝ(M1 ∨ M2) = Ŝ(M1|M2) + Ŝ(M2)

3. Ŝ(αM1|αM2) = αŜ(M1|M2).
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Proof Part 1 is immediate, and Part 2 comes from the equality Qk = ∑
j Qkj . Part 3

is obtained from the α-invariance of τ and the fact that P̃ = P (M) implies αP̃ =
P (αM). �

Proposition 9.20 For von Neumann subalgebras M, M1, M2, M3, the following
equalities and inequalities hold:

1. S(M1 ∨ M2) = S(M1 | M2) + S(M2).
2. S(M1) ≤ S(M1 ∨ M2).
3. For abelian Mk (i.e., M′

k = Mk), S(M1 ∨ M2) = S(M1) + S(M2).
4. S(M1 | M2) ≤ S(M1).
5. M2 ⊂ M3 implies S(M2 | M1) ≤ S(M3 | M1).
6. S(αM) = S(M).
7. S(αM1 | αM2) = S(M1 | M2).

9.3.2 McMillan’s Type Convergence Theorems

The following theorem is obtained from the previous propositions.

Theorem 9.21 For a von Neumann subalgebra M,

1. An α-invariant operator h ∈ N (i.e., α(h) = h) exists such that

lim
n→∞ Ŝ

(
n∨

k=0

αk M
)

= h.

2. If α is ergodic (i.e., the set of all α-invariant elements is CI ), then there is an
integer N satisfying

h = S

(
N−1∨

k=0

αk M
)

.

Proof (Part 1) Since we have

Ŝ(M ∨ αM) = Ŝ(αM | M) + Ŝ(M) ≥ Ŝ(M),

Ŝ

(
n∨

k=0

αk M
)

≤ Ŝ(N )

for every n, Ŝ(
∨n

k=0α
k M) increasingly converges to a certain operator h ∈ N in

norm. We thus need to show the α-invariance of this operator h. For each n, we
have

Ŝ

(
n∨

k=0

αk M
)

≤ Ŝ

(
n∨

k=1

αk M
)

+ Ŝ

(

M |
n∨

k=1

αk M
)

,
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which implies

h = Ŝ

( ∞∨

k=1

αk M
)

+ Ŝ

(

M |
∞∨

k=1

αk M
)

.

Therefore, if we can prove the following facts: (i) α(M ∨ αM) = αM ∨ α2 M,
(ii) Ŝ(M1 | M2) = 0 iff S(M1 | M2) = 0, and (iii) S(M | ∨∞

k=1α
k M) = 0, then

the above h is equal to

αŜ

( ∞∨

k=1

αk M
)

+ 0 = α(h),

that is, h is α-invariant.
Let us show the above facts (i), (ii), and (iii). Fact (i) is simple. To show fact (ii),

Ŝ(M1 | M2) = 0 implies S(M1 | M2) = 0 from the definition. Conversely, if
S(M1 | M2) = 0, then the faithfulness of the trace implies Ŝ(M1 | M2) = 0 be-
cause of the positivity of Ŝ(M1 | M2). For Fact (iii), the equality
S(M | ∨∞

k=1α
k M) = 0 can be proved by the above properties and Part 6 of Propo-

sition 9.20.
(Part 2) Since h is α-invariant and α is ergodic, h is a multiple of identity, h = λI .

Moreover, it can be shown that, for the set Mα ≡ ∨∞
k=1α

k M, there exists a finite
integer N such that Mα = ∨N−1

k=1 αk M. These facts imply

h = τ(h) = S

( ∞∨

k=0

αk M
)

= S

(
N−1∨

k=0

αk M
)

.
�

In the above theorem, the von Neumann subalgebra Mα = ∨∞
k=0 αk M is a

“space” constructed by moving α over M. This “space” can be considered as
a space generated by M and α. Therefore, the entropy S(Mα)/N (denoted by
S(M, α)) can be read as the entropy rate generated by M and α. Furthermore,
it can readily be seen that (i) S(M, α) ≤ S(M) holds and (ii) αM = M implies
S(M, α) = S(M).

The above theorem does not contain the averaging w.r.t. time n, so that it is not a
complete formulation of McMillan’s ergodic theorem in quantum systems. In order
to formulate and prove the McMillan ergodic type convergence theorem, we first
have to set an infinite tensor product of a Hilbert space H and that of von Neumann
algebra N with respect to the tracial state τ .

Since τ is faithful normal, τ can be represented by a vector x in H such that

τ(·) = 〈x, ·x〉,
where 〈·, ·〉 is the inner product of H. Let K be the infinite tensor product of H with
respect to the above vector x in the sense of von Neumann, which is denoted by

K =
∞⊗

−∞
(H, x).
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We define the infinite tensor product A as the von Neumann algebra on K generated
by the following operators Ān (n ∈Z)

Ān

( ∞⊗

−∞
xk

)

=
∞⊗

−∞
x̄k with x̄k = δnkAnxn + (1 − δnk)xk

with An ∈ N (n ∈Z).
This infinite tensor product A of von Neumann algebra N and is denoted by

A =
∞⊗

−∞
(N , τ ).

Now, for the n-times tensor product Hilbert space Hn = ⊗n H , every element Q

in B(Hn) = ⊗n B(H) can be canonically embedded into B(Hn+1) in such a way
that Q ⊂ Q ⊗ I , so that we have the canonical embedding jn from Nn = ⊗n N
(the n-times tensor product of von Neumann algebra N ) into A.

For a von Neumann subalgebra M of N , let Mn and Bn be

Mn =
n⊗

1

M, Bn = jn(Mn).

Then Bn becomes a von Neumann subalgebra of A. Using a shift operator α defined
as α(⊗Ak) = ⊗Ak+1, the above Bn is expressed by

Bn =
n−1∨

k=0

α−k B1.

Our “information source” is now described by (K, A, α) and an α-invariant faith-
ful state ϕ on the space A. The state ϕ controls the transmission of information, so
that the McMillan theorem is written in terms of ϕ, α, and the entropy operator
defined in the previous section. We assume that ϕn, the restriction of ϕ to Mn, is
tracial. Then the entropy operator w.r.t. ϕ and Bn is given by

Hϕ(Bn) = −
∑

k

Q
(n)
k logϕn

(
Q

(n)
k

)
,

where {Q(n)
k } is a minimal finite partition of unity in Mn.

Theorem 9.22 Under the above settings, we have

1. There exists an α-invariant operator h such that Hϕ(Bn)/n converges to h ϕ-
almost uniformly as n → ∞.

2. If α is ergodic (i.e., {A ∈ A;α(A) = A} = CI ) then h = ϕ(h)I .

Proof (Part 1) For any minimal finite partition {Pi; i = 1, . . . ,N} in N , the family
{Pi1 ⊗ · · · ⊗ Pin} is a minimal finite partition in Nn, where n indices i1, . . . , in run
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from 1 to N . As Nn is a finite-dimensional von Neumann algebra, Hϕ(Bn) can be
expressed by

Hϕ(Bn) = −
N∑

i1,...,in=1

Pi1 ⊗ · · · ⊗ Pin logϕn(Pi1 ⊗ · · · ⊗ Pin).

Let us consider the von Neumann subalgebra Cn of Mn generated by the fam-
ily {Pi1 ⊗ · · · ⊗ Pin}, i.e., Cn = {Pi1 ⊗ · · · ⊗ Pin; i1, . . . , in = 1, . . . ,N}′′, and let
C1 = {Pi}′′ = C . Then Cn is the n-times tensor product of C , the algebras C , Cn are
commutative von Neumann algebras, and there exist compact Hausdorff spaces Ωn,
Ω and probability measures μn, μ such that

Cn = L∞(Ωn,μn), C = L∞(Ω,μ).

Moreover, Cn is monotonously increasing and generates the infinite tensor product
C̃ of C . Since C̃ is commutative, there exist a compact Hausdorff space Ω̃ and a
probability measure μ̃ such that

C̃ = L∞(Ω̃, μ̃)

and

ϕ(Pi1 ⊗ · · · ⊗ Pin) = μ̃(Δi1···in),

where Pi1 ⊗ · · · ⊗ Pin corresponds to the characteristic function 1Δi1 ···in for some
measurable set Δi1···in in

∏n
i Ω . Thus the classical McMillan theorem together with

the previous theorem (based on the finite-dimensionality of Mn) implies that our
entropy operator Hϕ(Bn)/n converges to some α-invariant operator h in L1(Ω̃, μ̃),
ϕ-a.u. because of ϕ-a.u. = μ̃-a.e.

The α-invariance of h is clear from the definition of Hϕ(Bn)/n.
Part 2 is an immediate consequence of Part 1. �

A more general study of the McMillan theorem would be desirable. This will be
done by dropping some of the assumptions taken above; for instance, (i) the finite
dimensionality of N , (ii) the trace property of ϕn = ϕ � Mn.

9.4 Coding Type Theorems

Here we discuss the coding type theorems which are not same as the Shannon cod-
ing theorem but a sort of convergence theorems in terms of coding and decoding.
These theorems say that if there exist codings and decodings such that some dis-
tance between input and output is zero, then the mean information of the input state
is equal to the capacity type quantity defined appropriately.



9.4 Coding Type Theorems 247

Let H and K be the input and the output Hilbert spaces, respectively, so that their
N -fold tensor products are denoted by

HN =
N⊗

H, KN =
N⊗

K.

Note that

B(HN) =
N⊗

B(H), B(KN) =
N⊗

B(K).

A channel Λ∗
N : S(HN) → S(KN) sends density operators acting on HN into those

acting on KN . We only consider a memoryless channel which is the tensor product
of the same single site channels: Λ∗

N = Λ∗ ⊗ · · · ⊗ Λ∗ (N -fold).
Moreover, let L be the Hilbert space attached to an information source. Coding

and decoding are expressed by the following channel:

CN : S(LN) → S(HN),

Λ∗
N : S(HN) → S(KN),

DN : S(KN) → S(LN).

If the Hilbert spaces L, H, K are finite-dimensional, then the channel is called
discrete. We call {L, H, K, CN,Λ∗

N, DN } a quantum coding scheme.
Now we give the definition of some rates of transmitted information for a discrete

memoryless channel Λ∗. First, we define the rates for transmission of subspaces.
We say that a sequence of subspaces L0

N of the source spaces LN , N = 1,2, . . .

may be sent reliably over the channel Λ∗ if there exists a quantum coding scheme
{L, H, K, CN,Λ∗

N, DN } such that

lim
N→∞Fp

(
L0

N, DN ◦ Λ∗
N ◦ CN

) = 1.

Here Fp is the pure-state fidelity defined as

Fp(V ,Θ) = inf
|ψ〉∈V

〈
ψ,Θ

(|ψ〉〈ψ |)ψ 〉

where Θ is a quantum operation on operators in any Hilbert space H and V is a
subspace in H.

A real number Rs is called the achievable rate of transmission of subspace di-
mensions with the channel Λ∗ if there exists a sequence of subspaces L0

N of the
source spaces LN (N = 1,2, . . .) which can be sent reliably over the channel Λ∗,
and it is defined as

Rs ≡ lim
N→∞ sup

log dim(L0
N)

N
.

This achievable rate of transmission of subspace dimensions Rs depends on the
encoding and decoding maps through the fidelity, and we will write it as

Rs = Rs

(
Λ∗, {DN, CN }).
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The maximum subspace rate Rs(Λ
∗) of the channel Λ∗ is the supremum of

achievable rates of subspace dimensions with channel Λ∗,

Rs(Λ
∗) ≡ sup

{
Rs

(
Λ∗, {DN, CN }); DN, CN

}

over all encoding and decoding maps.
There is another rate defined for entanglement transmission. Instead of the pure-

state fidelity it uses the entanglement fidelity. Let ρ be a state in a Hilbert space H
and ψρ its purification in the Hilbert space H ⊗ K. Then the entanglement fidelity
of the state ρ under an operation Θ in H is defined as

Fe(ρ,Θ) = 〈ψρ |Θ(ψρ) ⊗ I |ψρ〉.
This is independent on the purification used. One can show that if a quantum oper-
ation Θ is represented as

Θ(ρ) =
∑

i

AiρA∗
i ,

∑

i

A∗
i Ai ≤ 1

then the entanglement fidelity of a state ρ under the operation Θ is

Fe(ρ,Θ) =
∑

i

|trAiρ|2.

A quantum source {L, ρs} is defined as a pair which consists of a Hilbert space
L and a sequence ρs = {ρ(1)

s , ρ
(2)
s , . . . , ρ

(N)
s , . . .} where ρ

(N)
s is a density operator

on LN . One assumes that the density operators in the sequence are consistent with
each other in the following sense: for all j and N > j , trj+1,...,N (ρ

(N)
s ) = ρ

(j)
s where

trj+1,...,N means the partial trace over the corresponding copies of L. The entropy
rate for the source Σ is defined as

S̃(ρs) = lim
N→∞ sup

S(ρ
(N)
s )

N
.

We say that a source {L, ρs} may be sent reliably over a quantum channel Λ∗ if
there exists a quantum coding scheme {L, H, K, CN,Λ∗

N, DN } such that

lim
N→∞Fe

(
ρ(N)

s , DN ◦ Λ∗
N ◦ CN

) = 1.

A real number Re is called the achievable rate of entanglement transmission with
the channel Λ∗ if there is a source {L, ρs} with entropy rate S̃(ρs) = Re which can
be sent reliably over the channel Λ∗.

The achievable rate of entanglement transmission Re depends on the encoding
and decoding maps, and we will write it as

Re = Re

(
Λ∗, {DN, CN }).
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The entanglement transmission rate Re(Λ
∗) of the channel Λ∗ is the supremum

of achievable rates of entanglement transmission with channel Λ∗,

Re(Λ
∗) = sup

{
Re

(
Λ∗, {DN, CN }); DN, CN

}

over all encoding and decoding maps.
It was proved in [86] that the two definitions of quantum rates are equivalent,

Rs(Λ
∗) = Re(Λ

∗).
Therefore, we will denote

R(Λ∗) = Rs(Λ
∗) = Re(Λ

∗)

and call it simply the entanglement transmission rate of the channel Λ∗.
The coherent information is defined in the previous chapter by

Ic(ρ;Λ∗) = S
(
Λ∗(ρ)

) − Se(ρ,Λ∗).

There is a quantum Fano inequality which relates the entropy exchange and the
entanglement fidelity:

Se(ρ,Λ∗) ≤ h
(
Fe(ρ,Λ∗)

) + (
1 − Fe(ρ,Λ∗)

)
log2

(
d2 − 1

)
,

where h(x) = −x log2 x − (1 − x) log2(1 − x) is the dyadic Shannon information
and d is the dimension of the Hilbert space with the density matrix ρ.

The following important bound holds.

Theorem 9.23 Suppose Λ∗ is a channel in a Hilbert space H of dimension d , and
ρ is a quantum state in H . Then for any channel Γ ∗ one has

S(ρ) ≤ Ic(ρ;Λ∗) + 2 + 4
(
1 − Fe(ρ,Γ ∗ ◦ Λ∗)

)
log d.

This theorem shows that the entropy of the state ρ cannot greatly exceed the
coherent information Ic(ρ,Λ∗) if the entanglement fidelity is close to one.

Barnum, Nielsen and Schumacher [85] proved the following bound for the en-
tanglement transmission rate:

R(Λ∗) ≤ lim
n→∞

1

N
sup

{
Ic(ρN ;Λ∗

N);ρN

}
.

Recently, Shor and Devetak [200] proved that, in fact, one has the equality here.

Theorem 9.24

R(Λ∗) = lim
n→∞

1

N
sup

{
Ic(ρN ;Λ∗

N);ρN

}
.

There are several proofs of the formula, but we will not discuss them in this book.
This is sometimes called a coding theorem, but it is not so in the sense of Shannon
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because of two reasons: (i) the one mentioned at the beginning of this section and
(ii) Ic does not describe the transmission of information but may describe the trans-
mission of entanglement.

In the discussion of this subsection, it is important that the entanglement fidelity
is used. If we were to use another fidelity for information transmission, then we
would get a coding type theorem for information transmission. For instance, a can-
didate of such a fidelity is

F(ρ1, ρ2) = sup
{∣
∣〈ψ1|ψ2〉

∣
∣2;ψ1,ψ2

}
,

where ψ1,ψ2 are certain purifications of states ρ1, ρ2. One can conjecture that by
using this fidelity one can prove another quantum coding type theorem and estimate
a quantum transmission rate by using the quantum mutual entropy I (ρ;Λ∗).

Finally, we mention the proper quantum coding theorem which has not been
proved so far: Given an input source {LN,ρs ≡ {ρ(1)

s , ρ
(2)
s , . . . , ρ

(N)
s , . . .}} and a

channel Λ∗
N (not always memoryless), set the entropy rate S̃(ρs) and the capacity

C(Λ∗) ≡ sup{Ĩ (ρ;Λ∗);ρ ∈ S(H)}. Then if S̃(ρs) < C(Λ∗), there exist a coding C
and decoding D such that the error probability, properly defined in an information
transmission process, is nearly 0.

9.5 Notes

The channel capacity discussed here is mainly due to the authors of [345, 584, 587,
591, 593, 601]. The pseudo-quantum capacity was introduced in [587]. The bound
of the capacity has been studied first by Holevo [345] and later by many others [601,
694, 828]. The quantum Macmillan’s theorem is discussed in [333, 567]. The coding
type theorems discussed here is due to the authors of [85, 86, 200].



Chapter 10
Information Dynamics and Adaptive Dynamics

There exist various approaches to study chaotic behavior of systems by means of
several concepts such as entropy, complexity, chaos, fractal, stochasticity. In 1991,
the term Information Dynamics (ID) was proposed by Ohya with the aim of finding
a common framework of treating such chaotic behaviors of different systems alto-
gether. That is, ID is an attempt to synthesize dynamics of state change and complex-
ity of the systems. The basic quantity in ID is called a chaos degree, which can be
applied to describe chaos phenomena. Since then, ID has been refined and applied
to several topics such as communication, chaos, genetics, and finance. Moreover,
ID enables us to find mathematics to describe a sort of subjective aspects of phys-
ical phenomena, for instance, observation, effects of surroundings, which is called
Adaptive Dynamics (AD).

In this chapter, the time irreversibility problem and a new approach to classi-
cal mechanics is also discussed. In classical Newtonian mechanics, the state of the
system at some moment of time is represented as a point in the phase space. How-
ever, this notion does not have an immediate operational meaning since arbitrary
real numbers are not observable. In the new approach to classical non-Newtonian
mechanics, suggested by Volovich, the particle is described by a probability distri-
bution in the phase space. The expectation value of the coordinates approximately
satisfies the Newton equation, but there are corrections to the Newton trajectories.

Moreover in the last section in this chapter, a new approach to Bell’s inequality
is discussed in a view of AD which has been called the Chameleon dynamics by
Accardi.

10.1 Complex Systems

Let us first review what a complex system is. The discussion leads to the introduction
of Information Dynamics in a natural way.

A complex system has been considered as follows:

1. A system is composed of several elements called agents. The size of the system
(the number of the elements) is medium.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_10, © Springer Science+Business Media B.V. 2011
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2. Agents have intelligence.
3. Each agent has interaction due to local information. The decision of each agent

is determined by not all information but the limited information of the system.

With a small modification, we consider the complex system as follows:

1. A system is composed of several elements. The scale of the system is often large
but not always, in some cases, only one element.

2. Some elements of the system have special (self) interactions (relations), which
produce dynamics of the system.

3. The system shows a particular character (i.e., structure and dynamics) which is
not merely a sum of the characters of all elements.

A system having the above three properties is called a complex system. The com-
plexity of such a complex system is a quantity measuring the structure of the com-
plex system, and its change (dynamics) describes the appearance of the particular
character of the system.

There exist such measures describing the complexity for a system, for instance,
variance, correlation, level-statistics, fluctuation, randomness, multiplicity, entropy,
fuzzyness, fractal dimension, ergodicity (mixing, flow), bifurcation, localization,
computational complexity (Kolmogorov’s or Chaitin’s), catastrophy, dynamical en-
tropy, Lyapunov exponent, etc. These quantities are used on a case-by-case basis,
and they are often difficult to compute. Moreover, the relations among them are
lacking (not clear enough). Therefore, it is important to find a common property
or expression of these quantities, which is discussed in Information Dynamics and
Adaptive Dynamics in the following sections.

We briefly review ID and an axiomatic approach to the complexity in the next
section. In Sect. 10.3, various examples of the state changes (channels) and of the
complexities are presented, some of which are new expressions of physical and com-
munication processes. In Sect. 10.4, the idea of the adaptive dynamics is explained.
The conceptual meaning of AD is discussed in Sect. 10.5. As an illustration of the
use of ID and AD, we introduce a certain degree estimating the chaos attached to a
dynamical system by means of entropies in Sect. 10.6. In Sect. 10.7, we discuss the
algorithms computing the chaos degree. The adaptive dynamics for study of chaos
is considered in Sect. 10.8, and in the same section, a new description of chaos
observed in various phenomena is discussed.

10.2 Information Dynamics

There are two aspects for the complexity, that is, the complexity of a state describing
the system itself and that of a dynamics causing the change of the system (state).
The former complexity is simply called the complexity of the state, and the later is
called the chaos degree of the dynamics. Therefore, the examples of the complexity
are entropy, fractal dimension as above, and those of the chaos degree are Lyapunov
exponent, dynamical entropy, computational complexity. Let us discuss a common
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quantity measuring the complexity of a system that we can easily handle. The com-
plexity of a general quantum state was introduced in the framework of ID in [359,
573, 590], and the quantum chaos degree was defined in [365, 367], which we will
review in Chap. 20.

Information dynamics (ID) is a synthesis of the dynamics of state change and the
complexity of states. It is an attempt to provide a new view for the study of chaotic
behavior of systems. We briefly review what ID is.

Let (A,S, α(G)) be an input (or initial) system and (A,S, α(G)) be an output
(or final) system. Here A is a set of some objects to be observed and S is a set of
some means to get the observed value, α(G) describes a certain evolution of system
with a set G of parameters. We often have A = A, S = S, α = α. Therefore, we
claim

[Giving a mathematical structure to input and output triples

≡ Having a theory].
The dynamics of state change is described by a channel, which will be explained

in the next section, Λ∗ : S → S (sometimes S → S). The information is described
by two complexities explained bellow. The fundamental point of ID is that ID con-
tains these two complexities in itself. Let (Atot,Stot, α

tot(Gtot)) be the total system
of (A,S, α(G)) and (A,S, α(Ḡ)), and S be a subset of S in which we measure
an object (e.g., S is the set of all KMS or stationary states in a C∗-system). Two
complexities are denoted by C and T . C is the complexity of a state ϕ (the structure
of a system) measured from a reference system S , in which we actually observe the
objects in A, and T is the transmitted complexity associated with a state change
(dynamics) ϕ → Λ∗ϕ, both of which should satisfy the following properties:

Axiom 10.1 Complexities

(i) For any ϕ ∈ S ⊂ S,

CS (ϕ) ≥ 0, T S (ϕ;Λ∗) ≥ 0.

(ii) 0 ≤ T S (ϕ;Λ∗) ≤ CS (ϕ).
(iii) T S (ϕ; id) = CS (ϕ), where “id” is the identity map from S to S.
(iv) For any map j : S → S such that j : ex S → ex S (the set of all extremal

points (some elementary points) of S ) is a disjoint (in a proper sense) bijection

Cj(S)
(
j (ϕ)

) = CS (ϕ),

T j (S)
(
j (ϕ);Λ∗) = T S (ϕ;Λ∗).

(v) For Φ ≡ ϕ ⊗ ψ ∈ Stot ⊂ Stot, ψ ∈ S ⊂ S,

CStot(Φ) = CS (ϕ) + CS (ψ),

where ⊗ is a symbolic expression for the combination of two states. When the
system is mathematically set, this will be, for instance, a proper tensor product.
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Instead of (v), when “(v′) For Φ ∈ Stot ⊂ Stot, ϕ ≡ Φ � A, ψ ≡ Φ � A (i.e.,
the restriction of Φ to A and A, respectively), CStot(Φ) ≤ CS (ϕ) + CS (ψ).” is
satisfied, C and T is called a pair of strong complexity. Therefore, ID is defined as
follows:

Definition 10.2 Information Dynamics is described by
(

A,S, α(G); A,S,α(G);Λ∗;CS (ϕ), T S (ϕ;Λ∗)
)

and some relations R among them.

Therefore, in the framework of ID, we have to

(ID-1) Mathematically determine (A,S, α(G); A,S, α(G))

(ID-2) Choose Λ∗ and R, and
(ID-3) Define CS (ϕ), T S (ϕ;Λ∗).

In ID, several different topics can be treated from a common standing point so
that we can find a new clue bridging several fields. For example, we may have the
following applications [359]:

1. Study of optical communication processes
2. Formulation of fractal dimensions of states, and the study of complexity for some

systems
3. Definition of a genetic matrix for genome sequences and construction of phylo-

genetic tree for evolution of species
4. Entropic complexities ⇒ Kolmogorov–Sinai type complexities (entropy) ⇒

Classification of dynamical systems
5. Study of optical illusion (psychology)
6. Study of some economic models
7 Study of chaos.

In this chapter, we mainly discuss the applications 4 and 7 above.

10.3 State Change and Complexities

ID contains the dynamics of state change as its part. A state change is mathemati-
cally described by a unitary evolution, a semigroup dynamics, generally, a channel-
ing transformation (it is simply called a channel) or a bit restricted notion of lifting,
which have been repeatedly discussed in the previous chapters.

The input and output triple (A,S, α(G)) and (A,S,α(G)) are the above sets,
that is, A is M(Ω) or B(H) or A (C∗-algebra), S corresponds to each state space,
and α(G) is an inner evolution of A with a parameter group G (or semigroup), and
so is the output system.

A channel is a mapping from S(A) to S(A). Almost all physical transformations
are described by this mapping, as we have seen.
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Although there exist several complexities, one of the most fundamental pairs of
C and T in a quantum system is the von Neumann entropy and the mutual en-
tropy, whose C and T are modified to formulate the entropic complexities such as
ε-entropy (ε-entropic complexity), Kolmogorov–Sinai type dynamical entropy (en-
tropic complexity).

The concept of entropy was introduced and developed to study the following top-
ics: irreversible behavior, symmetry breaking, amount of information transmission,
chaotic properties of states, etc. Here we first show that the quantum entropy and
the quantum mutual entropy are examples of our complexities C and T , respec-
tively. Then we give several examples of complexities C and T related to mainly
information quantities.

Example 10.3 The first examples of C and T are the entropy S and the mutual en-
tropy I , respectively. Both the classical and quantum S and I satisfy the conditions
of the complexities of ID. Here we only discuss the quantum case. For a density
operator ρ in a Hilbert space and a channel Λ∗, the entropy S(ρ) and the quantum
mutual entropy I (ρ;Λ∗) were defined in Chap. 7 as

S(ρ) = −trρ logρ,

I (ρ;Λ∗) = sup

{∑

k

λkS(Λ∗Ek,Λ
∗ρ); {Ek}

}

,

where the supremum is taken over all Schatten decompositions {Ek} of ρ; ρ =∑
k λkEk . According to the fundamental properties of the entropy, S(ρ) satisfies: (i)

S(ρ) ≥ 0, (ii) S(j (ρ)) = S(ρ) for an orthogonal bijection j , that is, it is a map from
a set of orthogonal pure states to another set of orthogonal pure states, (iii) S(ρ1 ⊗
ρ2) = S(ρ1) + S(ρ2), so that S(ρ) is a complexity C of ID.

The mutual entropy I (ρ;Λ∗) satisfies Conditions (i), (ii), (iv) by the fundamental
inequality of mutual entropy:

0 ≤ I (ρ;Λ∗) ≤ min
{
S(ρ), S(Λ∗ρ)

}
.

Further, for the identity channel, Λ∗ = id,

I (ρ; id) = sup

{∑

k

λkS(Ek,ρ); {Ek}
}

= sup

{∑

k

λktrEk(logEk − logρ); {Ek}
}

= −trρ logρ,

because S(Ek) = 0, hence it satisfies Condition (v). Thus the quantum entropy and
the quantum mutual entropy satisfy all the conditions of the complexity and the
transmitted complexity, respectively; C(ρ) = S(ρ), T (ρ;Λ∗) = I (ρ;Λ∗). More-
over, S satisfies the condition of the strong complexity (subadditivity).
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In Shannon’s communication theory for classical systems, ρ is a probability dis-
tribution p = (pk) =∑k pkδk and Λ∗ is a transition probability (ti,j ), so that the
Schatten decomposition of ρ is unique and the compound state of ρ and its output
ρ (≡p = (pi) = Λ∗p) is the joint distribution r = (ri,j ) with ri,j ≡ ti,jpj . Then
the above complexities C and T become the Shannon entropy and mutual entropy,
respectively:

C(p) = S(p) = −
∑

k

pk logpk,

T (p;Λ∗) = I (p;Λ∗) =
∑

i,j

ri,j log
ri,j

pjpi

.

We can construct several other types of entropic complexities. For instance, one
pair of the complexities is

T (ρ;Λ∗) = sup

{∑

k

pkS(Λ∗ρk,Λ
∗ρ);ρ =

∑

k

pkρk

}

, C(ρ) = T (ρ; id)

where ρ =∑k pkρk is a finite decomposition of ρ and the supremum is taken over
all such finite decompositions.

Example 10.4 Fuzzy entropy has been defined by several authors: Zadeh [829],
DeLuca and Termini [192] and Ebanks [217]. Here we take Ebanks’ fuzzy entropy
and we show that we can use it to construct the complexity C. Let X (this is A of
ID) be a finite set {x1, . . . , xn} and fA be a membership function from X to [0,1]
associated with a subset A ⊂ X. If fA = 1A, then A is a usual set, which is called
a sharp set, and if fA �= 1A, then the pair {A,fA} is called a fuzzy set. Therefore,
the correspondence between a fuzzy set and a membership function is one-to-one.
Take a membership function f , and let us denote fi = f (xi) for each xi ∈ X. Then
Ebanks’ fuzzy entropy S(f ) for a membership function f is defined by

S(f ) ≡ −
n∑

i=1

f ν
i logfi (ν = log2 e).

When f is sharp, that is, fi = 0 or 1 for any xi ∈ X, S(f ) = 0. When fi = 1
2 for

any i, S(f ) attains the maximum value. Moreover, any two membership functions
(or equivalently, fuzzy sets) f and f ′ have the following order ≺:

f ≺ f ′ ≡
{

f (x) ≥ f ′(x) when f ′(x) ≥ 1
2 ,

f (x) ≤ f ′(x) when f ′(x) ≤ 1
2 .

Then f ≺ f ′ iff |fi − 1
2 | ≥ |f ′

i − 1
2 | for any i, which implies

S(f ) ≤ S(f ′).
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This fuzzy entropy S(f ) defines a complexity C(f ) by

C(f ) = S

(
f

n

)

.

The positivity of C(f ) is proved as follows: From Klein’s inequality, log 1
x

≥ 1 − x

for any x > 0, we have

C(f ) = −
n∑

i=1

(
fi

n

)ν

log
fi

n

≥ −
n∑

i=1

(
fi

n

)ν(

1 − n

fi

)

=
n∑

i=1

(
fi

n

)ν−1(

1 − fi

n

)

≥ 0.

The invariance under a permutation π of indices i of xi (i.e., i → π(i)), directly
comes from the invariance of S under π . This C(f ) satisfies not only the additivity
but also the subadditivity. Let Y be another set {y1, . . . , ym} and g be a membership
function from Y to [0,1]. Moreover, let h be a membership function on X × Y to
[0,1] satisfying

m∑

j=1

h(xi, yj ) = f (xi),

n∑

i=1

h(xi, yj ) = g(yj ).

What we have to show is the inequality

C(h) ≤ C(f ) + C(g).

Without loss of generality, we assume n ≥ m ≥ 2. Put

η(t) = −t ν log t (ν = log2 e).

η(t) is monotone increasing for 0 ≤ t ≤ 1
2 , so that we have

η

(
fi

nm

)

≥ η

(
hij

nm

)

(n ≥ m ≥ 2)

because of hij ≡ h(xi, yj ) ≤ fi ≡ f (xi), and hence 0 ≤ hij /nm ≤ fi/nm ≤ 1
2 for

any i, j . Thus we have

mη

(
fi

nm

)

≥
m∑

j=1

η

(
hij

nm

)

.
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Now

η

(
fi

n

)

− 1

2
mη

(
fi

nm

)

=
(

fi

n

)ν{( 1

2mν−1 − 1

)

logfi +
(

1 − 1

2mν−1

)

logn − 1

2mν−1 logm

}

≥
(

fi

n

)ν{( 1

2mν−1 − 1

)

logfi +
(

1 − 1

mν−1

)

logn

}

,

which is positive for any i since n ≥ m ≥ 2. Hence

η

(
fi

n

)

≥ 1

2

m∑

j=1

η

(
hij

nm

)

,

which implies

C(f ) ≥ 1

2
C(h).

Similarly, we can prove

C(g) ≥ 1

2
C(h).

Therefore, we have the subadditivity

C(h) ≤ C(f ) + C(g).

Example 10.5 Kolmogorov and Chaitin considered the complexity of sequences
[156, 437]. For instance, let us consider the following two sequences a and b com-
posed of 0s and 1s:

a : 010101010101,

b : 011010000111.

In both a and b, the occurrence probabilities p(0) and p(1) are the same. However,
the sequence b seems more complicated than a. It is enough for us to know the first
two letters to guess the whole a, but one might need the whole sequence of letters
to know b. Hence once we consider a computer sending as input a finite sequence
of letters 0 and 1 and observing an output sequence, we call the shortest algorithm
having the minimum information to produce a proper sequence by a computer the
minimum programming. When we measure this minimum information by “bit”, it is
called the complexity of the sequence. Let A be the set of all finite sequences of some
letters, say {0,1}, and let Ā be another set. Further, let f be a partial function for

A to Ā (i.e., f is not always defined on the whole A). The triple (A, Ā, f ) can be
regarded as a language describing certain objects. For an element a ∈ A, the length
of a is denoted by �(a). If there exists the minimum length of a ∈ A describing
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ā ∈ Ā such that f (a) = ā, then the minimum length is called the complexity of
description. If there does not exist such an element a ∈ H, then put �(a) = ∞.
When both A and Ā are the set of sequences of 0,1, we only consider a partial
computable function f (i.e., for an input a ∈ A, there exists a programming that
the computation stops with the output f (a) for a ∈ dom(f ) and it does not stop for
a /∈ dom(f )). A complexity Hf (ā) determined by (A, Ā, f ) is defined as

Hf (ā) =
{

min{�(a);a ∈ A, f (a) = ā}, ∃a ∈ A s.t., f (a) = ā,

∞ otherwise.

Add the k symbols 0 and a 1 at the front of a ∈ A so that 0 . . .01a, which is de-
noted by 0k1a. Then it is shown by Chaitin [156] that there exist k ∈ N and a
computable partial function fU for any f such that fU(0k1a) = f (a). This fU

is called the universal partial function. Once a partial function f is given, one iden-
tifies a computer U with f , and vice-versa. This computer U is called the universal
computer. Therefore, there exists a universal computer U for f . Important conse-
quences of the universal partial functions fU are: (i) there exists a constant ε such
that HfU

(ā) ≤ Hf (ā) + ε for any f , and (ii) there exists a constant ε′ for two uni-
versal partial functions fU ,fU ′ satisfying |HfU

(ā)−HfU ′ (ā)| ≤ ε′. The above facts
imply that HfU

gives the minimum value for Hf if we neglect the constant ε. Kol-
mogorov and Chaitin introduced the following complexity

H(ā) = HfU
(ā)

which does not depend on the choice of fU because of the property (ii). More-
over, Chaitin introduced the mutual entropy type complexity in the same framework
above. His complexity and mutual entropy type complexity can be our complexities
C and T , respectively.

Example 10.6 Generalizing the entropy S and the mutual entropy I , we can con-
struct complexities of entropy type: Let (A,S(A),α(G)), (A,S(A),α(G)) be C∗
systems as before. Let S be a weak ∗-compact convex subset of S(A) and Mϕ(S)

be the set of all maximal measures μ on S with the fixed barycenter ϕ

ϕ =
∫

S
ωdμ.

Moreover, let Fϕ(S) be the set of all measures having finite support with the fixed
barycenter ϕ. The following three pairs C and T satisfy all the conditions of the
complexities:

T S (ϕ;Λ∗) ≡ sup

{∫

S
S(Λ∗ω,Λ∗ϕ)dμ; μ ∈ Mϕ(S)

}

,

CS
T (ϕ) ≡ T S (ϕ; id),

I S (ϕ;Λ∗) ≡ sup

{

S

(∫

S
ω ⊗ Λ∗ωdμ,ϕ ⊗ Λ∗ϕ

)

; μ ∈ Mϕ(S)

}

,
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CS
I (ϕ) ≡ I S (ϕ; id),

J S (ϕ;Λ∗) ≡ sup

{∫

S
S(Λ∗ω,Λ∗ϕ)dμ;μ ∈ Fϕ(S)

}

,

CS
j (ϕ) ≡ J S (ϕ; id).

Here, the state
∫

S ω ⊗ Λ∗ωdμ is the compound state exhibiting the correlation be-
tween the initial state and the final state Λ∗ϕ. As was discussed in Chap. 7, this
compound state was introduced as a quantum generalization of the joint probabil-
ity measure in CDS (classical dynamical system). Note that in the case of S = S ,
T S (resp., CS , I S , J S ) is denoted by T (resp., C,I, J ) for simplicity.

These complexities and the mixing S -entropy SS (ϕ), the CNT (Connes–
Narnhofer–Thirring) entropy Hϕ(A) satisfy some relations as shown in the next
theorem. Note that the mixing S -entropy and the CNT entropy are discussed in
Chap. 7.

Theorem 10.7 The following relations hold:

1. 0 ≤ I S (ϕ;Λ∗) ≤ T S (ϕ;Λ∗) ≤ J S (ϕ;Λ∗).
2. CI (ϕ) = CT (ϕ) = CJ (ϕ) = S(ϕ) = Hϕ(A).
3. When A = A = B(H), for any density operator ρ

0 ≤ I S (ρ;Λ∗) = T S (ρ;Λ∗) ≤ J S (ρ;Λ∗).

It is possible to construct other complexities not of entropy type in several fields
like Genetics, Economics and Computer Sciences, which are beyond the scope of
this book.

10.4 Adaptive Dynamics

In the framework of ID, we can propose a special treatment of natural phenomena
called Adaptive Dynamics (AD). We start from some general remarks describing
a methodological and philosophical approach to adaptive dynamics developed by
Ohya. Natural science is not a copy of nature itself, but is a means to understand
certain natural phenomena for human beings. Thus it is a sort of a story which we
made for recognition of nature, but it is a story beyond each person and personal ex-
perience, so that it should have universality in that sense. Following Wilde, “Nature
imitates arts”. It is the only way for us to come face to face with nature, which is
not our conceit but our limit. After discovery of quantum mechanics, we are forced
to face with the facts like the above.

In order to understand physical phenomena or other phenomena of human be-
ings, one needs to examine from various viewpoints, not only physical but also
observational, the ways how an object exists and how one can recognize the ob-
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ject. It is known that (i) existence itself, (ii) its indicating phenomena, and (iii)
their recognition have been extensively studied by philosophers and some physi-
cists. Explaining (i.e., defining and describing) these three is essentially important
not only for philosophy but also for physics, information and all other sciences. We
should try to explain these three in more rigorous ways beyond usual philosophical
and mathematical demonstrations, that is, by finding a method standing on a higher
stage, made from dialectic mixing of philosophy, mathematics and something else,
although its fulfillment is difficult.

It is appropriate to mention briefly the “phenomenology” of Husserl and the “ex-
istentialism” of Sartre.

Before Husserl, in the theory of existence like Kant’s or Hegel’s, a philosopher
could not neglect the existence transcendent, so that he had to distinguish the exis-
tence of essence and the existence of phenomenon. An appearance of the essence
is a phenomenon and only a description of phenomena is not enough to reach the
essence. For instance, Hegel said: “In order to reach the essence, it is necessary for
mind to develop itself dialectically”. In any case, the dualism of the existence of
essence and phenomena has been a basis for several philosophies until materialism
of Marx and phenomenology of Husserl appeared.

Husserl was against the idea that the essence of existence is transcendent objects,
and he considered that the essence is a chain of phenomena and its integral. The
essence is an accurate report of all data (of phenomena) obtained through the stream
of consciousness. His consciousness has two characters, “noesis” and “noema”. The
noesis is the operative part of consciousness to phenomena (objects), in other words,
the acting consciousness on objects, and the noema is the object of consciousness
experience, i.e., the results obtained by the noesis. His phenomenology is the new
dualism of consciousness, but he avoids the existence transcendent, instead he likes
to go to the things themselves.

Under a strong influence of Husserl, there appeared several philosophies named
“exisitentialism” of Heidegger, of Sartre and of others. Sartre said: “Existence pre-
cedes essence”. Sartre was affected by “Cogito” of Descartes, and he found two
aspects of existence (being) in his famous book “L’Etre et le Neant (Being and
Nothingness)”, one of which is the “being in itself” and another is the “being for
itself”. The first one is the being as it is, opaque (nontransparent) being like physical
matter itself, being which does not have any connection with another being, being
without reason for being, etc. Another one is the being as it is not, being like con-
sciousness, being with cause for being itself, being making any being-in-itself as
being, etc. Sartre explained several forms of existence by his new dualism of exis-
tence: being-in-itself and being-for-itself. His main concern is being and becoming
of human beings, various appearance of emotion, life and ethics, so his expres-
sion of philosophy is rather rhetoric and literal. However, we will explain that his
idea can be applied for the proper interpretation of quantum entropy and dynam-
ics.
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10.4.1 Entropy, Information in Classical and Quantum World

Physics is considered as a “theory of matter”, or equivalently, a “theory of existence
in itself”. Information theory (Entropy theory) is considered as a “theory of events”,
so that it will be considered as a “theory of changes”. Quantum Information can be
regarded as a synthesis of these two. The key concept of quantum information bridg-
ing between matter and event, so between two modes of being, is “entropy”, which
was introduced by Shannon in classical systems and by von Neumann in quantum
systems. We will discuss how this concept of entropy has a deep connection with
the mode of existence considered at the beginning of this section.

According to Shannon, information is related to uncertainty, so it is described
by entropy (Information = Uncertainty = Entropy), and dissolution of uncertainty
can be regarded as acquisition of information. Historically, the concept of entropy
was introduced to describe the flow of heat, then it was recognized that the entropy
describes chaos or uncertainty of a system. A system is described by a state such as
a probability measure or a density operator, which is a rather abstract concept not
belonging to an object (observable) to be measured but a means to get measured
values. Thus the entropy is defined through a state of a system, which implies that
the entropy is not an object considered in the usual objective classical physics, and
it is an existence coming along the action of “observation”. It is close to (actually
more than) a description of chaos which is a mode taken by consciousness to the
being-in-itself. (We will discuss chaos in Sect. 10.3.) Therefore, the entropy can
be considered as a representation (formulation) of consciousness involving an ob-
servation of a certain object. The concept of entropy is not a direct expression of
phenomena associated with a being-in-itself, but is a being having an appearance of
consciousness to phenomena of a being-in-itself, so that the mode of existence for
the entropy is different from the two modes of being proposed by Sartre, and this
third mode is in between being in- and for-itself. The rigorous (mathematical) study
with this third mode of being might be important to solving some problems which
we face in several fields.

10.4.2 Schematic Expression of Understanding

Metaphysics, idea, feeling, thought are applied to various existence (series of phe-
nomena), which causes understanding (recognition, theory). To understand a phys-
ical system, the usual method, often called “Reductionism”, is to divide the system
into its elements and to study their relations and combinations, which causes the
understanding of the whole system.

Our method is the one adding “how to see objects (existence)” to the usual reduc-
tionism, so that our method is a mathematical realization of modern philosophy. The
fact of “how to see objects” is strongly related to setting the mode for observation,
such as selection of phenomena and operation for recognition. Our method is called
“Adaptive dynamics” or “Adaptive scheme” for understanding the existence.



10.5 Adaptive Dynamics—Conceptual Meaning 263

We discuss the conceptual framework of AD and some examples in chaos and
quantum algorithms, which are the first steps towards our final aim of making com-
plete mathematics for “adaptivity”.

10.5 Adaptive Dynamics—Conceptual Meaning

The adaptive dynamics has two aspects: the “observable-adaptive” and the “state-
adaptive”.

The idea of observable-adaptive comes from [442, 604, 608] studying chaos. We
claimed that any observation will be unrelated or even contradicting the mathemati-
cal universalities such as taking limits, sup, inf, etc. An observation is a result due to
taking suitable scales of, for example, time, distance or domain, and the observation
will not be made in infinite systems such as taking the limits. Such an example will
be seen in the sequel; we will consider the appearance of chaos.

The meaning of state-adaptive is that, for instance, the interaction depends on the
state at instant time, whose details will be discussed bellow. The idea of the state-
adaptive is implicitly started in constructing a compound state for quantum com-
munication [19, 559, 560, 570] and in Accardi’s Chameleon dynamics [15]. This
adaptivity can be used to solve a pending problem of more than 30 years asking
whether there exists an algorithm solving an NP-complete problem in polynomial
time. We found such algorithms first by a quantum chaos algorithm [602], and sec-
ond, by stochastic limit [37] both in state-adaptive dynamics based on the quantum
algorithm of the SAT [30, 595].

We will discuss a bit more about the meaning of adaptivity for each of the topics
mentioned above.

10.5.1 Description of Chaos

There exist several reports saying that one can observe chaos in nature, which are
nothing but reports on how one could observe the phenomena in specified condi-
tions. It has been difficult to find a satisfactory theory (mathematics) to explain such
various chaotic phenomena in a unified way.

An idea describing chaos of a phenomenon is to find some divergence of orbits
produced by the dynamics explaining the phenomenon. However, to explain such
divergence from the differential equation of motion describing the dynamics is of-
ten difficult, so that one takes (makes) a difference equation from that differential
equation, for which one has to take a certain time interval τ between two steps of
dynamics, that is, one needs a processing discretizing time for observing the chaos.
In laboratory, any observation is done in finite size for both time and space; however,
one believes that natural phenomena do not depend on these sizes or how small they
are, so that most of mathematics (theory) has been made free of the sizes taken in
laboratory. Therefore, mathematical terminologies such as “lim”, “sup”, “inf” are
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very often used to define some quantities measuring chaos, and many phenomena
showing chaos have remained unexplained.

In [442, 604, 608], we took the opposite position, that is, any observation is
unrelated or even contradicting such limits. Observation of chaos is a result due to
taking suitable scales of, for example, time, distance or domain, and it will not be
possible in the limiting cases. In other words, as discussed in Sect. 10.1, it is very
natural to consider that observation itself plays a similar role of “noesis” of Husserl
and the mode of its existence is a “being-for-itself”, that is, observation itself cannot
exist as is, but it exists only through the results (phenomena) of objects obtained
by it. Phenomena cannot be phenomena without observing them, so to explain the
phenomena like chaos it is necessary to find a dynamics with observation.

We claimed that most of chaos are scale-dependent phenomena, so the definition
of a degree measuring chaos should depend on certain scales taken, and more gen-
erally, it is important to find mathematics containing the rules (dynamics) of both
object and observation, which is “Adaptive dynamics”.

Concerning the definition of a criterion measuring chaos, Information Dynamics
[359, 573], a scheme to describe many different types of complex systems, can be
applied. We introduced a quantity measuring chaos by means of the complexities
of ID, and called it a chaos degree [367, 442, 590]. Using this degree in adaptive
dynamics, we can explain or produce many different types of chaos.

10.5.2 Chameleon Dynamics

Accardi considered a problem of whether it is possible to explain quantum effects
(e.g., EPR (Einstein–Polodolski–Rosen) correlation) by a sort of classical dynam-
ics [15]. He could find a dynamics positively solving the above problem, and he
called it “Chameleon dynamics”. He considered two systems having their own par-
ticles, initially correlated and later separated. After some time, each particle interacts
with a measurement apparatus independently. By the chameleon effect, the dynam-
ical evolution of each particle depends on the setting of the nearby apparatus, but
not on the setting of the apparatus interacting with the other particle. Then he repro-
duced the EPR correlations by this “chameleon dynamics”. The explicit construc-
tion of the dynamics was done in [32]; see Sect. 10.10 of this chapter. The interaction
between a particle and an apparatus depends on the setting of the apparatus, so that
the chameleon dynamics is an adaptive dynamics.

10.5.3 Quantum SAT Algorithm

Although the ability of computers has greatly progressed, there are several problems
which may not be solved effectively, namely, in polynomial time. Among such prob-
lems, NP-problems and NP-complete problems are fundamental. It is known that all
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NP-complete problems are equivalent, and an essential question is “whether there
exists an algorithm to solve an NP-complete problem in polynomial time”. Such
problems have been studied for decades, and so far all known algorithms have an
exponential running time in the length of the input. The P-problem and NP-problem
are considered as follows [171, 278].

Let us remind what the P-problem and the NP-problem are (see also Chap. 2).
Let n be the size of input.

1. A P-problem is a problem with the time needed for solving it being at worst
a polynomial of n. Equivalently, it is a problem which can be recognized in a
polynomial in n time by a deterministic Turing machine.

2. An NP-problem is a problem that can be solved in polynomial time by a non-
deterministic Turing machine. This can be understood as follows: Consider a
problem of finding a solution of f (x) = 0. We can check in a polynomial in n

time whether x0 is a solution of f (x) = 0, but we do not know whether we can
find a solution of f (x) = 0 in a time polynomial in n.

3. An NP-complete problem is such an NP-problem to which any other NP problem
can be reduced in polynomial time.

To answer an essential question open for more than 30 years, namely, of the
existence of an algorithm to solve an NP-complete problem in polynomial time, we
found two different algorithms [37, 595, 602] (see Chap. 14).

In [595], we discussed the quantum algorithm of the SAT problem and pointed
out that the SAT problem, hence all other NP-problems, can be solved in polynomial
time by a quantum computer if the superposition of two orthogonal vectors |0〉 and
|1〉 is physically detected. However, this detection is considered not to be possible
in the present technology. The problem to overcome is how to distinguish the pure
vector |0〉 from the superposed one α|0〉 + β|1〉, obtained by our SAT-quantum al-
gorithm, if β is not zero but very small. If such a distinction is possible, then we can
solve the NPC problem in polynomial time.

Chaos SAT Algorithm

It will not be possible to amplify, by a unitary transformation (usual quantum algo-
rithm), the above small positive q ≡ |β|2 into a suitably large one to be detected,
e.g., q > 1/2, and if q = 0 then keeping it as is (see Chap. 14). In [600, 602], we
proposed using the output of a quantum computer as an input for another device
involving chaotic dynamics, that is, combining a quantum computer with a chaotic
dynamics amplifier. We showed that this combination (nonlinear chaos amplifier
with the quantum algorithm) provides us with a mathematical algorithm solving
NP = P. Using a chaos dynamics to the state computed by quantum unitary oper-
ations is one of examples of the state-adaptive approach. This algorithm of Ohya
and Volovich is going beyond usual (unitary) quantum Turing algorithm, but there
exists a generalized quantum Turing machine in which the OV chaos algorithm can
be treated [369, 371, 595].
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Adaptive SAT Algorithm

We applied the adaptive dynamics to the OM SAT algorithm. That is, the state adap-
tive dynamics was applied to the OM SAT algorithm, and if we rescaled the time in
the dynamics by the stochastic limit, then we could show that the same amplifica-
tion (distinction between q > 0 and q = 0) is possible by unitary adaptive dynamics
with the stochastic limit. Its details will be discussed in Sect. 14.5. The AO adaptive
algorithm can be treated in the framework of generalized quantum Turing machine
as a linear TM.

10.5.4 Summary of Adaptive Dynamics

We summarize our idea on the adaptive dynamics as follows. The mathematical
definition of an adaptive system is given in terms of observables and states.

Two adaptivities are characterized (defined) as follows:
The observable-adaptive dynamics is a dynamics characterized by one of the

following two statements: (i) Measurement depends on how one sees an observable
to be measured. (ii) The interaction between two systems depends on how a fixed
observable exists.

The state-adaptive dynamics is a dynamics characterized by one of the following
two statements: (i) Measurement depends on how the state to be used exists. (ii) The
correlation between two systems’ interaction depends on the state of at least one of
the systems at the instant in which the interaction is switched on.

Examples of the state-adaptive dynamics are seen in compound states [561, 570]
(or nonlinear liftings [19]) studying quantum communication and in an algorithm
solving NP-complete problem in polynomial time with chaos amplifier or stochastic
limit [37, 602].

Examples of the observable-adaptive dynamics are used to understand chaos
[442, 590] and examine violation of Bell’s inequality [32].

Notice that the definitions of adaptivity make sense both for classical and quan-
tum systems.

The difference between the property (ii) of a state-adaptive system and a nonlin-
ear dynamical system should be remarked here:

(i) In nonlinear dynamical systems (such as those whose evolution is described by
the Boltzmann equation, or nonlinear Schrödinger equation, etc.), the interac-
tion depends on the state at any time t : HI = HI (ρt ) (∀t).

(ii) In state-adaptive dynamical systems, the interaction Hamiltonian depends on
the state only at time t = 0: HI = HI (ρ0).

(iii) In classical mechanics, the adaptive dynamics is of the type ẍ(t) = F(x(t),

x(0)), that is, the force depends on the initial state x(0).

The latter class of systems describes the following physical situation: At time
t = −T (T > 0), a system S is prepared in a state ψ−T and in the time interval
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[−T ,0] it evolves according to a fixed (free) dynamics U[−T ,0] so that its state at
time 0 is U[−T ,0]ψ−T =: ψ0. At time t = 0, an interaction with another system
R is switched on and this interaction depends on the state ψ0: HI = HI(ψ0). If
we interpret the system R as environment, we can say that the above interaction
describes the response of the environment to the state of the system S. Therefore,
the adaptive dynamics can be linear, but it contains the non-linear dynamics in some
occasions.

As Darwin said, “It’s not the strongest nor the most intelligent that survive but
the most adaptable to change”. The idea of adaptiveness can be applied to many
biological systems which will be discussed mainly in Chap. 21.

10.6 A Use of ID: Chaos Degree

In quantum systems, if we take C(ρ) = S(ρ) = von Neumann entropy, T (ρ;Λ∗) =
I (ρ;Λ∗) = quantum mutual entropy and linear channel Λ∗, then let’s consider

D(ρ;Λ∗) = C(Λ∗ρ) − T (ρ;Λ∗)
= S(Λ∗ρ) − I (ρ;Λ∗)

= S(Λ∗ρ) − sup

{

tr

(∑

n

pnΛ
∗En(logΛ∗En − logΛ∗ρ)

)

; {En}
}

= inf

{∑

n

pnS(Λ∗En); {En}
}

= inf

{∑

n

pnC(Λ∗En); {En}
}

since S(Λ∗ρ) = − trΛ∗ρ logΛ∗ρ = − tr(
∑

n pnΛ
∗En logΛ∗ρ) for any Schatten

decomposition {En} of ρ. Therefore, the above quantity D(ρ;Λ∗) is interpreted as
the complexity produced through the channel Λ∗. We apply this quantity D(ρ;Λ∗)
to study chaos even when the channel describing the dynamics is not linear.
D(ρ;Λ∗) is called the entropic chaos degree in the sequel.

In order to describe more general dynamics such as in continuous systems, we
define the entropic chaos degree in C∗-algebraic terminology. This setting will not
be much used in the subsequent application, but for mathematical completeness we
will discuss the C∗-algebraic setting.

Let (A,S) be an input C∗-system and (A,S) be an output C∗-system; namely,
A is a C∗-algebra with unit I , and S is the set of all states on A. We assume A = A
for simplicity. For a weak*-compact convex subset S (called the reference space)
of S, take a state ϕ from the set S and let

ϕ =
∫

S
ωdμϕ(ω)

be an extremal orthogonal decomposition of ϕ in S , which describes the degree of
mixture of ϕ in the reference space S . In more details, this formula reads

ϕ(A) =
∫

S
ω(A)dμϕ(ω), A ∈ A.
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The measure μϕ is not uniquely determined unless S is the Choquet simplex, so
that the set of all such measures is denoted by Mϕ(S).

Definition 10.8 The entropic chaos degree with respect to ϕ ∈ S and a channel Λ∗
is defined by

DS (ϕ;Λ∗) ≡ inf

{∫

S
SS (Λ∗ω)dμϕ(ω); μϕ ∈ Mϕ(S)

}

where SS (Λ∗ϕ) is the mixing entropy of a state ϕ in the reference space S .

When S = S, DS (ϕ;Λ∗) is simply written as D(ϕ;Λ∗). This DS (ϕ;Λ∗) con-
tains the classical chaos degree and the quantum one above. The classical entropic
chaos degree is the case when A is abelian and ϕ is the probability distribution of
an orbit generated by a dynamics (channel) Λ∗;ϕ =∑k pkδk , where δk is the delta
measure such as

δk(j) ≡
{

1 (k = j),

0 (k �= j).

Then the classical entropic chaos degree is

Dc(ϕ;Λ∗) =
∑

k

pkS(Λ∗δk)

with the entropy S.
To summarize, the Information Dynamics can be applied to the study of chaos in

the following way:

Definition 10.9

1. A state ψ is more chaotic than ϕ if C(ψ) > C(ϕ).
2. When ϕ ∈ S changes to Λ∗ϕ, the chaos degree associated to this state change

(dynamics) Λ∗ is given by

DS (ϕ;Λ∗) = inf

{∫

S
CS (Λ∗ω)dμϕ(ω);μϕ ∈ Mϕ(S)

}

.

Definition 10.10 A dynamics Λ∗ produces chaos iff DS (ϕ;Λ∗) > 0.

Remark 10.11 It is important to note here that the dynamics Λ∗ in the definition
is not necessarily the same as the original dynamics (channel), but is reduced from
the original so that it causes an evolution for a certain observed value like an orbit.
However, for simplicity we use the same notation here. In some cases, the above
chaos degree DS (ϕ;Λ∗) can be expressed as

DS (ϕ;Λ∗) = CS (Λ∗ϕ) − T S (ϕ;Λ∗).
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10.7 Algorithm Computing Entropic Chaos Degree
(A Use of AD)

In order to observe chaos produced by a dynamics, one often looks at the behavior
of orbits made by that dynamics, or more generally, one looks at the behavior of
a certain observed value. Therefore, in our scheme we directly compute the chaos
degree once a dynamics is explicitly given as a state change of system. However,
even when the direct calculation does not show chaos, it will appear if one focuses
on some aspect of the state change, e.g., a certain observed value which may be
called an orbit as usual. In the later case, an algorithm computing the chaos degree
for classical or quantum dynamics consists of the following two cases:

1. Dynamics is given by dx
dt

= �t (x) with x ∈ I ≡ [a, b]N ⊂ R
N . First, find a dif-

ference equation xn+1 = �(xn) with a map � on I ≡ [a, b]N ⊂ R
N into itself.

Second, let I ≡ ⋃k Ak be a finite partition with Ai ∩ Aj = ∅ (i �= j). Then
the state ϕ(n) of the orbit determined by the difference equation is defined by
the probability distribution (p

(n)
i ), that is, ϕ(n) =∑i p

(n)
i δi , where for an initial

value x ∈ I and the characteristic function 1A

p
(n)
i ≡ 1

n + 1

m+n∑

k=m

1Ai

(
�

kx
)
.

Now when the initial value x is distributed according to a measure ν on I , the
above p

(n)
i is given as

p
(n)
i ≡ 1

n + 1

∫

I

m+n∑

k=m

1Ai

(
�

kx
)
dν.

The joint distribution (p
(n,n+1)
ij ) between the time n and n + 1 is defined by

p
(n,n+1)
ij ≡ 1

n + 1

m+n∑

k=m

1Ai

(
�

kx
)
1Aj

(
�

k+1x
)
,

or

p
(n,n+1)
ij ≡ 1

n + 1

∫

I

m+n∑

k=m

1Ai

(
�

kx
)
1Aj

(
�

k+1x
)
dν.

Then the channel Λ∗
n at n is determined by

Λ∗
n ≡
(

p
(n,n+1)
ij

p
(n)
i

)

: transition probability =⇒ ϕ(n+1) = Λ∗
nϕ

(n),
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and the entropic chaos degree is given by

DA(x;�) = DA

(
p(n);Λ∗

n

)=
∑

i

p
(n)
i S(Λ∗

nδi) =
∑

i,j

p
(n,n+1)
ij log

p
(n)
i

p
(n,n+1)
ij

,

which depends on the choice of the partition A (a sort of AD). This partition
dependence is particularly important when computing the chaos degree, which
will be discussed in more details in Sect. 10.7.

We can judge whether the dynamics causes chaos or not by the value of D as

D > 0 ⇐⇒ chaotic,

D = 0 ⇐⇒ stable.

This chaos degree was applied to several dynamical maps such as logistic
map, Baker’s transformation, and Tinkerbel’s map, and it could explain their
chaotic character. This chaos degree has several merits compared with usual mea-
sures such as Lyapunov exponent as explained below.

Therefore, it is enough to find a partition {Ak} such that D is positive for the
dynamics to produce chaos.

2. Dynamics is given by ϕt = �
∗
t ϕ0 on a Hilbert space. Similarly as writing a dif-

ference equation for a (quantum) state, the channel Λ∗
n at n is first deduced from

�
∗
t , which should satisfy ϕ(n+1) = Λ∗

nϕ
(n). By means of this constructed channel

(α), we compute the chaos degree D directly according to the definition (α) or
(β) we take a proper observable X and put xn ≡ ϕ(n)(X), then go back to the
algorithm 1.

The entropic chaos degree for quantum systems has been applied to the anal-
ysis of quantum spin system and quantum Baker’s type transformation, which
will be discussed in Chap. 20.

Note that the chaos degree D above does depend on a partition A taken, which
is somehow different from the usual degree of chaos. This is a key point of our
understanding of chaos, which will be discussed in Sect. 10.4.

10.7.1 Logistic Map

Let us apply the entropic chaos degree (ECD) to the logistic map. Chaotic behavior
in a classical system is often considered as an exponential sensitivity to the initial
condition.

The logistic map is defined by

xn+1 = axn(1 − xn), xn ∈ [0,1],0 ≤ a ≤ 4.

The solution of this equation bifurcates as shown in Fig. 10.1.
In order to compare ECD with other measures describing its chaos, we take Lya-

punov exponent for this comparison and remind here its definition.
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Fig. 10.1 Bifurcation diagram for the logistic map

Lyapunov Exponent λ(f )

1. Let f be a map on R, and let x0 ∈ R. Then the Lyapunov exponent λO(f ) of the
orbit O ≡ {f n(x0) ≡ f ◦ · · · ◦ f (x0): n = 0,1,2, . . .} is defined by

λO(f ) = lim
n→∞λ

(n)

O (f ), λ
(n)

O (f ) = 1

n
log

∣
∣
∣
∣
df n

dx
(x0)

∣
∣
∣
∣.

2. Let f = (f1, . . . , fm) be a map on R
m, and let r0 ∈ R

m. The Jacobi matrix Jn =
Df n(r0) at r0 is defined by

Jn = Df n(r0) =

⎛

⎜
⎜
⎜
⎝

∂f n
1

∂x1
(r0) · · · ∂f n

1
∂xm

(r0)

...
...

∂f n
m

∂x1
(r0) · · · ∂f n

m

∂xm
(r0)

⎞

⎟
⎟
⎟
⎠

.

Then, the Lyapunov exponent λO(f ) of f for the orbit O ≡ {f n(x0);n = 0,1,

2, . . . } is defined by

λO(f ) = log μ̃1, μ̃k = lim
n→∞

(
μn

k

) 1
n (k = 1, . . . ,m).

Here, μn
k is the kth largest square root of the m eigenvalues of the matrix JnJ

T
n .

λO(f ) > 0 =⇒ Orbit O is chaotic,

λO(f ) ≤ 0 =⇒ Orbit O is stable.
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Fig. 10.2 Chaos degree for the logistic map

The properties of the logistic map depend on the parameter a. There exists a
critical value a0 � 3.57 such that chaos occurs for a > a0. If we take a particular
constant a, for example, a = 3.71, then the Lyapunov exponent and the entropic
chaos degree are positive (see Figs. 10.2 and 10.3), the trajectory is very sensitive to
the initial value and one has chaotic behavior.

We show several applications to some other dynamics.

Bernoulli Shift

Let f be a map from [0,1] to itself such that

f (xn) =
{

2ax(n) (0 ≤ x(n) ≤ 0.5),

a(2x(n) − 1) (0.5 < x(n) ≤ 1),
(10.1)

where x(n) ∈ [0,1] and 0 ≤ a ≤ 1.
Let us compute the Lyapunov exponent and the entropic chaos degree (ECD for

short) for the above Bernoulli shift f .
An orbit of (10.1) is shown in Fig. 10.4.
The Lyapunov exponent λn(f ) is log 2a for the Bernoulli shift (Fig. 10.5).
On the other hand, the entropic chaos degree of the Bernoulli shift is shown in

Fig. 10.6.
Here we took 740 different a’s between 0 and 1 with

Ai =
[

i

2000
,
i + 1

2000

]

(i = 0, . . . ,1999),

n = 100000.
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Fig. 10.3 Lyapunov exponent for the logistic map

Fig. 10.4 Bifurcation diagram for the Bernoulli shift

Baker’s Transformation

We apply the chaos degree to a smooth map on R
2. Let us compute the Lyapunov

exponent and the ECD for the following Baker’s transformation fa :

fa

(
x(n)
)= fa

(
x

(n)
1 , x

(n)
2

)=
{

(2ax
(n)
1

1
2ax

(n)
2 ) (0 ≤ x

(n)
1 ≤ 0.5),

(a(2x
(n)
1 − 1), 1

2a(x
(n)
2 + 1)) (0.5 < x

(n)
1 ≤ 1),

where (x
(n)
1 , x

(n)
2 ) ∈ [0,1] × [0,1] and 0 ≤ a ≤ 1.
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Fig. 10.5 Lyapunov exponent of the Bernoulli shift

Fig. 10.6 ECD of the Bernoulli shift

Orbits for different a are shown in Figs. 10.7, 10.8, 10.9, 10.10, 10.11, 10.12.
These figures show that the larger a is, the more complicated the orbit is.

The maximum Lyapunov exponent λ1
n(f ) is log 2a for the Baker’s transformation

(Fig. 10.13).
On the other hand, the ECD of the Baker’s transformation is shown in Fig. 10.14.
Here we took 740 different a’s between 0 and 1 with

Ai,j =
[

i

100
,
i + 1

100

]

×
[

j

100
,
j + 1

100

]

(i, j = 0, . . . ,99),

n = 100000.
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Fig. 10.7 Orbit of fx for 0 ≤ a < 0.5

Fig. 10.8 Orbit of fx for a = 0.6

Tinkerbell Map

Let us compute the ECD for the following Tinkerbell maps fa and fb on I =
[−1.2,0.4] × [−0.7,0.3].

fa

(
x(n)
) = fa

(
x

(n)
1 , x

(n)
2

)

= ((x(n)
1

)2 − (x(n)
2

)2 + ax
(n)
1 + c2x

(n)
2 ,2x

(n)
1 x

(n)
2 + c3x

(n)
1 + c4x

(n)
2

)
,
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Fig. 10.9 Orbit of fx for a = 0.7

Fig. 10.10 Orbit of fx for a = 0.8

fb

(
x(n)
) = fb

(
x

(n)
1 , x

(n)
2

)

= ((x(n)
1

)2 − (x(n)
2

)2 + c1x
(n)
1 + c2x

(n)
2 ,2x

(n)
1 x

(n)
2 + bx

(n)
1 + c4x

(n)
2

)
,

where (x
(n)
1 , x

(n)
2 ) ∈ I,−0.4 ≤ a ≤ 0.9,1.9 ≤ b ≤ 2.9, (c1, c2, c3, c4) =

(−0.3,−0.6,2.0,0.5), and (x
(0)
1 , x

(0)
2 ) = (0.1,0.1).

Let us plot the points (x
(n)
1 , x

(n)
2 ) for 3000 different n’s between 1001 and 4000.

In a stable domain, the number of the points (x
(n)
1 , x

(n)
2 ) is finite because the point

(x
(n)
1 , x

(n)
2 ) periodically appears at time n. Figures 10.15 and 10.16 are examples of

the orbits of fa and fb in a stable domain.
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Fig. 10.11 Orbit of fx for a = 0.9

Fig. 10.12 Orbit of fx for a = 1.0

On the other hand, the point (x
(n)
1 , x

(n)
2 ) takes a random value at time n in a

chaotic domain. Figures 10.17 and 10.18 are examples of the orbits of fa and fb in
a chaotic domain.

The ECD of Tinkerbell maps fa and fb are shown in Figs. 10.19 and 10.20.
Here we took 740 different a’s between −1.2 and 0.9, and 740 different b’s

between 1.9 and 2.9 with

Ai,j =
[

i

100
,
i + 1

100

]

×
[

j

100
,
j + 1

100

]

(i = −120,−119, . . . ,−1,0,1, . . . ,38,39)
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Fig. 10.13 Lyapunov exponent of Baker’s transformation

Fig. 10.14 ECD of the Baker’s transformation

(j = −70,−69, . . . ,−1,0,1, . . . ,28,29),

n = 100000.

From the above example and some other maps though they are not discussed here
(see [360]), the Lyapunov exponent and chaos degree have a clear correspondence,
but the ECD can resolve some inconvenient properties of the Lyapunov exponent as
follows:

1. Lyapunov exponent takes negative values and is sometimes −∞, but the ECD is
always positive for any a ≥ 0.
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Fig. 10.15 Orbit of fa for a = 0.243

Fig. 10.16 Orbit of fa for a = 2.65

2. It is difficult to compute the Lyapunov exponent for some maps like the Tinker-
bell map f because it is difficult to compute f n for large n. On the other hand,
the ECD of f is easily computed.

3. Generally, the algorithm for the ECD is much easier than that for the Lyapunov
exponent.

10.7.2 ECD with Memory

Here we generalize the above ECD taking the memory effect into account. Although
the original ECD is based upon the choice of the base space Σ ≡ {1,2, . . . ,N}, we
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Fig. 10.17 Orbit of fa for a = 0.670

Fig. 10.18 Orbit of fb for b = 2.8

take another choice here: Σ ′, instead of Σ , will be a new base space. On this base
space, a probability distribution is naturally defined as

p
(n,...,n+n′)
i0···in′ ≡ 1

n + 1

m+n∑

k=m

1Ai0

(
�

kx
) · · ·1Ai

k+n′
(
�

k+n′
x
)

with its mathematical idealization, pi0···in′ ≡ limn→∞ p
(n,...,n+n′)
i0···in′ . The channel Λ∗

n′

over Σn′
is defined by a transition probability,

pj0i0···in′+1
δin′ jn′ = p(i1, . . . , in′+1|j0, . . . , jn′)pj0···jn′ .
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Fig. 10.19 ECD for Tinkerbell map fa

Fig. 10.20 ECD for Tinkerbell map fb

Thus we derive the ECD with m-step memory effect,

Dn′
A (x;f ) = Dn′

A

(
p;Λ∗

n′
)=

∑

i0,...,in′
pi0···in′ log

pi0···in′−1

pi0···in′
.

It is easy to see that this quantity coincides with the original CD when n′ = 1.
This memory effect shows an interesting result, namely, the longer the memory,

the closer the ECD to the positive part of Lyapunov exponent.

Theorem 10.12 For given f,x and A, there exist a probability space (Ω,F, ν)

and a random variable g depending on f,x,A such that limn′→∞ Dn′
A (x;f ) =∫

Ω
g dν = the positive part of Lyapunov exponent.
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Remark 10.13 The use of and a generalization of the ECD to quantum systems have
been discussed in [365, 367], some of which are considered in Chap. 19.

10.8 Adaptive Dynamics Describing Chaos

In adaptive dynamics, it is essential to consider in which states and by which ways
we see objects. That is, one has to select phenomena and prepare a mode for ob-
servation to understand a system as a whole. Typical adaptive dynamics are the
dynamics for state-adaptive and that for observable-adaptive as mentioned in the
previous section.

We will discuss how such adaptivities appear in dynamics and how they cause
chaos.

First of all, we examine carefully what we mean when we say that a certain
dynamics produces chaos. Let us take the logistic map as an example. The original
differential equation of the logistic map is

dx

dt
= ax(1 − x), 0 ≤ a ≤ 4

with initial value x0 in [0,1]. This equation can be easily solved analytically, and
the solution (orbit) may not have any chaotic behavior. However, once we make the
above equation discrete, i.e., take

xn+1 = axn(1 − xn), (10.2)

this difference equation produces chaos.
Taking discrete time is necessary not only for making chaos but also for observ-

ing the orbits drawn by the dynamics. Similarly as in quantum mechanics, it is not
possible for a human being to understand any object without observing it, for which
it will not be possible to trace an orbit continuously in time.

Now let us take a finite partition A = {Ak; k = 1, . . . ,N} of a proper set I ≡
[a, b]N ⊂ R

N and an equi-partition Be = {Be
k ; k = 1, . . . ,N} of I . Here “equi”

means that all elements Be
k are equivalent. We denote the set of all partitions by

P and the set of all equi-partitions by P e. Such a partition enables observing the
orbit of a given dynamics, and moreover, it provides a criterion for observing chaos.
There exist several reports saying that one can observe chaos in nature, which are
very much related to how one observes the phenomena, for instance, scale, direction
and time. It has been difficult to find a satisfactory theory (mathematics) to explain
such chaotic phenomena. In the difference equation (10.2), we take some time in-
terval τ between n and n + 1. If we let τ → 0, then we get a completely different
dynamics. If we take a coarse graining of the orbit of xt of τ time units,

xn ≡ 1

τ

∫ nτ

(n−1)τ

xt dt,
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we again have a very different dynamics. Moreover, it is important for mathematical
consistency to take the limits n → ∞ or N (the number of equi-partitions) → ∞,
i.e., making the partition finer and finer, and consider the limits of some quantities as
describing chaos, so that mathematical terminologies such as “lim”, “sup”, “inf” are
very often used to define such quantities. Let us take the opposite position, that is,
any observation will be unrelated or even contradicting to such limits. Observation
of chaos is a result due to taking suitable scales of, for example, time, distance or
domain, and it will not be possible in the limiting cases.

It is claimed in [442] that most of chaos are scale-dependent phenomena, so the
definition of a degree measuring chaos should depend on certain scales taken. Such
a scale-dependent dynamics is nothing but adaptive dynamics.

Taking into consideration this view, we modify the definitions of the chaos degree
given in the previous section.

Going back to the triple (A,S, α(G)) considered in Sect. 10.2, we use this triple
both for an input and an output system. Let a dynamics be described by a mapping
Γt with a parameter t ∈ G from S to S and let an observation be described by
a mapping O from (A,S, α(G)) to a triple (B,T, β(G)). The triple (B,T, β(G))

might be same as the original one or its subsystem, and the observation map O may
contains several different types of observations, that is, it can be decomposed as
O = Om· · ·O1. Let us list some examples of observations.

For a given dynamics dϕ
dt

= F(ϕt ), or equivalently, ϕt = Γtϕ, one can take several
observations.

Example 10.14 (Time scaling (discretizing)) Oτ : t → n, dϕ
dt

(t) → ϕn+1, so that
dϕ
dt

= F(ϕt ) ⇒ ϕn+1 = F(ϕn) and ϕt = Γtϕ ⇒ ϕn = Γnϕ. Here τ is a unit time
needed for the observation.

Example 10.15 (Size scaling (conditional expectation, partition)) Let (B,T, β(G))

be a subsystem of (A,S, α(G)), both of which have a certain algebraic structure
such as of a C∗-algebra or von Neumann algebra. As an example, the subsystem
(B,T, β(G)) has an abelian structure describing a macroscopic world which is a
subsystem of a non-abelian (non-commutative) system (A,S, α(G)) describing a
micro-world. A mapping OC preserving norm (when it is properly defined) from A
to B is, in some cases, called a conditional expectation. A typical example of this
conditional expectation is taken with respect to a projection valued measure

{

Pk;PkPj = Pkδkj = P ∗
k δkj ≥ 0,

∑

k

Pk = I

}

associated with a quantum measurement (von Neumann measurement) such that

OC(ρ) =
∑

k

PkρPk

for any quantum state (density operator) ρ. When B is a von Neumann algebra
generated by {Pk}, it is an abelian algebra isometrically isomorphic to L∞(Ω) for
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a certain Hausdorff space Ω , so that in this case OC sends a general state ϕ to
a probability measure (or distribution) p. A similar example of OC comes from a
certain representation (selection) of a state such as one Schatten decomposition of ρ,

ρ = ORρ =
∑

k

λkEk,

by one-dimensional orthogonal projections {Ek} associated to the eigenvalues of ρ

with
∑

k Ek = I . Another important example of the size scaling is due to a finite
partition of an underlining space Ω , e.g., space of orbits defined as

OP (Ω) =
{

Pk;Pk ∩ Pj = Pkδkj (k, j = 1, . . .N),

N⋃

k=1

Pk = Ω

}

.

10.8.1 Chaos Degree with Adaptivity

We go back to the discussion of the entropic chaos degree. Starting from a given
dynamics ϕt = Γ ∗

t ϕ, it becomes ϕn = Γ ∗
n ϕ after handling the operation Oτ . Then

by taking proper combinations O of the size scaling operations like OC , OR and
OP , the equation ϕn = Γ ∗

n ϕ changes to O(ϕn) = O(Γ ∗
n ϕ), which will be written as

Oϕn = OΓ ∗
n O−1 Oϕ or ϕO

n = Γ ∗O
n ϕO . Then our entropic chaos degree is redefined

as follows:

Definition 10.16 The adaptive entropic chaos degree of Γ ∗ with an initial state ϕ

and observation O is defined by

DO(ϕ;Γ ∗) =
∫

O(S)

S
(
Γ ∗OωO)dμO,

where μO is the measure operated by O to an extremal decomposition measure of
ϕ selected by the observation O (its part OR). The adaptive entropic chaos degree
of Γ ∗ with an initial state ϕis defined by

D(ϕ;Γ ∗) = inf
{
DO(ϕ;Γ ∗); O ∈ S O

}
,

where S O is a proper set of observations naturally determined by a given dynamics.

In this definition, S O is determined by a given dynamics and some conditions
attached to the dynamics, for instance, if we start from a difference equation with a
special representation of an initial state, then S O excludes Oτ and OR .

Then one judges whether a given dynamics causes chaos or not in the following
way.
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Definition 10.17

1. A dynamics Γ ∗ is chaotic for an initial state ϕ in an observation O iff
DO(ϕ;Γ ∗) > 0.

2. A dynamics Γ ∗ is totally chaotic for an initial state ϕ iff D(ϕ;Γ ∗) > 0.

The idea introduced in this section to understand chaos can be applied not only to
the entropic chaos degree but also to some other degrees such as dynamical entropy
whose applications and the comparison of several degrees will be discussed in [608].

In the case of the logistic map, xn+1 = axn(1 − xn) ≡ F(xn), we obtain this
difference equation by taking the observation Oτ and take an observation OP by
equipartition of the orbit space Ω = {xn} so as to define a state (probability distri-
bution). Thus we can compute the entropic chaos degree in the adaptive sense.

As an example, we consider a circle map

θn+1 = fν(θn) = θn + ω (mod 2π), (10.3)

where ω = 2πv (0 < v < 1). If v is a rational number N/M , then the orbit {θn} is
periodic with the period M . If v is irrational, then the orbit {θn} densely fills the unit
circle for any initial value θ0; namely, it is a quasi-periodic motion.

Theorem 10.18 Let I = [0,2π] be partitioned into L disjoint components of equal
length; I = B1 ∩ B2 ∩ · · · ∩ BL.

1. If v is rational number N/M then the finite equipartition P = {Bk; k =
1, . . . ,M} implies DO(θ0;fν) = 0.

2. If v is irrational, then DO(θ0;fν) > 0 for any finite partition P = {Bk}.

Proof (Part 1) Since v is a rational number N/M , for our partition {Bk} we choose
the M components,

Bk ≡
{

x;2π
k − 1

M
≤ x < 2π

k

M
π

}

, k = 1,2, . . . ,M.

Then, for each component Bk there exists its subset Ck ,

Ck = {θj ∈ Bk; j = n + 1, . . . , n + m}
where θ0 is an initial condition, and we have

f (Ck) =
{

f (θj );2π
k − 1

M
+ 2π

N

M
≤ f (θj ) < 2π

k

M
+ 2π

N

M
(mod 2π),

j = n + 1, . . . , n + m

}

=
{

θj+1;2π
k − 1 + N

M
≤ θj+1 < 2π

k + N

M
(mod 2π),

j = n + 1, . . . , n + m

}
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=
{

θl;2π
k + N

M
≤ θl < 2π

k + N + 1

M
(mod 2π),

l = n + 2, . . . , n + m + 1

}

⊂ Bk+N (mod M).

Thus, the map (10.3) maps Ck into Bk+N(mod M), and we obtain

p
(n,n+1)
k,k+N (mod M),B = p

(n)
k,B . (10.4)

Equation (10.4) implies that D(p
(n)
B ;Λ∗

n,B) = 0.
(Part 2) If v is irrational, then the map (10.3) creates a uniform invariant density

of the orbit points in the limit as n → ∞. Thus, for any partition {Bk}, the orbit
points are also densely distributed in any component of Bk for sufficiently large m.

Suppose that there exists at least one component Bi of {Bk} = B1 ∪B2 ∪· · ·∪BL

such that we can form two nonempty intersections

f (Bi) ∩ Bj , f (Bi) ∩ Bj+1. (10.5)

Then we have

p
(n,n+1)
i,j,B > 0, p

(n,n+1)
i,j+1,B > 0,

p
(n,n+1)
i,j,B + p

(n,n+1)
i,j+1,B

= p
(n)
i,B,

so that

−
∑

i,j

p
(n,n+1)
i,j,B logp

(n,n+1)
i,j,B > −

∑

i

p
(n)
i,B logp

(n)
i,B .

This means that for sufficiently large m, the entropic chaos degree is positive in the
case (10.5). Now we randomly choose one component E1 as

E1 = {x; 2πax < 2πb (mod 2π) 0 < a,b < 1, a ≤ b
}
.

To overcome situations such as (10.5), we should compose a partition {Bk} so that

E2 ≡ f (E1) ∈ {Bk}
and we should take E1 such that Lebesgue measure of E1 is less than 2πv. The
second condition is needed for the equation

f (E1) ∩ E1 = ∅
to hold. Continuing in this manner, we should also choose a partition {Bk} such that

f n(E1) ≡ En+1 ∈ {Bk} n = 1,2, . . . ,N − 1,
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where N is the maximum natural number l such that 2πlv < 2π −2π(b−a). Since
2π(b − a) is the Lebesgue measure of E1, EN is the closest left-side component of
{Ek} to E1. Now we take the component Fk ,

Fk = {x; 2π
(
b + (k − 1)v

)≤ x < 2π(a + kv) (mod 2π),

0 < a,b < 1, a ≤ b
}
, k = 1,2, . . . ,N − 1,

FN = {x; 2π(a + Nv) ≤ x ≤ 2π (mod 2π),

0 < a,b,< 1, a ≤ b
}
.

Then for all k < N − 1, we have

f (Fk) = {f (x); 2π
(
b + (k − 1)v

)+ 2πv ≤ f (x) < 2π(a + kv)

+ 2πv (mod 2π),0 ≤ a, b ≤ 1, a ≤ b
}

= {x; 2π(b + kv)+ ≤ x < 2π
(
a + (k + v) + 2πv

)
(mod 2π),

0 ≤ a, b ≤ 1, a ≤ b
}

= Fk+1.

Thus, we have the partition {Bk} as

{Bk} =
(

N⋃

k=1

Ek

)

∪
(

N⋃

k=1

Fk

)

.

Since the Lebesgue measure of FN is less than that of F1, we form two nonempty
intersections,

f (EN) ∩ E1, f (EN) ∩ F1.

From the above discussion, one finds that we cannot choose a partition {Bk}, in
which the entropic chaos degree is equal to 0. �

Note that our entropic chaos degree shows chaos for the quasi-periodic circle
dynamics by the observation due to a partition of the orbit, which is different from
the usual understanding of chaos. However, the usual belief that quasi-periodic cir-
cle dynamics will not cause chaos is not at all obvious, but is realized in a special
limiting case as shown in the following theorem.

Theorem 10.19 For the above circle map, if v is irrational, then D(θ0;fν) = 0.

Proof Let us take an equipartition P = {Bk} as

Bk ≡
{

x;2π
k − 1

l
≤ x < 2π

k

l
π

}

, k = 1,2, . . . , l,
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where l is a certain integer and Bk+l = Bk . When ν is irrational, put ν0 ≡ [lν]
with Gaussian [·]. Then fν(Bk) intersects only two intervals Bk+ν0 and Bk+ν0+1,
so that we denote the ratio of the Lebesgue measure of fν(Bk) ∩ Bk+ν0 and that of
fν(Bk) ∩ Bk+ν0+1 by 1 − s : s. This s is equal to lν − [lν], and the entropic chaos
degree becomes

DP = −s log s − (1 − s) log(1 − s).

Take the continued fraction expansion of ν and denote its j th approximate by bj

cj
.

Then it holds |ν − bj

cj
| ≤ 1

c2
j

. For the above equipartition B = {Bk} with l = cj , we

find

|lν − bj | ≤ 1

k

and

[lν] =
⎧
⎨

⎩

bj when ν − bj

cj
> 0,

bj−1 when ν − bj

cj
< 0.

It implies

DP � log cj

cj

,

which goes to 0 as j → ∞. Hence D = inf{DP ;P } = 0. �

Such a limiting case will not take place in real observations of natural objects, so
that we claim that chaos is a phenomenon depending on observations, environment
or periphery, which results in the adaptive definition of chaos as above. The detailed
examination of a map of this type is done in [72].

Note here that the chaos degree and the adaptivity can be applied to understand
quantum dynamics also [359, 364, 365].

10.9 Time Irreversibility Problem and Functional Mechanics

In this section, we consider the time irreversibility problem and describe a new ap-
proach to its solution based on a formulation of classical mechanics which is differ-
ent form Newton mechanics. This approach, introduced by Volovich [800, 801] fits
well with the general idea of adaptive mechanics which says that there are different
scales of investigation of determinism and chaos.

The time irreversibility problem is the problem of explaining the irreversible be-
havior of macroscopic systems from the time-symmetric microscopic laws. The
problem has been discussed by Boltzmann, Poincaré, Bogolyubov, Kolmogorov,
von Neumann, Landau, Prigogine, Feynman, and many other authors [34, 120, 125,
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138, 158, 238, 276, 286, 294, 396, 448, 450, 454, 465, 473, 570, 652, 656, 836], and
it deserves a further study.

In particular, in works by Poincaré [652], Landau and Lifshitz [465], Prigogine
[656], Ginzburg [286], Feynman [238], it is stressed that the irreversibility problem
is still an open problem. Poincaré [652] said that perhaps we will never solve the
irreversibility problem. Landau and Lifshitz write about the principle of increasing
entropy [465]: “Currently it is not clear whether the law of increasing entropy can be
in principle derived from classical mechanics.” Landau speculated that to explain the
second law of thermodynamics, one has to use quantum mechanical measurement
arguments.

From the other side, Lebowitz [473], Goldstein [294] and Bricmont [138] state
that the irreversibility problem was basically solved already by Boltzmann by using
his notion of macroscopic entropy and the probabilistic approach.

The microscopic-mechanical description of a system assumes that the state of the
system at a given moment of time is represented by a point in the phase space with an
invariant measure, and the dynamics of the system is described by a trajectory in the
phase space, see [58, 71, 213, 439, 465, 718]. It is assumed that the microscopic laws
of motion are known (Newton or Schrodinger equations) and there is a problem of
derivation from them the macroscopic (Boltzmann, Navier–Stokes, etc.) equations;
see, for example, [465, 836].

There are well known critical remarks by Loschmidt and Poincaré and Zer-
melo on the Boltzmann approach to the irreversibility problem and the H -theorem.
Loschmidt remarked that from the symmetry of the Newton equations upon the re-
verse of time it follows that to every motion of the system on the trajectory towards
the equilibrium state one can put into correspondence the motion out of the equi-
librium state if we reverse the velocities at some time moment. Such a motion is in
contradiction with the tendency of the system to go to the equilibrium state and with
the law of increasing of entropy.

Then, there is the Poincaré recurrence theorem which says that a trajectory of a
bounded isolated mechanical system will many times come to a very small neigh-
borhood of an initial point. This is also in contradiction with the motion to the
equilibrium state. This is the Poincaré–Zermelo paradox.

Boltzmann [126] gave the following answer to the Loschmidt argument: “We do
not have to assume a special type of initial condition in order to give a mechanical
proof of the second law, if we are willing to accept a statistical viewpoint. While
any individual non-uniform state (corresponding to low entropy) has the same prob-
ability as any individual uniform state (corresponding to high entropy), there are
many more uniform states than non-uniform states. Consequently, if the initial state
is chosen at random, the system is almost certain to evolve into a uniform state, and
entropy is almost certain to increase.”

So, the answer by Boltzmann to the objection of Loschmidt was that, firstly, the
probabilistic considerations have been involved, and secondly, he argued that with
the overwhelming probability the evolution of the system will occur in the direction
of flow of time, corresponding to the increasing entropy, since there are many more
uniform states than non-uniform states. The answer by Boltzmann to the Poincaré–
Zermelo objection was in pointing out the extremely long Poincaré recurrence time.
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These Boltzmann’s responses are not very convincing, from our point of view,
despite their vigorous support in recent works [138, 294, 473]. Involvement of prob-
ability considerations alone does not clarify the issue of irreversibility because if
there is symmetry in relation to the direction of time, it remains unclear why the
evolution in one direction is more likely than in the other.

Then, the argument that there are many more uniform states than non-uniform
states does not clarify the issue of the dynamical evolution since the dynamics does
depend on the form of the potential energy between particles, and for many poten-
tials the argument is simply wrong. Therefore, this general Boltzmann’s argument
does not give a real insight to the irreversibility problem.

Actually, Boltzmann in [126] considered “a large but not infinite number of abso-
lutely elastic spheres, which move in a closed container whose walls are completely
rigid and likewise absolutely elastic. No external forces act on our spheres.” Even for
this simple model it is very difficult to make the Boltzmann argument convincing,
i.e., to get a mathematical result, see [71, 718].

Further, an indication to the extremely long Poincaré recurrence time does not
remove the contradiction between microscopic reversibility and macroscopic irre-
versibility, and moreover, no clear mechanism for relaxation to equilibrium is pre-
sented.

Lebowitz advanced [473], following Boltzmann, the following arguments to ex-
plain irreversibility: (a) the great disparity between microscopic and macroscopic
scales, (b) a low entropy state of the early universe, and (c) the fact that what we ob-
serve is the behavior of systems coming from such an initial state—not all possible
systems.

From our viewpoint these arguments do not lead to explanation of irreversibility
even though it is said in [473] that “common alternative explanations, such as those
based on the ergodic or mixing properties of probability distribution . . . are either
unnecessary, misguided or misleading.”

Boltzmann proposed that we and our observed low-entropy world are a random
fluctuation in a higher-entropy universe. These cosmological considerations of the
early universe might be entertaining but they should be related with the modern
Friedmann [273, 484] gravitational picture of the Big Bang and, what is most im-
portant, there is no evidence that the irreversible behavior of gas in a box is somehow
related with conditions in the early universe 14 billion years ago.

Notice that in [548] it is shown that the Hawking black hole information paradox
is a special case of the irreversibility problem.

Goldstein said in [294]: “The most famous criticisms of Boltzmann’s later works
on the subject have little merit. Most twentieth century innovations—such as the
identification of the state of a physical system with a probability distribution ρ on
its phase space, of its thermodynamic entropy with the Gibbs entropy of ρ, and
the invocation of the notions of ergodicity and mixing for the justification of the
foundations of statistical mechanics—are thoroughly misguided.”

And then: “This use of ergodicity is thoroughly misguided. Boltzmann’s key in-
sight was that, given the energy of a system, the overwhelming majority of its phase
points on the corresponding energy surface are equilibrium points, all of which look
macroscopically more or less the same.”
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The Boltzmann argument about “the overwhelming majority” (i.e., “many more
uniform states”) was discussed above. Moreover, the main point of the current paper
is that we shall use the probability distribution and the Liouville equation not only
in statistical mechanics but also in classical mechanics, even for a single particle in
empty space.

A powerful method for obtaining kinetic equations from the Newton–Liouville
equations was developed by Bogolyubov [120]. He has considered an infinite num-
ber of particles in an infinite volume and postulated the condition of weakening of
the initial correlations between particles in the distant past, through which the irre-
versibility entered into the equation for the distribution functions, as well as using a
formal expansion in powers of density, which leads to divergences.

Poincaré considered the model of free motion of gas particles in a box with re-
flecting walls and showed that for solutions of the Liouville equation in this model
there is, in some sense, an irreversible diffusion [650]. This result of Poincaré was
introduced to modern scientific literature by Kozlov, see [448], where the result of
Poincaré was significantly strengthened and consolidated. In the works of Kozlov,
a method of the weak limit in the non-equilibrium statistical mechanics has been
developed, and in particular, it was proved that for some models the system in the
sense of weak convergence tends to one and the same limit in the past and in the
future [448, 450]. The method of the weak limit of [448, 450] had a significant in-
fluence to the formulation of the approach to the problem of irreversibility through
functional formulation of classical mechanics.

Note that the stochastic limit [34] gives a systematic method for investigation of
irreversible processes.

Questions about the increase of the fine and coarse entropies are discussed in
[158, 396, 449, 450, 465, 651, 836].

In this section, we consider the following approach to the irreversibility prob-
lem and to paradoxes of Loschmidt and Poincaré–Zermelo: We describe a formula-
tion of microscopic dynamics which is irreversible in time. Thus the contradiction
between microscopic reversibility and macroscopic irreversibility of the dynamics
disappears, since both microscopic and macroscopic dynamics in the proposed ap-
proach are irreversible.

Note that the conventional widely used concept of the microscopic state of the
system at some moment in time as the point in phase space, as well as the notion of
trajectory and the microscopic equations of motion, has no direct physical meaning,
since arbitrary real numbers not observable (observable physical quantities are only
presented by rational numbers, cf. the discussion of concepts of space and time in
[210, 404, 507, 774, 783, 785, 799, 833]).

In the proposed “functional” approach, the physical meaning is attached not to a
single trajectory, but only to a “beam” of trajectories, or the distribution function on
the phase space. Individual trajectories are not observable, they could be considered
as “hidden variables”, if one uses the quantum mechanical notions, see [793, 798].

The fundamental equation of the microscopic dynamics of the proposed func-
tional probabilistic approach is not the Newton’s equation, but a Liouville equation
for distribution function. It is well known that the Liouville equation is used in sta-
tistical mechanics for the description of the motions of gas. Let us stress that we
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shall use the Liouville equation for the description of a single particle in the empty
space.

Although the Liouville equation is symmetric in relation to the reversion of time,
its solutions have the property of delocalization that, generally speaking, can be
interpreted as a manifestation of irreversibility. It is understood that if at some mo-
ment in time the distribution function describes a particle, localized to a certain
extent, then over time the degree of localization decreases, there is the spreading of
distribution function. Delocalization takes place even for a free particle in infinite
space where there is no ergodicity and mixing.

In the functional approach to classical mechanics, we do not derive the statistical
or chaotic properties of deterministic dynamics, but we suggest that the Laplace’s
determinism at the fundamental level is absent not only in quantum, but also in
classical mechanics.

We show that Newton’s equation in the proposed approach appears as an approx-
imate equation describing the dynamics of the average values of coordinates and
momenta for not too long time. We calculate corrections to Newton’s equation.

In the next subsection, the fundamentals of the functional formulation of classical
mechanics are presented. Then we discuss the free movement of particles and New-
ton’s equation for the average coordinates as well as comparison with quantum me-
chanics. After presenting general comments on the Liouville and Newton equations,
we compute corrections to the Newton equation for a nonlinear system. Finally, we
discuss the reversibility of motion in classical mechanics and irreversibility in the
functional approach to the mechanics. The dynamics of the classical and quantum
particle in a box and their interrelationships are summarized in the end of this sec-
tion.

10.9.1 States and Observables in Functional Classical Mechanics

Usually in classical mechanics, the motion of a point body is described by the trajec-
tory in the phase space, i.e., the values of the coordinates and momenta as functions
of time, which are solutions of the equations of Newton or Hamilton.

Note, however, that this mathematical model is an idealization of the physical
process, rather far separated from reality. The physical body always has the spatial
dimensions, so a mathematical point gives only an approximate description of the
physical body. The mathematical notion of a trajectory does not have direct physi-
cal meaning, since it uses arbitrary real numbers, i.e., infinite decimal expansions,
while the observation is only possible, in the best case, of rational numbers, and
even then only with some error. Therefore, in the proposed “functional” approach
to classical mechanics, we are not starting from Newton’s equation, but form the
Liouville equation.

Consider the motion of a classical particle along a straight line in the poten-
tial field. The general case of many particles in the three-dimensional space is dis-
cussed below. Let (q,p) be the coordinates on the plane R

2 (phase space), t ∈ R
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is time. The state of a classical particle at time t will be described by the function
ρ = ρ(q,p, t), it is the density of the probability that the particle at time t has the
coordinate q and momentum p.

Note that the description of a mechanical system with the help of probability dis-
tribution function ρ = ρ(q,p, t) does not necessarily mean that we are dealing with
a set of identically prepared ensembles of particles. Usually in probability theory,
one considers an ensemble of events and a sample space [142, 405, 657]. But we
can use the description with the function ρ = ρ(q,p, t) also for individual bodies,
such as planets in astronomy (the phase space in this case is six-dimensional). In
this case, one can think about the “ensemble” of different astronomers which ob-
serve the planet, or about the “ensemble” of different models of behavior of a given
object. Actually, it is always implicitly dealt with the function ρ = ρ(q,p, t) which
takes into account the inherent uncertainty in the coordinates and momentum of the
body. An application of these remarks to quantum mechanics will be discussed in a
separate work.

The specific type of function ρ depends on the method of preparation of the
state of a classical particle at the initial time and the type of potential field. When
ρ = ρ(q,p, t) has sharp peaks at q = q0 and p = p0, we say that the particle has
the approximate values of coordinate and momentum q0 and p0.

We emphasize that the exact derivation of the coordinate and momentum cannot
be done, not only in quantum mechanics, where there is the Heisenberg uncertainty
relation, but also in classical mechanics. There are always some errors in setting
the coordinates and momenta. The concept of arbitrary real numbers, given by the
infinite decimal series, is a mathematical idealization, such numbers cannot be mea-
sured in the experiment.

Therefore, in the functional approach to classical mechanics, the concept of pre-
cise trajectory of a particle is absent, the fundamental concept is a distribution func-
tion ρ = ρ(q,p, t) and the δ-function as a distribution function is not allowed.

We assume that the continuously differentiable and integrable function ρ =
ρ(q,p, t) satisfies the conditions:

ρ ≥ 0,

∫

R2
ρ(q,p, t) dq dp = 1, t ∈ R. (10.6)

The formulation of classical mechanics in the language of states and observables is
considered in [229, 431, 494]. The functional approach to classical mechanics dif-
fers in the following respects. Because the exact trajectory of a particle in the func-
tional approach does not exist, the function ρ = ρ(q,p, t) cannot be an arbitrary
generalized function, it is the usual function of class L1(R2), or even continuously
differentiable and integrable function.

In addition, the motion of particles in the functional approach is not described
directly by the Newton (Hamilton) equation. Newton’s equation in the functional
approach is an approximate equation for the average coordinates of the particles,
and for nonlinear dynamics there are corrections to the Newton’s equations.

As is known, the mathematical description of a moving fluid or gas is given by
means of the density distribution functions ρ(q, t), as well as the velocity v(q, t)
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and pressure p(q, t); see, for example, [463]. Let the function ρ(q,p, t) describe a
particle, as proposed in the functional formulation of classical mechanics, and we
set ρc(q, t) = ∫ ρ(q,p, t) dp. We could ask the question if we can determine by
the form of functions ρ(q, t) and ρc(q, t) whether we are dealing with a continuous
medium or with a particle. The general answer is the following: functions ρ(q, t)

and ρc(q, t) satisfy different equations (the Navier–Stokes or Liouville equation)
and different conditions of normalization.

Note, however, that if an error in determining the coordinates and momentum of
particles is large enough, it is really not so easy to determine, we have a case of, say,
a fast-moving particle in a box with reflecting walls, or a gas of particles.

If f = f (q,p) is a function on the phase space, the average value of f at time t

is given by the integral

f (t) =
∫

f (q,p)ρ(q,p, t) dq dp. (10.7)

In a sense, we are dealing with a random process ξ(t) with values in the phase
space. The motion of a point body along a straight line in the potential field will be
described by the equation

∂ρ

∂t
= − p

m

∂ρ

∂q
+ ∂V (q)

∂q

∂ρ

∂p
. (10.8)

Here V (q) is the potential field, and mass is m > 0.
Equation (10.8) looks like the Liouville equation which is used in statistical

physics to describe a gas of particles, but here we use it to describe a single par-
ticle.

If the distribution ρ0(q,p) for t = 0 is known, we can consider the Cauchy prob-
lem for (10.8):

ρ|t=0 = ρ0(q,p). (10.9)

Let us discuss the case when the initial distribution has the Gaussian form:

ρ0(q,p) = 1

πab
e
− (q−q0)2

a2 e
− (p−p0)2

b2 . (10.10)

For sufficiently small values of the parameters a > 0 and b > 0, the particle has
coordinates and momentum close to q0 and p0. For this distribution, the average
values of the coordinates and momentum are:

q =
∫

qρ0(q,p)dq dp = q0, p =
∫

pρ0(q,p)dq dp = p0, (10.11)

and dispersion

Δq2 = (q − q)2 = 1

2
a2, Δp2 = (p − p)2 = 1

2
b2. (10.12)
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10.9.2 Free Motion

Consider first the case of the free motion of the particle when V = 0. In this case,
(10.8) has the form

∂ρ

∂t
= − p

m

∂ρ

∂q
, (10.13)

and the solution of the Cauchy problem is

ρ(q,p, t) = ρ0

(

q − p

m
t,p

)

. (10.14)

Using expressions (10.10), (10.14), and

ρ(q,p, t) = 1

πab
exp

{

− (q − q0 − p
m

t)2

a2 − (p − p0)
2

b2

}

, (10.15)

we get the time-dependent distribution of coordinates:

ρc(q, t) =
∫

ρ(q,p, t) dp = 1
√

π

√
a2 + b2t2

m2

exp

{

− (q − q0 − p0
m

t)2

(a2 + b2t2

m2 )

}

, (10.16)

while the distribution of momenta is

ρm(p, t) =
∫

ρ(q,p, t) dq = 1√
πb

e
− (p−p0)2

b2 . (10.17)

Thus, for the free particle the distribution of the particle momentum with the passage
of time does not change, and the distribution of the coordinates changes. There is,
as one says in quantum mechanics, the spreading of the wave packet. From (10.16)
it follows that the dispersion Δq2 increases with time:

Δq2(t) = 1

2

(

a2 + b2t2

m2

)

. (10.18)

Even if the particle was arbitrarily well localized (a2 is arbitrarily small) at t = 0,
then at sufficiently large times t the localization of the particle becomes meaning-
less, there is a delocalization of the particle.

10.9.3 Newton’s Equation for the Average Coordinate

In the functional approach to classical mechanics, there is no ordinary picture of
an individual trajectory of a particle. The starting equation is the dynamic equation
(10.8) for the distribution function, rather than the Newton equation.
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What role can Newton’s equation play in the functional approach? We show that
the average coordinate for the free particle in the functional approach satisfies New-
ton’s equation. Indeed, the average coordinate and momentum for the free particles
have the form

q(t) =
∫

qρc(q, t) dq = q0 + p0

m
t, p(t) =

∫

pρm(p, t) dp = p0. (10.19)

Hence we get

d2

dt2 q(t) = 0, (10.20)

i.e., we have Newton’s equation for the average coordinates.
We also have Hamilton’s equations for the average values of the coordinate and

momentum:

q̇ = ∂H

∂p
, ṗ = −∂H

∂q
, (10.21)

where the Hamiltonian H = H(q,p) for the free particle has the form

H = p2

2m
. (10.22)

Note that in the functional mechanics the Newton equation for the average coor-
dinates is obtained only for the free particle or for quadratic Hamiltonians with a
Gaussian initial distribution function. For a more general case, there are corrections
to Newton’s equations, as discussed below.

We discussed the spreading of Gaussian distribution functions. Similar results
are obtained for the distribution functions of other forms, if they describe, in some
sense, localized coordinates and momenta at the initial time.

10.9.4 Comparison with Quantum Mechanics

Compare the evolutions of Gaussian distribution functions in functional classical
mechanics and in quantum mechanics for the motion of particles along a straight
line. The scene of work for the functional classical mechanics is L2(R2) (or
L1(R2)), and for quantum mechanics—L2(R1).

The Schrodinger equation for a free quantum particle on a line reads:

i�
∂ψ

∂t
= − �

2

2m

∂2ψ

∂x2 . (10.23)

Here ψ = ψ(x, t) is the wave function and � is the Planck constant. The density
of the distribution function for the Gaussian wave function has the form (see, for
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example, [261])

ρq(x, t) = ∣∣ψ(x, t)
∣
∣2 = 1

√
π

√
a2 + �2t2

a2m2

exp

{

− (x − x0 − p0
m

t)2

(a2 + �2t2

a2m2 )

}

. (10.24)

We find that the distribution functions in functional classical and in quantum me-
chanics (10.16) and (10.24) coincide, if we set

a2b2 = �
2. (10.25)

We remark that if condition (10.25) is satisfied, then the Wigner function W(q,p, t)

[688] for ψ corresponds to the classical distribution function (10.15), W(q,p, t) =
ρ(q,p, t).

The problem of spreading of the quantum wave packet in dealing with the poten-
tial barrier is considered in [216].

Gaussian wave functions on the line are coherent or compressed states. The com-
pressed states on the interval are considered in [804].

10.9.5 Liouville Equation and the Newton Equation

In the functional classical mechanics, the motion of a particle along the straight line
is described by the Liouville equation (10.8). A more general Liouville equation on
the manifold Γ with coordinates x = (x1, . . . , xk) has the form

∂ρ

∂t
+

k∑

i=1

∂

∂xi

(
ρvi
)= 0. (10.26)

Here ρ = ρ(x, t) is a density function, and v = v(x) = (v1, . . . , vk) is a vector field
on Γ . The solution of the Cauchy problem for (10.26) with initial data

ρ|t=0 = ρ0(x) (10.27)

might be written in the form

ρ(x, t) = ρ0
(
ϕ−t (x)

)
. (10.28)

Here ϕt (x) is a phase flow along the solutions of the characteristic equation

ẋ = v(x). (10.29)

In particular, if k = 2n, M = Mn is a smooth manifold, the phase space Γ = T ∗M
is a cotangent bundle, and H = H(q,p) is a Hamiltonian function on Γ , then the
Liouville equation has the form

∂ρ

∂t
+

n∑

i=1

[
∂H

∂pi

∂ρ

∂qi
− ∂H

∂qi

∂ρ

∂pi

]

= 0. (10.30)
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The Liouville measure dμ = dq dp is invariant under the phase flow ϕt .
A classical dynamical system in the functional approach to mechanics is a

stochastic process ξ(t) = ξ(t;q,p) = ϕt (q,p) which takes values in Γ and with the
probabilistic measure dP (q,p) = ρ0(q,p)dq dp. The correlation functions have
the form

〈
ξi1(t1) · · · ξis (ts)

〉=
∫

ξi1(t1;q,p) · · · ξis (ts;q,p)ρ0(q,p)dq dp. (10.31)

Here i1, . . . , is = 1, . . . , k.
It is assumed usually that the energy surfaces {H = const} are compact.
A system from N particles in the three-dimensional space has the phase space

R
6N with coordinates q = (q1, . . . ,qN), p = (p1, . . . ,pN), qi = (q1

i , q2
i , q3

i ), pi =
(p1

i , p
2
i , p

3
i ), i = 1, . . . ,N , and it is described by the Liouville equation for the

function ρ = ρ(q,p, t)

∂ρ

∂t
=
∑

i,α

(
∂V (q)

∂qα
i

∂ρ

∂pα
i

− pα
i

mi

∂ρ

∂qα
i

)

. (10.32)

Here summation is over i = 1, . . . ,N, α = 1,2,3. The characteristic equations for
(10.32) are Hamilton’s equations

q̇α
i = ∂H

∂pα
i

, ṗα
i = − ∂H

∂qα
i

, (10.33)

where the Hamiltonian is

H =
∑

i

p2
i

2mi

+ V (q). (10.34)

We emphasize here again that the Hamilton equations (10.33) in the current func-
tional approach to the mechanics do not describe directly the motion of particles,
and they are only the characteristic equations for the Liouville equation (10.32)
which has a physical meaning. The Liouville equation (10.32) can be written as

∂ρ

∂t
= {H,ρ}, (10.35)

where the Poisson bracket

{H,ρ} =
∑

i,α

(
∂H

∂qα
i

∂ρ

∂pα
i

− ∂H

∂pα
i

∂ρ

∂qα
i

)

. (10.36)

Criteria for essential self-adjointness of the Liouville operator in the Hilbert space
L2(R6N) are given in [659].
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10.9.6 Corrections to Newton’s Equations

In the subsection above, it was noted that for the free particle in the functional
approach to classical mechanics the averages coordinates and momenta satisfy the
Newton equations. However, when there is nonlinear interaction, then corrections
to the Newton’s equations appear in the functional approach.

Consider the motion of a particle along the line in the functional mechanics. The
average value f of the function on the phase space f = f (q,p) at time t is given
by the integral (10.7)

f (t) = 〈f (t)
〉=
∫

f (q,p)ρ(q,p, t) dq dp. (10.37)

Here ρ(q,p, t) has the form (10.28)

ρ(q,p, t) = ρ0
(
ϕ−t (q,p)

)
. (10.38)

By making the replacement of variables, subject to the invariance of the Liouville
measure, we get

〈
f (t)

〉=
∫

f (q,p)ρ(q,p, t) dq dp =
∫

f
(
ϕt(q,p)

)
ρ0(q,p)dq dp. (10.39)

Let us take

ρ0(q,p) = δε(q − q0)δε(p − p0), (10.40)

where

δε(q) = 1√
πε

e−q2/ε2
, (10.41)

q ∈ R, ε > 0.
Let us show that in the limit ε → 0 we obtain the Newton (Hamilton) equations:

lim
ε→0

〈
f (t)

〉= f
(
ϕt (q0,p0)

)
. (10.42)

Proposition 10.20 Let the function f (q,p) in the expression (10.37) be continuous
and integrable, and let ρ0 have the form (10.40). Then

lim
ε→0

∫

f (q,p)ρ(q,p, t) dq dp = f
(
ϕt (q0,p0)

)
. (10.43)

Proof Functions δε(q) form a δ-sequence in D′(R) [781]. Hence we obtain

lim
ε→0

∫

f
(
(q,p)

)
ρ(q,p, t) dq dp = lim

ε→0

∫

f
(
ϕt (q,p)

)
δε(q − q0)δε(p − p0)

= f
(
ϕt (q0,p0)

)
, (10.44)

as required. �
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We now calculate the corrections to the solution of the Newton equation. In func-
tional mechanics, consider the equation, see (10.8),

∂ρ

∂t
= −p

∂ρ

∂q
+ λq2 ∂ρ

∂p
. (10.45)

Here λ is a small parameter, and we set the mass m = 1. The characteristic equations
have the form of the following Hamilton (Newton) equations:

ṗ(t) + λq(t)2 = 0, q̇(t) = p(t). (10.46)

The solution of these equations with the initial data

q(0) = q, q̇(0) = p (10.47)

for small t has the form

(
q(t),p(t)

)= ϕt (q,p) =
(

q + pt − λ

2
q2t2 + · · · , p − λq2t + · · ·

)

. (10.48)

Using the asymptotic expansion δε(q) in D′(R) as ε → 0, and comparing [34, 639],

δε(q) = δ(q) + ε2

4
δ′′(q) + · · · , (10.49)

then for ε → 0 we obtain the corrections to the Newton dynamics:

〈
q(t)

〉 =
∫ (

q + pt − λ

2
q2t2 + · · ·

)[

δ(q − q0) + ε2

4
δ′′(q − q0) + · · ·

]

·
[

δ(p − p0) + ε2

4
δ′′(p − p0) + · · ·

]

dq dp

= q0 + p0t − λ

2
q2

0 t2 − λ

4
ε2t2. (10.50)

Denoting the Newton solution

qNewton(t) = q0 + p0t − λ

2
q2

0 t2,

we obtain for small ε, t and λ:

〈
q(t)

〉= qNewton(t) − λ

4
ε2t2. (10.51)

Here −λ
4 ε2t2 is the correction to the Newton solution obtained within the functional

approach to classical mechanics with the initial Gaussian distribution function. If we
choose a different initial distribution, we get a correction of another form.

We have proved.
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Proposition 10.21 In the functional approach to mechanics, the first correction at
ε to the Newton dynamics for small t and λ for (10.46) has the form (10.51).

Note that in the functional approach to mechanics, instead of the usual Newton
equation

m
d2

dt2 q(t) = F(q), (10.52)

where F(q) is a force, we obtain

m
d2

dt2

〈
q(t)

〉= 〈F(q)(t)
〉
. (10.53)

Indeed, multiplying the equation

∂ρ

∂t
= − p

m

∂ρ

∂q
− F(q)

∂ρ

∂p
(10.54)

by q and integrating over p and q , and then integrating by parts, we get

d

dt

〈
q(t)

〉= 〈p(t)〉
m

. (10.55)

Similarly, multiplying (10.54) by p and integrating over p and q , and then integrat-
ing by parts, we get

d

dt

〈
p(t)

〉= 〈F(q)(t)
〉
, (10.56)

which gives (10.53).
The task of calculating the corrections at ε for Newton’s equation for mean val-

ues is similar to the problem of calculating semiclassical corrections in quantum
mechanics [229, 510, 804].

10.9.7 Time Reversal

Reversibility in Classical Mechanics

Let us present a famous discourse which proves reversibility of the dynamics in
classical mechanics. From the symmetry of Newton’s equations upon the replace-
ment of the time t with −t , it follows that if there exists some motion in the system,
then also the reverse motion is possible, i.e. such a motion, in which the system
passes same states in the phase space in the reverse order. Indeed, let the function
x(t) satisfy the Newton equation

ẍ(t) = F
(
x(t)

)
(10.57)
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with the initial data

x(0) = x0, ẋ(0) = v0. (10.58)

We denote the corresponding solution by

x(t) = Φ(t;x0, v0).

We fix T > 0 and reverse the motion of the particle at some moment in time T by
reversing its velocity, i.e., we consider the solution y(t) of the Newton equation

ÿ(t) = F
(
y(t)

)
(10.59)

with the following initial data:

y(0) = x(T ), ẏ(0) = −ẋ(T ). (10.60)

Then it is easy to see that at the time moment T we get

y(T ) = x0, ẏ(T ) = −v0, (10.61)

i.e., the particle comes back to the initial point with the inverse velocity. To prove
the relation (10.61) it is enough to note that the solution of (10.59) with the initial
data (10.60) has the form

y(t) = Φ(T − t;x0, v0)

and use the relations (10.58).
Let us notice that these arguments about reversibility of motion in the classical

mechanics used not only symmetry of the Newton equation concerning time re-
versibility, but also the fact that a state of the particle in the classical mechanics at
some instant of time is completely characterized by two parameters: coordinate x

and speed v. Reversibility of the motion in classical mechanics means reversibility
of the motion along a given trajectory.

As it was discussed above, the notion of an individual trajectory of a particle
has no physical sense. In reality, we deal with a bunch of trajectories or a prob-
ability distribution. In the functional classical mechanics, the state of the particle
is characterized not by the two numerical parameters, but by the distribution func-
tion ρ = ρ(q,p, t). In the following subsection, it will be shown how it leads to
delocalization and irreversibility.

Irreversibility in the Functional Mechanics

The considered reversibility of motion in classical mechanics deals with an indi-
vidual trajectory. In the functional mechanics, the concept of the individual trajec-
tory of the particle has no direct physical sense. Instead, the state of the particle is
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described by the distribution function ρ = ρ(q,p, t) which satisfies the Liouville
equation (10.8)

∂ρ

∂t
= − p

m

∂ρ

∂q
+ ∂V (q)

∂q

∂ρ

∂p
. (10.62)

The Liouville equation is invariant under the replacement of t with −t : If ρ =
ρ(q,p, t) is the solution of (10.62), then σ(q,p, t) = ρ(q,−p,−t) is its solution
also. However, this symmetry does not mean reversibility of the motion of a particle
in the functional approach to mechanics, since the state of the particle is described
there by the distribution function and the phenomenon of delocalization takes place.

In this way we obtain an answer to the arguments of Loschmidt and Poincaré–
Zermelo. Indeed, to reverse the particle motion at the time moment t = T as it is
proposed in the Loschmidt argument, it is necessary to make the coordinate and
momentum measurement. But it will change the distribution ρ(q,p,T ). Further, it
is necessary to prepare such a condition of the particle that its evolution back in time
would lead to the initial distribution ρ0 which is difficult since the delocalization
takes place. We will need something even better than Maxwell’s demon.

For a free particle, the delocalization leads to the increasing of dispersion Δq2

with time (10.18):

Δq2(t) = 1

2

(

a2 + b2t2

m2

)

.

Notice that similar phenomenon takes place for the Brownian motion B(t) which
has variance t [142, 657].

Concerning the Zermelo argument related with the Poincaré recurrence theorem,
we note that this argument cannot be applied to the functional mechanics because
this argument is based on the notion of an individual trajectory. In the functional
mechanics, the state of the system is characterized by the distribution function, and
here the mean values might irreversibly tend to some limits without contradicting
the Poincaré theorem as it will be shown in the next section.

The Poincaré theorem is not applicable to the bunch of trajectories or even to
two trajectories as it follows from the Lyapunov theory: If two points are situated in
some small region of the phase space then they do not necessary come back to this
region by moving along their trajectories.

Mixing and Weak Limit

The state ρt = ρt (x) on the compact phase space Γ is called mixing if its weak limit
at t → ∞ is a constant,

lim
t→∞ρt(x) = const.

More precisely, a dynamical system (Γ,ϕt , dμ) has the mixing property [401, 718]
if

lim
t→∞〈f,Utg〉 =

∫

f̄ dμ ·
∫

g dμ (10.63)
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for every f,g ∈ L2(Γ ). Here Utg(x) = g(ϕt (x)). For the mixing systems the bunch
of trajectories is spreading over the phase space, hence in the functional mechanics
we have irreversibility.

The method of the weak limit which generalizes the Poincaré results and which
can be applied to a wide class of dynamical systems is developed in [448, 450].

A connection with the irreversibility problem can be explained on the following
example. Let us consider the function of two real variables

F(t,p) = eitpf (p),

where f (p) is an integrable function. It is clear that the function F(t,p) is periodic
in t if p is fixed, and it has no limit as t → ∞. However, if we integrate the function
F(t,p) over p,

F(t) =
∫

eitpf (p)dp,

then we get the function F(t) which already has the limit (by the Riemann–
Lebesgue lemma):

lim
t→∞F(t) = 0.

10.9.8 Dynamics of a Particle in a Box

Dynamics of collisionless continuous medium in a box with reflecting walls is con-
sidered in [448, 450, 650]. This studied asymptotics of solutions of the Liouville
equation. In functional approach to mechanics, we interpret the solution of the Li-
ouville equation as describing the dynamics of a single particle. Here we consider
this model in the classical and also in the quantum version for the special case of
the Gaussian initial data.

Dynamics of a Classical Particle in a Box

Consider the motion of a free particle on the interval with the reflective ends. Using
the method of reflections [781], the solution of the Liouville equation (10.13)

∂ρ

∂t
= − p

m

∂ρ

∂q

on the interval 0 ≤ q ≤ 1 with the reflective ends we write as

ρ(q,p, t) =
∞∑

n=−∞

[

ρ0

(

q − p

m
t + 2n,p

)

+ ρ0

(

−q + p

m
t + 2n,−p

)]

, (10.64)

where it is assumed that the function ρ0 has the Gaussian form (10.10).
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One can show that for the distribution for coordinates

ρc(q, t) =
∫

ρ(q,p, t) dp (10.65)

one gets the uniform limiting distribution (pointwise limit):

lim
t→∞ ρc(q, t) = 1.

For the distribution of the absolute values of momenta (p > 0)

ρa(p, t) = ρm(p, t) + ρm(−p, t),

where

ρm(p, t) =
∫ 1

0
ρ(q,p, t) dq,

as t → ∞ we get the distribution of the Maxwell type (but not the Maxwell distri-
bution):

lim
t→∞ρa(p, t) = 1√

πb

[
e
− (p−p0)2

b2 + e
− (p+p0)2

b2
]
.

Dynamics of a Quantum Particle in a Box

The Schrödinger equation for a free quantum particle on the interval 0 ≤ x ≤ 1 with
reflecting ends has the form

i�
∂φ

∂t
= − �

2

2m

∂2φ

∂x2 (10.66)

with the boundary conditions

φ(0, t) = 0, φ(1, t) = 0, t ∈ R.

The solution of this boundary problem can be written as follows:

φ(x, t) =
∞∑

n=−∞

[
ψ(x + 2n, t) − ψ(−x + 2n, t)

]
,

where ψ(x, t) is some solution of the Schrödinger equation. If we choose the func-
tion ψ(x, t) in the form corresponding to the distribution (10.24) then one can show
that in the semiclassical limit for the probability density |φ(x, t)|2 the leading term
is the classical distribution ρc(x, t) (10.65).

In this section, the functional formulation of classical mechanics is considered
which is based not on the notion of an individual trajectory of the particle, but on
the distribution function on the phase space.
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The fundamental equation of the microscopic dynamics in the proposed func-
tional approach is not the Newton equation but the Liouville equation for the dis-
tribution function of a single particle. Solutions of the Liouville equation have the
property of delocalization which accounts for irreversibility. It is shown that the
Newton equation in this approach appears as an approximate equation describing
the dynamics of the average values of the positions and momenta for not too long
time intervals. Corrections to the Newton equation are computed.

There are interesting problems related with applications of the functional formu-
lation of mechanics to statistical mechanics, to singularities in cosmology and black
holes, and to a new interpretation of quantum mechanics.

10.10 New Interpretation of Bell’s Inequality—Chameleon
Dynamics

We discuss a recent attempt to violate the Bell’s type inequalities in the framework
of classical (probability) theory [22, 23, 26]. This attempt is called Chameleon dy-
namics proposed by Accardi and has been studied by Accardi [35], Imafuku, Re-
goli [32].

The Chameleon dynamics is a classical theory which violates the Bell’s inequal-
ities. There is no contradiction with the Bell’s theorem because the probability mea-
sure in the Chameleon dynamics is not local in the sense of Bell (it depends on the
parameters of the apparatus) but it is local in the sense of Accardi, since this de-
pendence has a special form. The key point in Chameleon dynamics is to produce
a non-standard statistics corresponding to taking realistic measurement processes
into account. A measurement process is nothing but an interaction process between
a system and an apparatus followed from von Neumann’s proposal. A state of a
system to be measured is inevitably effected by a means how to measure it, so that
the back effect to the state under the measurement should be carefully taken into
account. This situation has occurred even in classical systems. In a real experimen-
tal setting, a certain interaction between a system and an apparatus will influence
the states of the system afterwards. The notion that the dynamics depends on the
observable to be measured is called Adaptive Dynamics as already discussed in this.

10.10.1 Dynamical Systems: Passive and Adaptive

Definition 10.22 A classical deterministic (passive) dynamical system is a quadru-
ple:

{Ω, O,P ,T }
where

– Ω is the state space (more precisely, Ω = (Ω, F ) is a measurable space);
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– O is a set of observables (measurable maps from Ω to R);
– P is the preparation of the experiment (a probability measure on Ω—initial dis-

tribution);
– T : Ω → Ω is a discrete time dynamics (measurable map).

We do not require that the statistics is invariant under the dynamics (i.e., that
P ◦ T −1 = P ). Thus, if 〈·〉 denotes the expectation value then for any observable
A ∈ O one has:

〈A〉 =
∫

Ω

A(T x)dP (x) =
∫

Ω

A(y)dP ◦ T −1(y). (10.67)

Definition 10.23 A classical adaptive dynamical system is a quadruple:
{
Ω, O, {PA}A∈O, {TA}A∈O

}

where

– Ω (the state space) and O (the observables) are as in Definition 10.22.
– for each A ∈ O:

(i) PA is a probability measure (the preparation of an experiment to measure A).
(ii) TA : Ω → Ω is an F -measurable map (the adaptive dynamics given that A

is measured).

For adaptive dynamical systems, formula (10.67) becomes

〈A〉 =
∫

Ω

A(TAx)dPA(x) =
∫

Ω

A(y)dPA ◦ T −1
A (y). (10.68)

Consider a classical dynamical system composed of two particles (1,2) with state
spaces S1, S2, respectively, and two apparata A1, A2 with state spaces M1, M2,
respectively.

The state space of the composite system will then be

Ω = S1 × S2 × M1 × M2. (10.69)

According to von Neumann’s measurement theory, a measurement of the system
(1,2) by means of the apparatus (A1,A2) is described, in discrete time, by a re-
versible dynamical system

T : Ω → Ω,

and the preparation of the experiment is described by a probability measure P on Ω

P ∈ P(Ω).

Definition 10.24 A dynamics T on the state space Ω , given by (10.69), is called
local if it has the form T = T1 ⊗ T2 where

T1 : S1 × M1 → S1 × M1,
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T2 : S2 × M2 → S2 × M2

are dynamics. This means

T1 ⊗ T2(σ1, λ1, σ2, λ2) = T1(σ1, λ1)T2(σ2, λ2),

σ1 ∈ S1, λ1 ∈ M1, σ2 ∈ S2, λ2 ∈ M2.

Definition 10.25 A probability measure P on the space

Ω = S1 × S2 × M1 × M2

is called adaptive local in the sense of Accardi and causal if it has the form

P(dσ1, dσ2, dλ1, dλ2) = PS(dσ1, dσ2)P1(σ1, dλ1)P2(σ2, dλ2) (10.70)

where

– PS(dσ1, dσ2) is a probability measure on S1 × S2
– P1(σ1, dλ1) is a positive measure on M1 for all σ1 ∈ S1
– P2(σ2, dλ2) is a positive measure on M2 for all σ2 ∈ S2.

We will deal with classical systems composed of two particles (1,2) and two
apparata (M1,M2), which measure binary observables, S(1)

a , S
(2)
b , labeled by indices

a, b, . . . and called “spin” to emphasize the analogy with the EPR type experiments.
The apparata can make local independent choices among these labels, and we

use the notation (Ma,Mb) to mean that apparatus M1 has made the choice a and
apparatus M2 the choice b.

A state of the global system is specified by a quadruple (σ1, σ2, λ1, λ2) where
(σ1, σ2) describe the particle degrees of freedom and (λ1, λ2) the apparatus’ ones.

Is the emergence of non-Kolmogorovian statistics a specific feature of the quan-
tum world or is it a deeper, more general phenomenon of universal applicability?
The analysis of [15] shows that the classical physics of adaptive systems can pro-
duce non-Kolmogorovian statistics. This principle was baptized “the chameleon ef-
fect”. The general analysis of [15] was substantiated in a concrete model in [31],
and the simulation of this model on independent classical computers provided an
experimental proof of the chameleon local nature of the model [22, 23].

10.10.2 The EPRB–Chameleon Dynamical System

The EPR–Bell–chameleon dynamical system is an adaptive local (in the sense of
Accardi), classical dynamical system reproducing the EPRB correlations. It was
constructed in [31].

In this construction one considers four classical dynamical systems

(1,Ma,2,Mb).
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Here 1 and 2 are called particles, Ma and Mb are called measurement apparata.
In the following 1,2 will be labels for particles, and a, b labels for apparata. We

suppose that a, b ∈ [0,2π ],
– The state space of both composite systems (1,Ma) and (2,Mb) is

[0,2π ] × R.

– Therefore, the state space of the whole system (1,Ma,2,Mb) is

[0,2π ]2 × R
2.

Each of the composite systems (1,Ma) and (2,Mb) has a local adaptive dynamics.
For any a ∈ [0,2π ], we define the ±1-valued maps (observables)

S(1)
a , S(2)

a : [0,2π ] × R → {±1}
so that ∀σ ∈ [0,2π ] and ∀μ ∈ R,

S(1)
a (σ,μ) = S(1)

a (σ ) = sgn
(
cos(σ − a)

)
,

S
(2)
b (σ,μ) = S

(2)
b (σ ) = sgn

(
cos(σ − b)

)= −S
(1)
b (σ,μ).

S
(1)
x is an observable of particle 1; S

(2)
x an observable of particle 2.

Finally, we have to give an initial distribution P of the whole system (1,Ma,

2,Mb).
We define P to be the probability measure on [0,2π ]2 × R

2:

pS(σ1, σ2)p1,a(σ1, λ1)p2,b(σ2, λ2) dσ1σ2 dλ1 dλ2

:= 1

2π
δ(σ1 − σ2)δ

(
4λ1√

2π | cos(σ1 − a)|
)

δ

(
λ2√
2π

)

dσ1 dσ2 dλ1 dλ2

(10.71)

where σ1, σ2 ∈ [0,2π ], λ1, λ2 ∈ R. Notice the adaptive local structure of the ini-
tial probability measure: pS(dσ1, dσ2) is the initial preparation, p1,a(σ1, dλ1) and
p2,b(σ2, dλ2) are the initial preparations of the local apparata. They are typical
“response-type” preparations and must be interpreted in the adaptive sense.

Remark 10.26 The measure (10.71) is adaptive local in the sense of Accardi but it
is not local in the sense of Bell since it depends on the parameters a and b.

Theorem 10.27 The above described dynamical system reproduces the EPR–Bell
correlations, i.e.,

∫

S(1)
a (σ1)S

(2)
b (σ2) · pS(σ1, σ2) dσ1 dσ2

= p1,a(σ1, λ1)p2,b(σ2, λ2) dλ1 dλ2

= − cos(a − b). (10.72)
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Proof Under our assumptions, the left-hand side of (10.72) becomes

I =
∫ ∫

dσ1 dσ2S
1
a(σ1)S

2
b(σ2)

1

2π
δ(σ1 − σ2)

=
∫

dλ1δ

(
4λ1√

2π | cos(σ1 − a)|
)∫

dλ2δ

(
λ2√
2π

)

.

Using the identity
∫

δ(aλ)dλ = 1

|a| ,

one obtains

I =
∫

S1
a(σ1)S

2
b(σ2)

1

2π
δ(σ1 − σ2) dσ1 dσ2 ·

√
2π

4

∣
∣ cos(σ1 − a)

∣
∣ · √2π

= 1

4

∫

S1
a(σ1)S

2(σ1)
∣
∣ cos(σ1 − a)

∣
∣dσ1

= −1

4

∫

sgn cos(σ1 − u)
∣
∣ cos(σ1 − a)

∣
∣ · sgn cos(σ1 − b)dσ1

= −1

4

∫

cos(σ1 − a)sgn cos(σ1 − b)dσ1 = − cos(b − a).

The theorem is proved. �

There is an experiment realizing this model with three independent computers.
It is a classical physics experiment because the personal computers used in it are
surely macroscopic classical systems.

10.10.3 Probabilistic Error Model

In [536], the following probabilistic dynamics has been considered. Suppose that
there exist two systems, each of which is attached to Alice and Bob. Now we as-
sume that the theory is described by a classical probability theory with a hidden
variable λ ∈ Δ, where Δ is assumed to be a discrete set for simplicity. Based on the
Chameleon dynamics, it is considered that (i) not every particle clicks the detectors
of Alice and Bob, so failed trials occur probabilistically; and (ii) which particle can
click the detectors depends on the measurement they perform. Suppose that Alice
measures an observable A and Bob measures B , and the hidden variable is denoted
by λ. A particle clicks Alice’s detector with probability PA(λ), and a particle clicks
Bob’s with probability PB(λ). In addition, we put qA(μ|λ) as the probability of ob-
taining an outcome μ by measuring A when the hidden variable is in λ. qB(ν|λ)

is defined in the same manner. Since Alice and Bob can get rid of the failed trials,
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the expectation value for the observables should be calculated only by the data in
which both experiments, Alice’s and Bob’s, are successful. Thus, if we denote the
probability of the hidden variable as P(λ), the expectation value of AB is obtained
as

〈AB〉 =
∑

μ

∑
ν

∑
λ μνqA(μ|λ)qB(ν|λ)PA(λ)PB(λ)P (λ)
∑

λ′ PA(λ′)PB(λ′)P (λ′)
.

The expression should be compared with the ordinary expectation,

〈AB〉 =
∑

μ

∑

ν

∑

λ

μνqA(μ|λ)qB(ν|λ)P (λ). (10.73)

Such a model is called a probabilistic error model.
However, this model is a reinterpretation of the Chameleon model. The class of

Chameleon dynamics and the class of probabilistic error models are equivalent.

10.10.4 Upper Bounds for CHSH Inequality

A variant of Bell’s inequality, the CHSH inequality gives us a bound for the correla-
tion function related with four observables [168]: Alice has two observables A and
A′, Bob has B and B ′, all of which take values in {−1,1}. It has been shown that for
any hidden variable theories (without the Chameleon effect), the expectation value
of an observable C ≡ A(B + B ′) + A′(B − B ′) is bounded as

∣
∣〈C〉∣∣≤ 2,

but the bound for quantum theory is

∣
∣〈C〉∣∣≤ 2

√
2

whose maximal value 2
√

2 is actually attained by the spin 1
2 EPR pair. Accardi et

al. [32] have proved that the Chameleon dynamics can attain the value 2
√

2. The
further upper bound can be obtained [524].

Theorem 10.28 For the Chameleon dynamics, the strict inequality
∣
∣〈C〉∣∣≤ 4

holds.

Proof Because of the inequality |〈C〉| ≤ |〈AB〉| + |〈AB ′〉| + |〈A′B〉| + |〈A′B ′〉|,
the inequality |〈C〉| ≤ 4 follows. The remaining task is to show that there exists
a Chameleon dynamics which attains the maximal value 〈C〉 = 4. Consider the
following system. A “hidden variable” takes values in {0,1} with equal probabil-
ity, i.e., P(0) = 1/2 and P(1) = 1/2. When Alice measures observable A, the
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Chameleon dynamics leads to PA(0) = 1 and PA(1) = 0, that is, the measuring
apparatus of A does not accept the hidden variable λ = 1. In addition, we as-
sume that observable A always takes the value 1 irrespective of the value of λ.
Namely, qA(1|0) = 1, qA(−1|0) = 0, qA(1|1) = 1, and qA(−1|1) = 0. In terms of
the Chameleon dynamics, the apparatus measuring A accepts only the case λ = 0
and the value of “spin” is always equal to 1. For an observable A′ which always
takes the value 1, the Chameleon dynamics derives PA′(0) = 0 and PA′(1) = 1. That
is, the apparatus does not accept λ = 0. For B and B ′, we have PB(0) = PB(1) =
PB ′(0) = PB ′(1) = 1. In addition, we assume that the observable B always takes the
value 1. The observable B ′ takes both of −1 and 1 depending upon the value of λ.
We put qB ′(1|0) = 1, qB′(−1|0) = 0, and qB ′(1|1) = 0, qB ′(−1|1) = 1. To explain
this situation in terms of the Chameleon dynamics, one must dilate the system. In the
above setting, a simple calculation shows 〈AB〉 = 〈AB ′〉 = 〈A′B〉 = −〈A′B ′〉 = 1.
Thus we obtain the upper bound 〈C〉 = 4. �

10.11 Notes

Information dynamics was introduced by Ohya in [570] as a synthesis of the state
change and complex of dynamical systems in order to study chaotic behavior of
the systems [359]. There exist several complexities [561]. The complexities in ID
provide us a new definition of the quantum dynamical entropy [14, 441, 536, 556].
Connes, Narnhofer and Thirring entropy of a subalgebra was given in [176]. The rel-
ative entropy was extensively studied by Araki [63, 64] and Uhlmann [759]. Fuzzy
entropy was discussed by several authors like Zadeh [829], DeLuca and Termini
[192] and Ebanks [217], and the relative fuzzy entropy was considered by Narituka
and Ohya [580]. The complexity of sequences was studied by Kolmogorov [436]
and Chaitin [156]. The concept of ID has been applied to several areas such as com-
munication, chaos, genetics, and finance [14, 368, 441, 525, 526, 557, 558, 560,
585]. In particular, a new measure describing chaos was introduced by Ohya [592],
which could be applied to several dynamical systems, classical [363] and quantum
[364, 365, 367]. In [442], it is discussed how to reach chaos dynamics by starting
from general differential dynamics in both classical and quantum systems. That is,
it is demonstrated how we can get to chaos dynamics by considering observations
introduced in this section. The last section is based on [442] which is an attempt
to give a mathematical theory explaining various types of chaos found in several
phenomena with finite localized systems, and it gives the origin of adaptivity. An-
other origin of adaptive dynamics is a work of Accardi, dealing with Chameleon
dynamics [15]. Non-Newtonian functional mechanics was introduced by Volovich
[800, 801], see also [753, 802].



Chapter 11
Mathematical Models of Quantum Computer

A quantum computer is usually modeled mathematically as a Quantum Turing Ma-
chine (QTM) or a uniform family of quantum circuits, which is equivalent to a quan-
tum Turing machine. QTM is a quantum version of the classical Turing machine
described in Chap. 2. QTM was introduced by Deutsch and has been extensively
studied by Bernstein and Vasirani. The basic properties of the quantum Turing ma-
chine and quantum circuits will be described in this chapter. In the last section of
the present chapter, we introduce a generalized QTM.

11.1 Quantum Turing Machine

Let us remind that a classical Turing machine Mcl is given by a triplet Mcl =
(Q,Σ, δ) where Q is a set of states, Σ is a set of finite alphabets with a blank
symbol #, Σ∗ is the set of all sequences of the elements in Σ and δ is the transition
function (program). The classical Turing machine has a processor, a read/write tape
head, and an infinite tape indexed by integers. At every moment of time, the state of
the Turing machine can be described as a configuration c = (q,A, i) where q ∈ Q

is the state of the processor, an integer i is the location of the tape head, and A is the
word on the tape formed by non-blank symbols. We identify A with a tape function
A : Z → Σ . The program δ transforms one configuration into another. Computation
on the Turing machine is described as a sequence of configurations.

A quantum Turing machine, similarly to the classical Turing machine, has an
infinite tape of squares and a read/write tape head that moves along the tape. The
work of the quantum Turing machine is the subject to quantum rules.

A quantum Turing machine, as any quantum system, should be described by an
appropriate Hilbert space. Computation on the quantum Turing machine is a se-
quence of unitary transformations. The Hilbert space consists of complex functions
defined on the space of classical configurations.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_11, © Springer Science+Business Media B.V. 2011
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Definition 11.1 The usual quantum Turing machine Mq is defined by a quadruplet
Mq = (Q,Σ, H,Uδ), where H is a Hilbert space described below in (11.1) and Uδ

is a unitary operator on the space H of the special form described below in (11.2).

Let C = Q×Σ ×Z be the set of all classical configurations of the Turing machine
Mcl, where Z is the set of all integers. It is a countable set and one has

H =
{

ϕ;ϕ : C →C,
∑

c∈C

∣
∣ϕ(c)

∣
∣2

< ∞
}

. (11.1)

Since the configuration c ∈ C can be written as c = (q,A, i), one can say that the
set of functions {|q,A, i〉} is a basis in the Hilbert space H. Here q ∈ Q, i ∈ Z, and
A is a tape function. We will call this basis the computational basis.

Let HQ, HΣ and HZ be three Hilbert spaces spanned by canonical bases
{|q〉;q ∈ Q}, {|A〉;A ∈ Σ∗}, and {|i〉; i ∈ Z}, respectively, H is decomposed as

H = HQ ⊗ HΣ ⊗ HZ.

By using the computational basis, we now state the conditions for the unitary
operator Uδ . We denote the set Γ ≡ {1,0,−1}. One requires that there is a function
δ : Q×Σ ×Q×Σ ×Γ → C̃ which takes values in the field of computable numbers
C̃ and such that the following relation is satisfied:

Uδ|q,A, i〉 =
∑

p,b,d∈Γ

δ
(
q,A(i),p, b, d

)|p,B, i + d〉, (11.2)

where the sum runs over the states p ∈ Q, the symbols b ∈ Σ and the elements
d ∈ Γ , and B is a tape function satisfying

B(j) =
{

b, if j = i,

A(j), if j 	= i.

Since Uδ is unitary, δ satisfies for any q ∈ Q,a ∈ Σ , q ′(	= q) ∈ Q,a′(	= a) ∈ Σ ,
∑

p,b,d

∣
∣δ(q, a,p, b, d)

∣
∣2 = 1,

(11.3)∑

p,b,d,d ′
δ(q ′, a′,p, b, d ′)∗δ(q, a,p, b, d) = 0.

Actually, this is a finite sum. The restriction to the computable number field C̃

instead of all complex numbers C is required since otherwise we cannot construct
or design a quantum Turing machine.

Let IΣ and IZ be identity operators on HΣ and HZ , respectively, and let

EQ(q) = |q〉〈q| ⊗ IΣ ⊗ IZ

be a projection on H.
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Definition 11.2 A QTM is called halting at time T if there exists T < ∞ such that

∥
∥EQ(qF )Us

δ |c0〉
∥
∥ = 0, ∀s < T ,

∥
∥EQ(qF )UT

δ |c0〉
∥
∥ = 1,

where c0 is an initial configuration.

Remark 11.3 Note that this halting is called “stationary” in [114]. All known ef-
fective computation schemes halt with probability 1 at some time t and halt with
probability 0 before time t . For an arbitrarily constructed quantum Turing machine,
however, the different branches of computation might have different numbers of
computation steps, in general. In such a case, the halting process or the notion of
halting itself may have problems. We will explain this problem in the end of this
chapter.

Remark 11.4 For any q,p ∈ Q,a,b ∈ Σ,d ∈ Γ , let δ(q, a,p, b, d) ∈ {0,1}, then
QTM is a reversal TM.

Definition 11.5 A QTM M is said to be in normal form if δ(qF ,σ, q0, σ,1) = 1 for
any σ ∈ Σ .

There are some useful facts from the theory of normal form QTM (NQTM)
proved in [114].

Lemma 11.6 (Insertion Lemma) If M1 and M2 are NQTMs with the same alpha-
bets, disjoint state sets, and q is a state of M1, then there exists a NQTM M which
computes as M1 except that each time when it enters state q , it computes M2 instead.

Here, let δ1 and δ2 be quantum transition functions of M1 and M2, respectively.
Using Insertion Lemma, we can construct a NQTM M with a state set Q = Q1 ∪
Q2. M computes M2 instead of M1 when the configuration of M denoted by |ψ〉
becomes

|ψ〉 =
∑

σ∈Σ,i∈Z

cσ,i |q,σ, i〉 +
∑

p∈Q,τ∈Σ,j∈Z

cp,τ,j |p, τ, j〉

where p 	= q and

∑

σ∈Σ,i∈Z

|cσ,i |2 +
∑

p∈Q,τ∈Σ,j∈Z

|cp,τ,j |2 = 1.

Proof Let M1 and M2 be NQTMs with the same alphabet denoted by Σ , disjoint
state sets denoted by Q1 and Q2 with initial and final states q1,0, q1,F ∈ Q1 and
q2,0, q2,F ∈ Q2, and with q a state of M .
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Then we can construct the desired M as follows. First, take M = (Q1 ∪Q2,Σ, δ)

where δ satisfies the following conditions

δ(q1, σ, q ′
1, σ

′, d) = δ1(q1, σ, q ′
1, σ

′, d),

δ(q2, σ, q ′
2, σ

′, d) = δ2(q2, σ, q ′
2, σ

′, d)

for all σ,σ ′ ∈ Σ,d ∈ Γ,q1, q
′
1 	= q ∈ Q1 and q2, q

′
2 	= q ∈ Q2, and make the initial

state q1,0 and the final state q1,F . Then, swap the incoming transitions of q and
q2,0 and the outgoing transitions of q and q2,F to construct M . In fact, for all q1 ∈
Q1, σ, σ ′, τ, τ ′ ∈ Σ,d ∈ Γ , we can define the transition function δ by

δ(q1, σ, q, σ ′, d) = δ1(q1, σ, q2,0, σ
′, d),

δ(q2,F , τ, q2,0, τ
′, d) = δ2(q2,F , τ, q, τ ′, d).

Since M1 is NQTM, the final state of M leads back to its initial state no matter
whether q is the initial state of M1, the final state of M1, or neither. �

Lemma 11.7 (Dovetailing Lemma) If M1 and M2 are NQTMs with the same alpha-
bets, then there exists a NQTM M which carries out the computation of M1 followed
by the computation of M2.

Let M1(x) and M2(x) be the output of M1 and M2 for the same input x, respec-
tively. We can construct a NQTM M which outputs M1(x);M2(x) for any input x.

Proof Let M1 and M2 be NQTMs with the same alphabets and with initial states
and final states q1,0, q2,0, q1,f and q2,f , respectively. To construct M , we insert M2
for the final state of M1 using Insertion Lemma. Then, we show that M carries out
the computation of M1 followed by that of M2.

Since M1 and M2 are two NQTMs, the only transitions into q1,0 and q2,0 are from
q1,F and q2,F , respectively. Therefore, since M1 is NQTM and does not enter q1,F ,
M will compute exactly as M1 until M1 halts. At that point M will instead reach a
superposition with all configurations in state q2,0. Then, since no transitions in M2
have been changed except for those into or out of q2,F , M will proceed exactly as if
M2 had been started in the superposition of outputs computed by M1. �

11.1.1 Universal Quantum Turing Machine

Deutsch proposed a model of a universal quantum Turing machine which requires
exponential time of t to simulate any other QTM with t steps. Bernstein and Vasirani
showed the existence of an efficient universal QTM which simulates other QTM
with time t in polynomial time by slightly modifying Deutsch’s model.

In this section, we construct a novel model of a universal QTM which does not
depend on time t in an input data. Our universal QTM M simulates all the steps of
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a target QTM M for any accuracy ε with a slowdown f (as defined later) which is
a polynomial function of t and 1/ε.

Here, we define the code of QTM. Considering this code, we can give the infor-
mation of another QTM to QTM as input data.

Definition 11.8 Let D = (dij ) be an m × n matrix, the code of D is defined to be
the following list of finite sequences of numbers

(
(x11, y11), (x12, y12), . . . , (xmn, ymn)

)

where xij = Re(aij ) and yij = Im(aij ).

Definition 11.9 Suppose a QTM M = (Q,Σ, H,Uδ), the code of M denoted by
c(M) is given as the code of the unitary operator Uδ .

And then, we define the simulation in QTM.

Definition 11.10 Suppose that M = (Q,Σ, δ) and M ′ = (Q′,Σ ′, δ′) are quantum
Turing machines with the unitary operators Uδ and Uδ′ , respectively. Let t be a
positive integer and ε > 0, we say that a QTM M ′ with its initial configuration c′

0
simulates M and its initial configuration c0 for t steps with accuracy ε and slow-
down f , which is a polynomial function of t and 1/ε, if the following conditions
are satisfied: For all q ∈ Q,T ∈ Σ∗, i ∈ Z,

∣
∣
∣
∣〈q,T , i|Ut

δ |c0〉
∣
∣2 − ∣

∣〈q,T , i|Ut+f (t, 1
ε
)

δ′ |c′
0〉

∣
∣2∣∣ < ε. (11.4)

Bernstein and Vasirani proved [114] that there exists an NQTM MBV simulating
any NQTM M with any accuracy ε for t steps with slowdown f (t, 1

ε
) which can be

computed in polynomial steps of t and ε. The input data of MBV is a quadruplet
(x, ε, t, c(M)) where x is an input of M , ε is the accuracy of the simulation, t is a
simulation time, and c(M) is a code of M . Note that it is necessary there to give a
time t as an input of MBV.

Theorem 11.11 There is a normal form QTM MBV such that for any NQTM M ,
any ε > 0, and any t , MBV can simulate M with accuracy ε for t steps with slow-
down polynomial in tand 1/ε.

Proof Suppose M = (Q,Σ, H,Uδ) is a target NQTM. Using Unitary Trans-
formation Theorem 11.13 showed below, we can construct a NQTM M ′′ =
(Q′′,Σ ′′, H′′,U ′′

δ ) satisfying

‖Uδ − Uδ′′‖ < ε

with an input data (A, ε, c(M)). Then, we construct a NQTM M ′ = (Q′,Σ ′, δ′)
whose algorithm is represented as follows.



318 11 Mathematical Models of Quantum Computer

1. Transfer the current state and tape alphabet p;σ to empty work space near the
start cell, leaving a marker in their place.

2. Apply U which is given as an input data to p;σ to within ε, transforming p;σ
into a new state and tape alphabet q; τ .

3. Transfer q; τ back to the marked cell and empty the work space.
4. Transfer the state to q and move the right or left depending on the data of U .

Using the Synchronization Theorem, we can construct NQTMs for steps 1, 3 and
4 whose time for computation is polynomial in t . Step 2 is executed by NQTM in
time polynomial in card(Σ), card(Q) and ε constructed in Unitary Transformation
Theorem. Dovetailing these four NQTMs gives us NQTM M ′′. This M ′′ simulates
one step of the target NQTM M . Therefore, if we insert M ′′ for the special config-
uration in NQTM in Looping Lemma, and provide additional input t , the resulting
NQTM M ′ = (Q′,Σ ′, H′,U ′

δ) will halt after time polynomial in t and 1/ε after
simulating t steps of M with accuracy tε.

Finally, we can construct the desired universal QTM MBV by dovetailing M ′
after a NQTM which carries out the necessary preparation. �

Now, we consider another model of a universal QTM whose input data is
(A, ε, c(M)), that is, we do not need a simulated time t as an input. It suggests
that we do not need to know when the given QTM halts. The following theorem is
proved in [370].

Theorem 11.12 There exists an NQTM M such that for any NQTM M , M simu-
lates each step of M for an input data (A, ε, c(M)) where A is the input of M , ε is
the accuracy of the simulation, and c(M) is the code of M .

Proof Similarly as MBV, M = (Q,Σ, δ) is constructed to have six tracks and
moves as follows: The first track of M is used to represent the result of compu-
tation of M . The second track contains a counter of t for MBV. The third track is
used to record the input of M . The fourth and fifth tracks are used to record ε and
c(M), respectively. The sixth track is used as a working track. To be precise, for
(x, ε, c(M)) as an input data, M carries out the following algorithm:

(i) M transfers x, ε and c(M) to the fixed tracks.
(ii) M sets the counter t = 1 and stores the value of t on the second track.

(iii) M calculates 6ε

π2t2 and transfers it to the fourth track.

(iv) M carries out MBV with (x,6ε/π2t2, t, c(M)) and writes down the result of
MBV on the first track. The calculation of M is carried out on the sixth track,
and M empties the work space, finally.

(v) If the simulated result of M is in a final state, then M halts, otherwise M
increases the counter by one and repeats (iii) and (iv).

Using the Synchronization theorem, we can construct NQTMs which act steps (i),
(ii), and (iii) above, respectively. We can obtain a QTM M by dovetailing them.

We denote the time required to compute the steps from (i) to (v) by f ′(t, π2t2

6ε
),
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which is polynomial in both variables. Let cM and cM be the initial configura-
tions of M and M, respectively, we denote cM = |q0〉 ⊗ |x〉 ⊗ |0〉 and cM =
|q0〉⊗|#,#, x, ε, c(M),#〉⊗|0〉. Since MBV simulates M for any ε, x and t , putting

F(t, 1
ε
) = ∑t

i=i f
′(i, π2i2

6ε
), the simulation of t steps for M requires t + F(t, 1

ε
)

steps. For any q , i and T , the following inequality is obtained

∣
∣
∣
∣〈q,T , i|Ut

δ |cM〉∣∣2 − ∣
∣〈q,T , i|Ut+F(t, 1

ε
)

δ′ |cM〉∣∣2∣∣ <
6ε

π2t2 ,

where Uδ and Uδ′ are the unitary operators corresponding to M and M, respec-
tively. �

Suppose that M halts and gives an outcome with probability p, M gives the
same outcome with probability p′ satisfying |p − p′| ≤ ε. According to a property
of the Riemann zeta function, we have

|p′ − p| ≤
∞∑

i=1

6ε

π2i2
≤ ε.

By inserting the process to calculate the proper accuracy for MBV, we can con-
struct a universal QTM and avoid the halting problem.

11.2 Quantum Gates

A quantum computation is a sequence of unitary transformations. We cannot just
assume that any unitary transformation may be efficiently implemented. It must be
constructed (using some classical algorithm) from some finite basic set of transfor-
mations. We will prove that any unitary matrix can be approximated by means of the
product of unitary matrices of a simple form which are called quantum gates. Such a
representation is the quantum analogue of the representation of recursive functions
in terms of primitive functions.

It is known that the set {e2π inθ | n ∈ Z}, where θ is a fixed irrational number, is
dense on the unite circle. This can be interpreted as saying that the 1 × 1-matrix
e2π iθ is universal for the set of all unitary 1 × 1-matrices, i.e., any the complex
number on the unit circle can be approximated by the product of e2π iθ . The quantity
e2π iθ is a universal gate on the unite circle.

A unitary d ×d matrix U is of the simple form, if it has (after possible reordering)
a block-diagonal form such that every block is a 2 × 2-matrix of rotations

U2 =
(

cos θ − sin θ

sin θ cos θ

)

or it is a number eiθ (≡ U1) with some θ . The following theorem demonstrates that
any unitary matrix can be effectively approximated by a product of the simple form
matrices.
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Theorem 11.13 (Unitary Transformation Theorem) There exists a classical algo-
rithm (i.e., a classical Turing machine) that for a given unitary 2 × 2 matrix U and
ε > 0 it computes in the time polynomial in log 1

ε
unitary matrices of the simple

form U1,U2 such that
∥
∥U − U1(ε)U2(ε)

∥
∥ < ε.

Proof If d = 1, put U1(ε) ≡ ei(θ+√
ε/2), then ‖U1 − U1(ε)‖ < ε.

If d = 2 and U2 = ( cos θ − sin θ
sin θ cos θ

)
, we would take

U2(ε) =
(

cos(θ + √
ε/2) − sin(θ + √

ε/2)

sin(θ + √
ε/2) cos(θ + √

ε/2)

)

.

In fact,

∥
∥U2 − U2(ε)

∥
∥ =

∥
∥
∥
∥

(
cos θ − sin θ

sin θ cos θ

)

−
(

cos(θ + √
ε/2) − sin(θ + √

ε/2)

sin(θ + √
ε/2) cos(θ + √

ε/2)

)∥
∥
∥
∥

=
∥
∥
∥
∥

(√
ε/2 −√

ε/2√
ε/2

√
ε/2

)∥
∥
∥
∥ < ε.

For any unitary U in C
2, the statement holds. �

Therefore, to perform an arbitrary quantum computation one has to build a quan-
tum Turing machine performing the simple unitary transformations [81].

The following theorem shows of how a general d-dimensional unitary transfor-
mation can be reduced to the two-dimensional unitary transformations.

Theorem 11.14 Let U be a d × d unitary matrix acting in the space C
d . We fix

a basis (ei) in C
d . Then U may be represented as a product of 2d2 − d unitary

matrices, each of which acts only within a two-dimensional subspace spanned by a
pair of the basis vectors.

Remark 11.15 Such a two dimensional unitary matrix acting in C
d is often called

the two-level unitary matrix.

Proof Consider in C
d the basis

e1 =

⎛

⎜
⎜
⎜
⎝

1
0
...

0

⎞

⎟
⎟
⎟
⎠

, . . . , ed =

⎛

⎜
⎜
⎜
⎝

0
0
...

1

⎞

⎟
⎟
⎟
⎠

.

Let z = ∑d
i=1 ziei be an arbitrary vector in C

d . Let us first show that the vector
z with components z = (z1, . . . , zd) in our basis may be transformed to the form
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(1, . . . ,0) using a sequence of (d −1) two-dimensional transformations. First, apply
the 2 × 2 unitary transformation

V2 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

z∗
1√

|z1|2+|z2|2
z∗

2√
|z1|2+|z2|2

0 · · · · · · 0

− z2√
|z1|2+|z2|2

z1√
|z1|2+|z2|2

0 0

0 0 1 0 · · · 0

... 0
. . .

...

...
...

. . . 0

0 · · · 0 · · · 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

in the {e1, e2} space which reduces z2 to zero. Indeed, we have

V2

⎛

⎜
⎜
⎜
⎜
⎜
⎝

z1
z2
z3
...

zd

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎝

1
0
z3
...

zd

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

Similarly use V3, . . . , Vd in the span of {e1, e3}, . . . , {e1, ed } to respectively reduce
z3, . . . , zd to zero, too. The transformation V2 · · ·Vd maps (z1, . . . , zd) to (1, . . . ,0),
and V −1

2 · · ·V −1
d reverses the action. Now let ψ1, . . . ,ψd be the eigenvectors of U

with eigenvalues eiϕ1 , . . . , eiϕd so that U can be written as

U =
∑

j

eiϕj Pψj

where Pψj
is the projection operator onto the subspace spanned by the vector ψj .

The components of these vectors are written by the above zi (i = 1, . . . , d). Using
the above procedure, transform ψ1 to e1, then multiply by eiϕ1 in the span {e1}, then
map e1 back to ψ1. This requires (d − 1) + 1 + (d − 1) = 2d − 1 two-dimensional
transformations. Repeating this for each of the d eigenvectors leads to an expression
of U as a product of d(2d − 1) two-dimensional transformations.

It is important that this theorem gives a representation for U which is polynomial
in d (i.e., 2d2 − d) multiplications of the two-dimensional transformations. �

Freudenberg, Ohya and Watanabe generalized the Fredkin–Toffoli–Milburn gate
on the Fock space in [271].

11.3 Quantum Circuits

Quantum circuits are quantum analogues of the classical circuits computing Boolean
functions. A classical circuit can be represented as a directed acyclic graph. Simi-
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larly, a quantum circuit is a sequence of unitary matrices of the special form associ-
ated with a (hyper) graph. We will need a special computational basis in the vector
space.

Computational basis in n-qubit space. The two-dimensional complex space C
2

is called qubit. We define in a qubit the following computational basis

e0 =
(

1
0

)

, e1 =
(

0
1

)

.

The index x = 0,1 in the basis (ex) will be interpreted as a Boolean variable. We
will use also the Dirac notations

ex = |x〉.
The n-tuple tensor product of qubits C

2 ⊗ · · · ⊗ C
2 = (C2)⊗n is called the n-

qubit space. It has a computational basis {ex1 ⊗ · · · ⊗ exn} where xi = 0,1. We will
use also the notation

ex1 ⊗ · · · ⊗ exn = |x1, . . . , xn〉.

Definition 11.16 A quantum circuit QC is defined by the following set of data:
QC = {H,U,G,f } where the Hilbert space H is the n-qubit space H = (C2)⊗n,
U is a unitary matrix in H, G = {V1, . . . , Vr} is a finite set of unitary matrices (quan-
tum gates), and f is a classical Boolean function f : Bk → Bm. Here B = {0,1}
and one assumes k ≤ n and m ≤ n. The matrix U should admit a representation as a
product of unitary matrices generated by the quantum gates described below (11.5).

The dimension of unitary matrices Vi is normally less then the dimension 2n of
the Hilbert space H, and usually one takes matrices Vi which act in the 2-qubit or
in the 3-qubit spaces. We fix the computational basis {ex1 ⊗ · · · ⊗ exn

} in H and
define an extension of the matrix Vi to a matrix in the space H. The extension is
constructed in the following way. If Vi is an l × l matrix then we choose l vectors
from the computational basis and denote them as α ≡ {h1, . . . , hl}. Now let us define
a unitary transformation V

(α)
i in the Hilbert space H as follows. The action of V

(α)
i

on the subspace of H spanned by vectors {h1, . . . , hl} is set to be equal to that of Vi ,
and the action of V

(α)
i on the orthogonal subspace to be equal to 0.

The matrix U should be represented in the following product form

U = V
(α1)
i1

· · ·V (αL)
iL

(11.5)

where the matrices Vs are quantum gates, and V
(αs)
s is some extension of Vs to a

matrix in the Hilbert space H described above.
We say that the quantum circuit QC computes the Boolean function f : Bk →

Bm if the following bound is valid

∣
∣
〈
0, f (x1, . . . , xk)

∣
∣U |x1, . . . , xk,0〉∣∣2 ≥ 1 − ε
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for all x1, . . . , xk1 and some fixed 0 ≤ ε < 1/2. Here |x1, . . . , xk,0〉 is the vec-
tor for the computational basis of the form |x1, . . . , xk,0, . . . ,0〉 (n − k ze-
ros), and 〈0, f (x1, . . . , xk)| is the vector for the computational basis of the form
〈0, . . . ,0, f (x1, . . . , xk)| (m − k zeros).

If there is a quantum circuit QC with the unitary operator U represented as a
product of L unitary matrices in the form (11.5) then L is called the computational
time of the quantum circuit. We are mainly interested in studying the dependence of
L on the length k of the input.

11.4 Universal Quantum Gates

We know that one can use some set of gates (e.g., AND,NOT,OR) to compute an
arbitrary classical Boolean function. One says that such a set of gates is universal
for classical computation. A similar result is valid for quantum computation. We
say that a set of gates is universal for quantum computation if any unitary operation
may be approximated to arbitrary accuracy by a quantum circuit involving only
those gates. We will show that any unitary operation can be approximated using
C-NOT, Hadamard, and T gates described below.

Let us first recall these gates, although they are briefly discussed in Chap. 1. In
terms of the computational basis, the action of C-NOT is given by a unitary matrix
UC-NOT:

UC-NOT|x, y〉 = ∣
∣x, y + x (mod 2)

〉

C-NOT is a quantum gate with two input qubits, while Hadamard and T gates are
single qubit unitary operations H and T :

H = 1√
2

(
1 1
1 −1

)

, T =
(

1 0
0 eiπ/4

)

.

Let a unitary matrix U which acts on a d-dimensional Hilbert space be given. One
can show that U can be decomposed into a product of two-level unitary matrices
which act nontrivially only on two-or-fewer vector components. Then, one can show
that single qubit and C-NOT gates can be used to implement an arbitrary two-level
unitary operation. Finally, one proves that the Hadamard and T gates can be used to
approximate any single qubit unitary operation to arbitrary accuracy. We will need
the following

Proposition 11.17 An arbitrary single qubit unitary operation U can be written in
the form

U = eiαRn(θ)
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for some real numbers α and θ , and a real three-dimensional unit vector n =
(nx, ny, nz). Here

Rn(θ) = exp(−iθn · σ/2) = cos

(
θ

2

)

I − i sin

(
θ

2

)

(n · σ) (11.6)

and

n · σ = nxσx + nyσy + nzσz,

where σx,σy, σz are the Pauli matrices.

Proof To verify (11.6) one uses the relation (n ·σ)2 = I . A single qubit state a|0〉+
b|1〉 can be represented as a point (θ,φ) on the unit sphere (i.e., by the unit vector k

on the Bloch sphere), where a = cos(θ/2), b = eiφ sin(θ/2). Then the effect of the
action of the operator Rn(θ) on the state a|0〉 + b|1〉 represented by the unit vector
k is a rotation of the vector k by the angle θ about the n axis of the Bloch sphere. �

Let us define an angle θ0 by cos(θ0/2) = cos2(π/8). It can be shown that θ0 is an
irrational multiple of 2π . We denote R = Rn0(θ0) where n0 = (cos π

8 , sin π
8 , cos π

8 ).
One shows that R is, up to a global phase, equal to THTH. One can prove the
following

Proposition 11.18 Let U be any single qubit unitary operator. Then for any ε > 0
there are non-negative integers m1,m2,m3 such that ‖U − Rm1HRm2HRm3‖ < ε.

These considerations show that three operators T ,H and C-NOT (or R,H and
C-NOT) are universal for quantum computations.

11.5 Problem on the Halting Scheme

11.5.1 Destruction of Computation Result

We review a halting scheme for a quantum Turing machine introduced by Deutsch
and refined by Bernstein and Vasirani. It seems to us that the Deffinition 11.2 goes
well since it is a minimal procedure just to know whether the computation halts
or not. However, there still exists a problem if the different branches of quantum
computation halt at different steps. Let us see it by a simple example. Suppose that
at t = 0 the state is in

|q0,A〉,
where |A〉 is a state of the tape head and tape cells. By unitary transformation, at
t = 1 it evolves into a superposition of the following two branches:

1√
2

(|qF ,B〉 + |q1,C〉).
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Next we suppose that each branch evolves as follows:

|qF ,B〉 �→ 1√
2

(|qF ,D〉 + |qF ,E〉),

|q1,C〉 �→ 1√
2

(−|qF ,D〉 + |qF ,E〉).
(11.7)

Then, as a whole, (11.7) evolves into

|qF ,E〉
at t = 2 if no observation was performed at t = 1. However, if we observe the in-
ternal state at t = 1 whether it halts or not then at t = 2 the state becomes |qF ,B〉
with probability 1/2 (computation halts) and |q1,C〉 with probability 1/2 and at
t = 2 it evolves into 1√

2
(−|qF ,D〉 + |qF ,E〉). As a whole, the outcome is B with

probability 1/2, D with probability 1/4 and E with probability 1/4. Thus in the
simple example we have seen that even the minimal observation to know the halting
destroys the computation result.

11.5.2 QND (Quantum Non-demolition Monitoring)-Type
Quantum Turing Machine

Once the internal state drops into the halting state |qF 〉, the quantum Turing machine
will never change the internal data or the tape [623]. We here call such a quantum
Turing Machine a QND-type quantum Turing machine. It is easily seen that the
previous simple example violates this condition. It is proved that for the QND-type
quantum Turing machines the minimal halting protocol does not affect the result
of the computation. More precise explanation is the following. Let P {output =
Aj | monitored} be the probability of finding the output Aj up to T steps by the
halting protocol. Let P {output = Aj | not-monitored} be the probability of finding
the output Aj by the single measurement after T steps. One can show

P {output = Aj | monitored} = P {output = Aj | not-monitored}.
That is, the probability distribution of the output is not affected by monitoring of the
sign of halting.

11.5.3 Problem for Halting

The above QND-type quantum Turing machine scheme gives a possible solution
to the problem but it still remains a problem. Even for the above restricted class
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of quantum Turing machines, the notion of halting is ambiguous due to its prob-
abilistic character. We will show, in the following, the restriction is not realistic,
unfortunately.

Definition 11.19 We call a pair of a quantum Turing machine Q and its input x

conventional halting iff one of the following conditions is satisfied:

(i) There exists a t0 ∈ {1,2, . . . } such that at step t0, Q under x halts with proba-
bility one and for s < t0 it halts with probability zero.

(ii) For all the steps, Q under x halts with probability zero.

Definition 11.20 A pair of Q and x is called probabilistic halting when it is not
conventional halting.

The following theorem is proved in [526].

Theorem 11.21 There does not exist a QTM to judge whether a given QTM is con-
ventional halting or not.

Proof Assume the existence of a classical TM M0 that determines conventional
halting or not for any input 〈M,x〉 where M is a TM (or QTM) and x is an
input for M . Let Ma and Mb be two reversible TMs, construct a special QTM
M1(Ma,Mb) which runs Ma and Mb at same time without interference by Branch-
ing Lemma.

Let S be a set of QTMs given as

S ≡ {
M(Ma,Mb) | Ma and Mb are reversal TMs

}
.

Since S is a subset of whole set of QTMs, M0 could determine whether or not M1
with the input x is a probabilistic halting. Then we can determine that for any re-
versible TMs Ma and Mb their computational steps for an input x are same or not.
And we obtain a TM M ′

1 which reads input 〈Ma,Mb,x〉 to compare their compu-
tational steps, whose output is accept if their steps are same and otherwise reject.
Here we can construct the following TM M2 with its input 〈Ma,x〉.
1. Read 〈Ma,x〉.
2. Construct a TM Mc which never halts under any inputs.
3. Run M ′

1 with 〈Ma,Mc, x〉.
4. Output the result of M ′

1.

One can see the result of M2 as Table 11.1.
According to the classical halting problem (see Chap. 2), the existence of M0 is

a contradiction. �

Here it is proved that for arbitrarily constructed quantum Turing machine one
cannot say whether it is conventional halting or not. The result will suggest that
considering quantum Turing machines with different computation steps for each
branch is necessary and the notion of halting in a quantum Turing machine should
be re-examined again.
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Table 11.1 Outputs of M2
Output of M2 Ma with x

Accept Halts

Reject Does not halt

11.6 Generalized Quantum Turing Machine

In this section, we define the generalized quantum Turing machine (GQTM) by
using a quantum channel (see below) instead of a unitary operator.

Definition 11.22 A generalized quantum Turing machine Mgq (GQTM) is defined
by a quadruplet Mgq = (Q,Σ, H,Λ∗

δ1
), where H ≡ HQ ⊗ HΣ ⊗ HZ is a Hilbert

space and Λ∗
δ1

is a quantum transition channel on the space of states on H of the
special form described below.

Here, we define the transition function

δ1 : R × Q × Σ × Q × Σ × Q × Σ × Γ × Q × Σ × Γ → C.

Let S(H) be the set of all density operators in the Hilbert space H, a quantum
transition function is given by a quantum channel

Λ∗
δ1

: S(H) → S(H),

satisfying the following condition.

Definition 11.23 Λ∗
δ1

is called a quantum transition channel if there exists a tran-
sition function δ1 such that for all quantum configurations ρ = ∑

k λk|ψk〉〈ψk|,
|ψk〉 = ∑

l αk,l |qk,l,Ak,l, ik,l〉, ∑
k λk = 1,∀λk ≥ 0,

∑
l |αk,l |2 = 1,∀αk,l ∈ C, it

holds

Λ∗
δ1

(ρ) ≡
∑

k,l,m,n,p,b,d,p′,b′,d ′
δ1

(
λk, qk,l,Ak,l(ik,l), qm,n,Am,n(im,n),

p, b, d,p′, b′, d ′)|p,B, ik,l + d〉〈p′,B ′, im,n + d ′|,

B(j) =
{

b, j = ik,l ,

Ak,l(j), otherwise,

B ′(j) =
{

b′, j = im,n,

Am,n(j), otherwise,

so that RHS of the first equation is a state.
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A configuration ρ of GQTM Mgq is described by a density operator on H. For
instance, given a configuration ρ ≡ ∑

k λk|ψk〉〈ψk |, where
∑

λk = 1, λk ≥ 0 and
ψk = |qk〉 ⊗ |Ak〉 ⊗ |ik〉 (qk ∈ Q,Ak ∈ Σ∗, ik ∈ Z) is a vector in a basis of H.
This configuration changes to a new configuration ρ′ by a one step transition as
ρ′ = Λ∗

δ1
(ρ) = ∑

k μk|ψk〉〈ψk| with
∑

μk = 1,μk ≥ 0.
One requirement on the GQTM Mgq = (Q,Σ, H,Λ∗) is the correspondence

with a QTM. If the channel Λ∗ in the GQTM is a unitary operator U then the
GQTM Mgq = (Q,Σ, H,Λ∗ = U · U∗) reduces to the QTM Mq = (Q,Σ, H,U).

Definition 11.24 Mgq = (Q,Σ, H,Λ∗
δ1

) is called a LQTM (Linear Quantum Tur-
ing Machine) if there exists a transition function

δ2 : Q × Σ × Q × Σ × Q × Σ × Γ × Q × Σ × Γ → C

such that for all quantum configuration ρk , Λ∗
δ1

is written as

Λ∗
δ1

(ρk) ≡
∑

k,l,m,n,p,b,d,p′,b′,d ′
δ2

(
qk,l,Ak,l(ik,l), qm,n,Am,n(im,n),p, b, d,p′, b′, d ′)

× |p,B, ik,l + d〉〈p′,B ′, im,n + d ′|
so that the RHS is a state.

For all quantum configuration
∑

k λkρk , Λ∗
δ1

is affine, that is,

Λ∗
δ1

(∑

k

λkρk

)

=
∑

k

λkΛ
∗
δ1

(ρk).

Definition 11.25 A GQTM Mgq = (Q,Σ, H,Λ∗
δ1

) is called a unitary QTM
(UQTM), if the quantum transition channel Λ∗

δ1
is a unitary channel implemented

as Λ∗
δ1

= AdUδ3
where Uδ3 , for |ψ〉 = |q,A, i〉, is given by

Uδ3 |ψ〉 = Uδ3 |q,A, i〉
=

∑

p,b,d

δ3
(
q,A(i),p, b, d

)|p,B, i + d〉

with the condition (11.3).

We show the differences of delta functions in GQTM, LQTM and UQTM in
Table 11.2. Then one can easily see that a quantum Turing machine is classified by
its transition function.

Remark 11.26 A classical Turing machine is represented as a LQTM with a transi-
tion channel that has diagonal part only. Moreover, for any q,p ∈ Q,a,b ∈ Σ,d ∈
{0,±1}, define δ3(q, a,p, b, d) = 0 or 1. Then a UQTM is a reversal TM.
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Table 11.2 Transition functions for classes

Classes Transition function

GQTM R × Q × Σ × Q × Σ × Q × Σ × Γ × Q × Σ × Γ → C

LQTM Q × Σ × Q × Σ × Q × Σ × Γ × Q × Σ × Γ → C

UQTM Q × Σ × Q × Σ × Γ → C

We will discuss this in Chap. 14 by constructing a GQTM which solves the SAT
problem in polynomial time for the size of input data.

11.7 Notes

Deutsch formulated a precise model of a quantum-physical computer as a quantum
Turing machine [197] and quantum circuits [198]. Bernstein and Vasirani [114] re-
fined the halting scheme which was introduced by Deutsch [197], and showed the
existence of an efficient universal quantum Turing machine in Deutsch’s model. In
[709], several issues regarding a quantum Turing machine, universal quantum Tur-
ing machine, and programmable quantum gate array are discussed. In [538], Myers
drew attention to the halting problem between the different branches of quantum
computation, Ozawa gave a possible solution of this problem [623]. Miyadera and
Ohya proved that the restriction of a quantum Turing machine whose branches halt
at a same time or none of them halt, introduced by Bernstein and Vasirani [114],
is not realistic [526]. Shor proposed efficient quantum algorithms for the factoring
problem and the discrete logarithm problem [713]. Grover showed that the search
problem could be speeded up on a quantum computer [305]. Ohya and Volovich,
using a previous work by Ohya and Masuda, proved that the NP-complete SAT
problem can be solved in polynomial time by using quantum computation with a
chaos amplifier [595, 597, 600, 602]. The generalized QTM and its application to
the chaos SAT algorithm was discussed in [369, 371].





Chapter 12
Quantum Algorithms I

In this chapter, the discrete quantum Fourier transform, the Deutsch–Jozsa algorithm
for balanced functions, and the Grover algorithm for database search are exposed.

12.1 Discrete Quantum Fourier Transform and Principle
of Quantum Algorithm

12.1.1 Hadamard Gate

We define here an important quantum gate which is called the Hadamard gate. It is
a unitary transformation on the qubit space C

2. It is defined as follows.
Let |0〉 = (1

0

)
and |1〉 = (0

1

)
be a basis of C

2. Then

H = 1√
2

(
1 1
1 −1

)

is called the Hadamard matrix which gives a transformation:

H |0〉 = 1√
2

(|0〉 + |1〉), H |1〉 = 1√
2

(|0〉 − |1〉).

One can easily check that this is a unitary operator, so that we call this H the
Hadamard gate.

12.1.2 Discrete Quantum Fourier Transformation

Consider the Hilbert space C
2 ⊗ · · · ⊗ C

2 = (C2)⊗n of dimension 2n. Let the basis
of the Hilbert space H = (C2)⊗n be

e0
(=|0〉)= |0〉 ⊗ · · · ⊗ |0〉 ⊗ |0〉,

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_12, © Springer Science+Business Media B.V. 2011
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e1
(=|1〉)= |0〉 ⊗ · · · ⊗ |0〉 ⊗ |1〉,

e2
(=|2〉)= |0〉 ⊗ · · · ⊗ |1〉 ⊗ |0〉,

...

e2n−2
(=∣

∣2n − 2
〉)= |1〉 ⊗ · · · ⊗ |1〉 ⊗ |0〉,

e2n−1
(=∣

∣2n − 1
〉)= |1〉 ⊗ · · · ⊗ |1〉 ⊗ |1〉.

We extend the action of the Hadamard gate to the n-qubit space as

Hj = I ⊗ · · · ⊗ H ⊗ · · · ⊗ I, j = 1, . . . , n.

Any number a ∈ [0,2n − 1] can be expressed as

a =
n−1∑

k=0

ak2k, ak = 0 or 1,

so that the associated vector is written as

|a〉(= ea) =
n−1⊗

k=0

|ak〉 ≡ |an−1, . . . , a0〉.

And applying n-tuples of Hadamard matrix to the vector |0〉, we get

n⊗
H |0〉 =

n⊗ 1√
2

(|0〉 + |1〉).

Put

W(a) ≡
n−1⊗

j=0

(
1 0

0 exp( 2π ia
2n 2j )

)

.

Applying W(a) ⊗n H to the vector |0〉 we have

|aF 〉 = W(a)

n⊗
H |0〉 = 1√

2n

2n−1∑

b=0

exp

(
2π iab

2n

)

|b〉.

The above operations altogether yield a unitary operator UF (a) ≡ W(a) ⊗n H and
the vector

|aF 〉 = UF (a)|0〉.
This vector transformation is called the discrete quantum Fourier transformation
(DFT). For simplicity, this |aF 〉 can be expressed as

UF |a〉 = 1√
2n

2n−1∑

b=0

exp

(
2π iab

2n

)

|b〉.
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The discrete quantum Fourier transformation is multiplication by an N × N uni-
tary matrix so that the (x, y)-matrix element is e2π ixy/N , where N ≡ 2n. Naively,
this multiplication requires O(n2) elementary operations. However, we will show
that due to special properties of the discrete quantum Fourier transformation, it can
be implemented asymptotically by means of only O((logN)2) elementary opera-
tions.

It is important to notice that the action of the discrete quantum Fourier transform
can be written in the factorized (unentangled) form:

UF |an−1, . . . , a0〉 = 1√
2n

(|0〉 + eiφa2n−1 |1〉)⊗ (|0〉 + eiφa2n−2 |1〉)⊗ · · ·

⊗(|0〉 + eiφa |1〉)

where φa = 2πa/2n.
We will prove that the discrete quantum Fourier transform can be written as a

product of matrices generated by Hadamard gates and by the following 4 × 4 ma-
trix B ,

B|a1, a0〉 =
{

eiπ/2|a1, a0〉, if a1 = a0 = 1,

|a1, a0〉, otherwise.

We denote Bj,k, j < k the following extension of the matrix B:

Bj,k|an−1, . . . , ak, . . . , aj , . . . , a0〉 = eiθk−j |an−1, . . . , ak, . . . , aj , . . . , a0〉
where

eiθk−j =
{

(eiπ/2)(k−j), if a1 = a0 = 1,

1, otherwise.

The computational complexity of the discrete Fourier transform is also described by
the following theorem.

Theorem 12.1 The discrete quantum Fourier transform in the space C
2n

can be
represented as a product of O(n2) operators Hj and Bj,k .

Proof To explain the proof of the theorem, we define the reversal Fourier transform

URev
F |an−1, . . . , a0〉 = 1√

2n

2n−1∑

b=0

e2π iab/2n |b0, b1, . . . , bn−1〉.

In particular, one has

URev
F(n=2) = H0B0,1H1.



334 12 Quantum Algorithms I

One can easily show an important formula

URev
F = H0B0,1 · · ·B0,n−1H1 · · ·Bn−4,n−3Bn−4,n−2

· Bn−4,n−1Hn−3Bn−3,n−2Bn−3,n−1Hn−2Bn−2,n−1Hn−1.

In this formula, one has n matrices Hj and n(n − 1)/2 matrices Bj,k . Now since
UF = URev

F T , where T is the transposition operator, the theorem follows. �

Therefore, there is a quantum algorithm for implementation of the discrete quan-
tum Fourier transform which is polynomial as a function of the input size.

12.1.3 Principle of Quantum Algorithm

The quantum algorithm is essentially made of the following three steps.

1. Take an input state |φ〉 in the total Hilbert space H attached to a quantum Turing
machine, |φ〉 =∑

k ck|φk〉 ⊗ |ψ〉, where {|φk〉} is a basis of the Hilbert space for
the input and |ψ〉 is a vector state for the register.

2. Apply a unitary operator U made of some gates designed by a program and get
a resulting vector, U |φ〉(≡ |φ′〉) =∑

k c′
k|φ′

k〉 ⊗ |ψ ′〉.
3. After a long time (i.e., when the Turing machine halts), observe the state vector

|φ′〉 (or |ψ ′〉).
This computation process can be written in the terminology of channels as discussed
in Chap. 7. Several examples for quantum computations will be discussed in the
subsequent sections and chapters.

12.2 Deutsch–Jozsa Algorithm

Let N be a positive integer and Z2N be the set of all nonnegative integers less than
2N . Then, for any function defined on Z2N with values in Z2 ≡ {0,1},
• f is said to satisfy Condition A if f is not a constant function, and
• f is said to satisfy Condition B if the cardinality of the set {l;0 ≤ l ≤ 2N − 1,

f (l) = 0} is not equal to the cardinality of the set {l;0 ≤ l ≤ 2N − 1, f (l) = 1}.

Problem 12.2 (Deutsch–Jozsa) Determine whether one of the above Conditions A
or B is satisfied for any given function f .

For example, let f,g and h be the functions defined as

f (l) = 0, g(l) = 1

2
+ (−1)l

2
, h(l) = 1{0,...,2N−2}(l),

where l ∈ Z2N . Then, f does not satisfy Condition A but satisfies Condition B,
g does not satisfy Condition B but satisfies Condition A, and h satisfies both Con-
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dition A and Condition B. It should be remarked that any function defined on Z2N

with values in Z2 satisfies at least one of these conditions.
Here let f be a function prepared as an Oracle, which means that we do not know

an algorithm to compute f .

Remark 12.3 Note that there is also another formulation of the problem when one
has to determine whether a function f is constant or balanced.

If a classical computer is used to obtain the solution to the Deutsch–Jozsa prob-
lem, then the required running time is (at worst) N + 1, so we say the complexity in
a classical algorithm of the Deutsch–Jozsa problem is N + 1.

In 1992, Deutsch and Jozsa gave a quantum algorithm solving the problem more
effectively.

Let Uf and W be the two unitary operators on H ⊗ C
2, where H is a Hilbert

space of dimension 2N , which are respectively defined as

Uf |i〉 ⊗ |ξ 〉 ≡ |i〉 ⊗ ∣
∣ξ ⊕ f (i)

〉
and W |i〉 ⊗ |ξ 〉 ≡ (−1)ξ |i〉 ⊗ |ξ 〉,

where ξ ⊕ f (i) ≡ ξ + f (i) (mod 2) and |i〉 ∈ H (i = 0, . . . ,2N − 1), |ξ 〉 ∈ C
2 (ξ =

0,1). The above Uf and W can be represented as

Uf = 1√
2N

2N−1∑

i=0

|i〉〈i| ⊗
(

0 1
1 0

)f (i)

and

W = 1√
2N

2N−1∑

i=0

|i〉〈i| ⊗
(

1 0
0 −1

)f (i)

.

The Deutsch–Jozsa quantum algorithm is characterized by a unitary operator
UDJ(f ) ≡ Uf WUf as follows: Let |xin〉 be the input vector defined as

|xin〉 =
2N−1∑

i=0

1√
2N

|i〉 ⊗ |0〉,

so the output vector |xout〉 is obtained as

|xout〉 = UDJ(f )|xin〉 = Uf WUf

2N−1∑

i=0

1√
2N

|i〉 ⊗ |0〉

= Uf W

2N−1∑

i=0

1√
2N

|i〉 ⊗ ∣
∣f (i)

〉

= Uf

2N−1∑

i=0

1√
2N

|i〉 ⊗ (−1)f (i)
∣
∣f (i)

〉
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=
2N−1∑

i=0

1√
2N

|i〉 ⊗ (−1)f (i)|0〉.

Let us compute the inner product 〈xin|xout〉. Then we obtain

〈xin|xout〉 = 〈xin|UDJ(f )|xin〉

=
[

2N−1∑

i=0

1√
2N

〈i| ⊗ 〈0|
][

2N−1∑

i=0

1√
2N

|i〉 ⊗ (−1)f (i)|0〉
]

= 1

2N

2N−1∑

i=0

(−1)f (i).

Let (Z2)
Z2N be the set of all functions defined on Z2N with values in Z2. Then

the above equalities enable us to classify (Z2)
Z2N into three categories:

1. The subset consisting of all functions that do not satisfy Condition A but satisfy
Condition B: {f ; |〈xin|xout〉|2 = 1}.

2. The subset consisting of all functions that do not satisfy Condition B but satisfy
Condition A: {f ; |〈xin|xout〉|2 = 0}.

3. The subset consisting of all functions that satisfy both Condition A and Condi-
tion B: {f ;0 < |〈xin|xout〉|2 < 1}.
Here we define the computational complexity of D–J quantum algorithm by the

total number of unitary gates. So then, the computational complexity of Deutsch–
Jozsa quantum algorithm is 3 because UDJ = Uf WUf contains three unitary gates.
On the other hand, the computational complexity of the classical algorithm is N +1.
Therefore, the computational complexity of the quantum algorithm is the logarithm
of the classical one.

12.3 Grover’s Search Algorithm

In this section, we discuss the quantum algorithm for database search developed
by Grover. This searching problem is the problem of finding one data-file among N

data-files. Generally, let A be a certain subset of {0,1, . . . ,N −1}, and one considers
a problem of finding any element of A.

If we follow the classical computational procedure, then it is clear that it takes
O(N) steps to find an element of A. In a quantum algorithm, Grover proved that it is
sufficient to take O(

√
N) steps. In particular, when A consists of only one element,

one takes about π
4

√
N steps.

Throughout this section, we assume that

N = 2n
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for a certain positive integer n, without loss of generality. That is, we suppose there
exist N data-files, and we seek for one file in A. Let fA be the function defined on
{0,1, . . . ,N − 1} with values in {0,1} satisfying the following condition:

fA(x) =
{

1, x ∈ A,

0, x /∈ A.

This function is called the Oracle corresponding to A. The “Oracle” means that we
do not know where such an A exists and take it as granted.

Let us take two vectors |x〉 ≡ |x0, . . . , xn−1〉 and |y〉 ≡ |y0, . . . , yn−1〉 in ⊗n
C

2 ≡
C

N , that is, x is any number in {0,1, . . . ,N − 1} and its binary representation is
x = x0 +x12+· · ·+xn−12n−1, xi = 0,1. Then the Walsh-Hadamard transformation
W on C

N is defined as

W ≡
⎛

⎜
⎝

W(0,0) · · · W(0,N − 1)
...

...

W(N − 1,0) · · · W(N − 1,N − 1)

⎞

⎟
⎠ ,

where W(x,y) is given as

W(x,y) = 1√
N

(−1)
∑n−1

k=0 xkyk ,

and it can be easily proved that W is a unitary operator. We define a selective unitary
operator with respect to fA, denoted by RfA

, as

RfA
= I − 2

∑

z∈A

|z〉〈z|,

where I is the identity operator on C
2n

. This operator flips the direction of the
vectors in A. One more operator we need is R0 denoting another selective unitary
operator defined by

R0 = −I + 2|0〉〈0|. (12.1)

The component in the xth row and the yth column of R0 is represented as

R0(x, y) = (−1)1−δx0δxy.

We denote

UfA
= WR0WRfA

,

and call UfA
the Grover’s unitary operator.

Let us discuss the structure and the work of the operator UfA
. Let |ϕ0〉 be the

vector of the initial database (N -files) defined as

|ϕ0〉 = 1√
N

N−1∑

x=0

|x〉.
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Proposition 12.4 One has

WR0W = −I + 2|ϕ0〉〈ϕ0|.

Proof It is sufficient to show that the component in the xth row and the yth column
of WR0W is equal to the corresponding component of −I + 2|ϕ0〉〈ϕ0|. We have

−I + 2|ϕ0〉〈ϕ0| = −I + 2

(
1√
N

N−1∑

x=0

|x〉
)(

1√
N

N−1∑

y=0

〈y|
)

= −I + 2

N

N−1∑

x=0

N−1∑

y=0

|x〉〈y|,

which implies

(−I + 2|ϕ0〉〈ϕ0|
)
(x, y) = −δxy + 2

N
.

Moreover, we have

(WR0W)(x, y) =
N−1∑

u=0

N−1∑

v=0

W(x,u)R0(u, v)W(v, y)

=
N−1∑

u=0

N−1∑

v=0

[
1√
N

(−1)
∑n−1

k=0 xkuk

]
[
(−1)1−δu0 δuv

]

×
[

1√
N

(−1)
∑n−1

k=0 vkyk

]

= 1

N

N−1∑

v=0

[
N−1∑

u=0

(−1)
∑n−1

k=0 xkuk (−1)1−δu0 δuv

]

×[
(−1)

∑n−1
k=0 vkyk

]

and

N−1∑

u=0

(−1)
∑n−1

k=0 xkuk (−1)1−δu0 δuv = δ0v +
N−1∑

u=1

(−1)
∑n−1

k=0 xkuk (−1)δuv

= 2δ0v −
N−1∑

u=0

(−1)
∑n−1

k=0 xkuk δuv

= 2δ0v −
n−1∏

k=0

[
1∑

uk=0

(−1)xkuk δukvk

]

,
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which imply

(WR0W)(x, y)

= 1

N

N−1∑

v=0

[

2δ0v −
n−1∏

k=0

(
1∑

uk=0

(−1)xkuk δukvk

)]
[
(−1)

∑n−1
k=0 vkyk

]

= 2

N
− 1

N

N−1∑

v=0

[
n−1∏

k=0

(
1∑

uk=0

(−1)xkuk δukvk

)][
n−1∏

k=0

(−1)vkyk

]

= 2

N
− 1

N

1∑

v0=0

· · ·
1∑

vn−1=0

[
n−1∏

k=0

(
1∑

uk=0

(−1)xkuk+vkyk δukvk

)]

= 2

N
− 1

N

[
n−1∏

k=0

(
1∑

uk=0

(−1)(xk+yk)uk

)]

= 2

N
− 1

N

n−1∏

k=0

(
1 + (−1)xk+yk

)= 2

N
− 1

N

n−1∏

k=0

(2δxkyk
)

= 2

N
− 1

N

(
2nδxy

)= 2

N
− δxy.

Thus we conclude the proof. �

Any vector |ϕ〉 in C
N can be written as

|ϕ〉 =
N−1∑

x=0

wx |x〉,

where {wx;0 ≤ x ≤ N − 1} are real numbers. Let w be the mean value which is
defined as

w = 1

N

N−1∑

x=0

wx.

Then WR0W is represented in terms of {wx;0 ≤ x ≤ N − 1} and w as follows.

Proposition 12.5 One has

WR0W |ϕ〉 =
N−1∑

x=0

(2w − wx)|x〉.
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Proof Since

|ϕ0〉 = 1√
N

N−1∑

x=0

|x〉,

and due to Proposition 12.4, we have

WR0W |ϕ〉 = (−I + 2|ϕ0〉〈ϕ0|
)
(

N−1∑

x=0

wx |x〉
)

= −
N−1∑

x=0

wx |x〉 + 2
N−1∑

x=0

wx |ϕ0〉〈ϕ0|x〉

= −
N−1∑

x=0

wx |x〉 + 2
N−1∑

x=0

wx√
N

|ϕ0〉

= −
N−1∑

x=0

wx |x〉 + 2

[
N−1∑

x=0

wx

N

][√
N

N−1∑

y=0

1√
N

|y〉
]

= −
N−1∑

x=0

wx |x〉 + 2w

N−1∑

y=0

|y〉,

which concludes the proof. �

In the same way as above, we can prove the following corollary.

Corollary 12.6 One has

RfA
|ϕ〉 =

∑

x /∈A

wx |x〉 −
∑

x∈A

wx |x〉.

The Grover’s unitary operator UfA
≡ WR0WRfA

changes the state |ϕ〉 as fol-
lows:

Proposition 12.7 One has

UfA
|ϕ〉 =

∑

x /∈A

(2ŵ − wx)|x〉 +
∑

z∈A

(2ŵ + wz)|z〉,

where ŵ is defined as

ŵ = 1

N

(∑

x /∈A

wx −
∑

z∈A

wz

)

.
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Proof The previous corollary assures that the following equalities hold:

UfA
|ϕ〉 = (WR0W)RfA

|ϕ〉 = (WR0W)

[∑

x /∈A

wx |x〉 −
∑

z∈A

wz|z〉
]

=
∑

x /∈A

(2ŵ − wx)|x〉 +
∑

z∈A

(
2ŵ − (−wz)

)|z〉.

Therefore, we have the conclusion. �

Let us study UfA
more. Assume that a and b are any two real numbers satisfying

|A|a2 + (N − |A|)b2 = 1, where |A| is a cardinal number of A.

Lemma 12.8 For a and b above, one has

UfA

(

a
∑

z∈A

|z〉 + b
∑

x /∈A

|x〉
)

=
(

N − 2|A|
N

a + 2(N − |A|)
N

b

)∑

z∈A

|z〉 +
(

−2|A|
N

a + N − 2|A|
N

b

)∑

x /∈A

|x〉.

Proof Let w be the number defined as

w = 1

N

[(
N − |A|)b − |A|a].

Proposition 12.7 assures two equalities

2w − b = −2|A|
N

a + N − 2|A|
N

b

and

2w + a = N − 2|A|
N

a + 2(N − |A|)
N

b,

which imply the conclusion. �

When we apply the Grover’s operator UfA
k times to the initial vector (state) |ϕ0〉

equally distributed on all files, the resulting vector can be written as

Uk
fA

|ϕ0〉 = ak

∑

z ∈A

|z〉 + bk

∑

z /∈A

|x〉,

where ak and bk are some real numbers. For k = 0,

Uk=0
fA

|ϕ0〉 = |ϕ0〉 = 1√
N

N−1∑

x=0

|x〉
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so that

a0 = b0 = 1√
N

.

Next task is to find these ak and bk for all k.

Proposition 12.9 The above ak and bk satisfy the relations

ak = N − 2|A|
N

ak−1 + 2(N − |A|)
N

bk−1, bk = −2|A|
N

ak−1 + N − 2|A|
N

bk−2.

These equations can be solved as

ak = 1√|A| sin(2k + 1)θA, bk = 1√
N − |A| cos(2k + 1)θA,

where θA is the smallest positive number satisfying

sin θA =
√ |A|

N
.

Proof The relations satisfied by ak and bk are an immediate consequence of the
above lemma. So we have

(
ak

bk

)

=
( N−2|A|

N
2(N−|A|)

N

− 2|A|
N

N−2|A|
N

)(
ak−1
bk−1

)

.

Put ck as

ck =
√

N − |A|√|A| bk.

Then the relation between (ak, ck) and (ak−1, ck−1) is

(
ak

ck

)

=
⎛

⎝
N−2|A|

N
2
√|A|√N−|A|

N

−2
√|A|√N−|A|

N
N−2|A|

N

⎞

⎠
(

ak−1
ck−1

)

=
(

cos 2θA sin 2θA

− sin 2θA cos 2θA

)(
ak−1
ck−1

)

,

where we take θA as

sin 2θA = 2
√|A|√N − |A|

N
, cos 2θA = N − 2|A|

N
.

Thus
(

ak

ck

)

=
(

cos 2θA sin 2θA

− sin 2θA cos 2θA

)k (
a0
c0

)
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=
(

cos 2kθA sin 2kθA

− sin 2kθA cos 2kθA

)
⎛

⎝

1√
N

1√
N

√
N−|A|√|A|

⎞

⎠ .

From the above equality the result follows easily. �

According to this proposition, under the operator Uk
fA

, the initial vector |ϕ0〉 is
transformed into

Uk
fA

|ϕ0〉 = 1√|A| sin(2k + 1)θA

∑

z∈A

|z〉 + 1√
N − |A| cos(2k + 1)θA

∑

x /∈A

|x〉.

Let PfA
(k) be the probability of succeeding in the database search after applying

Uk
fA

to |ϕ0〉, that is,

PfA
(k) =

∣
∣
∣
∣

∑

z∈A

1√|A| 〈z|U
k
fA

|ϕ0〉
∣
∣
∣
∣

2

.

It holds that

PfA
(k) =

∑

z∈A

(
1√|A| sin(2k + 1)θA

)2

= sin2(2k + 1)θA.

Since it is assumed that the cardinal number of A is much smaller than N , we
can prove the following theorem established in [304].

12.3.1 Complexity of Grover’s Algorithm

Theorem 12.10 Let mθA
be

mθA
=
[

π

4θA

]

,

where [·] is the Gauss symbol. Then

PfA
(mθA

) ≥ 1 − |A|
N

and mθA
� π

4

√
N

|A| .

Proof Since mθA
= [ π

4θA
], we have

∣
∣
∣
∣(2mθA

+ 1)θA − π

2

∣
∣
∣
∣≤ θA.
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The equality sin θA =
√

|A|
N

and |A| 
 N imply that θA is sufficiently small, so that

− sin θA = cos

(
π

2
+ θA

)

≤ cos
(
(2mθA

+ 1)θA

)≤ cos

(
π

2
− θA

)

= sin θA.

From these inequalities, it follows that

cos2((2mθA
+ 1)θA

)≤ sin2 θA = |A|
N

.

Therefore, we have

PfA
(mθA

) ≥ 1 − |A|
N

.

Moreover, mθA
can be estimated from above as

mθA
≤ π

4θA

≤ π

4 sin θA

= π

4

√
N

|A| . �

We summarize the characteristic points of Grover’s algorithm for database search
in the following two sentences:

1. If the cardinal number of A is not sufficiently smaller than N , the probability of
succeeding in database search might decrease.

2. mθA
can be regarded as the number of the optimal steps to search the database,

and it is π
4

√
N
|A| . So we proved that the upper bound of complexity of Grover’s

algorithm is O(
√

N).

In the rest of this section, we will show that the lower bound of the complexity
for the Grover algorithm is O(

√
N). Let |ϕ0〉 be the initial state vector as before,

i.e.,

|ϕ0〉 = 1√
N

N−1∑

j=0

|x〉.

Let f be an Oracle and let Uf be the unitary operator constructed from f as in
the previous section. In particular, U0 denotes the unitary operator corresponding to
the Oracle at |ϕ0〉, and the image of |ϕ0〉 under the operator Uk

f (resp., Uk
0 ) denotes

|ϕf
k 〉 (resp., |ϕ0

k 〉). Note that |ϕf

0 〉 = |ϕ0
0〉 = |ϕ0〉. Let {cf

x (k) ∈ C; k = 0, . . . ,N − 1}
and {c0

x(k) ∈ C; k = 0, . . . ,N − 1} be the coefficient sequences obtained by

∣
∣ϕ

f
k

〉=
N−1∑

x=0

c
f
x (k)|x〉, ∣

∣ϕ0
k

〉=
N−1∑

x=0

c0
x(k)|x〉.



12.3 Grover’s Search Algorithm 345

We proved in the previous section that the computational complexity T is bounded

by π
√

N
4 . We assume that |A| = 1 in the sequel. Take k = T and put

Pf ≡
∑

x∈J f

∣
∣c

f
x (T )

∣
∣2, P ≡ 1

N

∑

f ∈F

P f ,

where J f = {x;0 ≤ x ≤ N − 1, f (x) = 1} and F is the set of all functions
from {0,1, . . . ,N − 1} to {0,1} such that it takes the value 1 at only one point
in {0,1, . . . ,N − 1} and the value 0 at other N − 1 points in {0,1, . . . ,N − 1}.
Remark 12.11 The cardinality of the set F is N .

The above P is the average probability of succeeding in database search after T

steps, that is,

1

N

∑

f ∈F

P f = P.

In the rest of this section, we will prove the lower bound T ≥ O(
√

N).
Now we first prove the following proposition.

Theorem 12.12 The following inequality holds

2N − 2
√

N
√

P − 2
√

N
√

N − 1
√

1 − P ≤
∑

f ∈F

∥
∥
∣
∣ϕ

f
T

〉− ∣
∣ϕ0

T

〉∥
∥2

.

Proof Since {|x〉;x = 0,1, . . . ,N − 1} is an orthonormal base, one has

∥
∥
∣
∣ϕ

f
T

〉− ∣
∣ϕ0

T

〉∥
∥2 =

N−1∑

x=0

∣
∣c

f
x (T ) − c0

x(T )
∣
∣2

≥ 2 − 2
N−1∑

x=0

∣
∣c

f
x (T )

∣
∣ · ∣∣c0

x(T )
∣
∣.

The sequence {cf
x (T );x = 0,1, . . . ,N − 1} has the following constraints:

∑

x∈Jf

∣
∣c

f
x (T )

∣
∣2 = P f and

N−1∑

x=0

∣
∣c

f
x (T )

∣
∣2 = 1.

Thus we use Lagrange method to determine the coefficients as follows: Put

L
(∣
∣c

f

0 (T )
∣
∣, . . . ,

∣
∣c

f

N−1(T )
∣
∣
)

≡ 2
N−1∑

x=0

∣
∣c

f
x (T )

∣
∣ · ∣∣c0

x(T )
∣
∣
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− λ

[
N−1∑

x=0

∣
∣c

f
x (T )

∣
∣2 − 1

]

− μ

[∑

x∈J f

∣
∣c

f
x (T )

∣
∣2 − P f

]

.

Then we compute
⎧
⎨

⎩

∂L

∂|cf
x (T )| = 2|c0

x(T )| − 2λ|cf
x (T )| − 2μ|cf

x (T )| = 0, x ∈ Jf ,

∂L

∂|cf
x (T )| = 2|c0

x(T )| − 2λ|cf
x (T )| = 0, x /∈ J f .

From here we have
⎧
⎨

⎩

|cf
x (T )| = |c0

x(T )|
λ+μ

, x ∈ J f ,

|cf
x (T )| = |c0

x(T )|
λ

, x /∈ J f .

By substituting these relations into the above constraints, we obtain

∑

x∈Jf

∣
∣c

f
x (T )

∣
∣2 =

(
1

λ + μ

)2 ∑

x∈J f

∣
∣c0

x(T )
∣
∣2,

N−1∑

x=0

∣
∣c

f
x (T )

∣
∣2 =

(
1

λ + μ

)2 ∑

x∈J f

∣
∣c0

x(T )
∣
∣2 +

(
1

λ

)2 ∑

x /∈Jf

∣
∣c0

x(T )
∣
∣2.

Here, let cf be the positive number defined as

cf =
∑

x∈J f

∣
∣c0

x(T )
∣
∣2.

Then λ + μ and λ are given by

1

λ + μ
=
√

P f

cf
and

1

λ
=
√

1 − P f

1 − cf
,

and the solutions |cf

0 (T )|, . . . , |cf

N−1(T )| are expressed in terms of |c0
0(T )|, . . . ,

|c0
N−1(T )| as

∣
∣c

f
x (T )

∣
∣ =

√
Pf

cf

∣
∣c0

x(T )
∣
∣, x ∈ Jf ,

∣
∣c

f
x (T )

∣
∣ =

√
1 − P f

1 − cf

∣
∣c0

x(T )
∣
∣, x /∈ J f .

Thus we can estimate ‖|ϕf
T 〉 − |ϕ0

T 〉‖2 from below as

∥
∥
∣
∣ϕ

f
T

〉− ∣
∣ϕ0

T

〉∥
∥2 ≥ 2 −

∑

x∈J f

√
P f

cf

∣
∣c0

x(T )
∣
∣2 − 2

∑

x /∈J f

√
1 − P f

1 − cf

∣
∣c0

x(T )
∣
∣2.
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From this inequality, we have
∑

f ∈F

∥
∥
∣
∣ϕ

f
T

〉− ∣
∣ϕ0

T

〉∥
∥2 ≥ 2N − 2

∑

f ∈F

√
P f

√
cf − 2

∑

f ∈F

√
1 − P f

√
1 − cf .

Now we have two more constraints:

1

N

∑

f ∈F

P f = P and
∑

f ∈F

cf = 1.

Let Jf = {x}, and let fx be the corresponding oracle. Let use Lagrange method
again to the function

L
(
P f0 , . . . ,P fN−1 , cf0 , . . . , cfN−1

)

= 2
∑

f ∈F

√
P f

√
cf + 2

∑

f ∈F

√
1 − P f

√
1 − cf

− λ

(
1

N

∑

f ∈F

P f − P

)

− μ

(∑

f ∈F

cf − 1

)

.

Then we obtain the 2N equations with 2N variables P f0 , . . . ,P fN−1 and cf0 , . . . ,
cfN−1 such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂L

∂P f0
=

√
af0√
Pf0

−
√

1−af0√
1−Pf0

− λ
N

= 0,

...

∂L

∂P fN−1
=

√
afN−1√
PfN−1

−
√

1−afN−1√
1−PfN−1

− λ
N

= 0,

∂L

∂af0
=

√
Pf0√
af0

−
√

1−P f0√
1−af0

− μ = 0,

...

∂L

∂afN−1
=

√
PfN−1√
afN−1

−
√

1−P fN−1√
1−afN−1

− μ = 0.

The solution of the above equations is

P f0 = · · · = PfN−1 = P,

af0 = · · · = afN−1 = 1

N
,

from which we complete the proof of the theorem. �

Theorem 12.13 For any positive integer T , the following inequality holds:
∑

f ∈F

∥
∥
∣
∣ϕ

f
T

〉− ∣
∣ϕ0

T

〉∥
∥2 � 4T 2.
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Proof For any positive integer T , we will prove the following equality

∣
∣ϕ0

T

〉= ∣
∣ϕ

f
T

〉+
T −1∑

k=0

Uk
f ΔUf

∣
∣ϕ0

T −1−k

〉

by mathematical induction, where ΔUf denotes U0 − Uf .

In the case of T = 1, ϕ0
0 = ϕ

f

0 implies

∣
∣ϕ

f

1

〉+
0∑

k=0

U0
f ΔUf

∣
∣ϕ0

0−k

〉 = ∣
∣ϕ

f

1

〉+ (U0 − Uf )
∣
∣ϕ0

0

〉

= ∣
∣ϕ

f

1

〉+ ∣
∣ϕ0

1

〉− ∣
∣ϕ

f

1

〉= ∣
∣ϕ0

1

〉
.

Assume that the equality holds in the case of T . Then the vector |ϕ0
T +1〉 becomes

∣
∣ϕ0

T +1

〉 = U0
∣
∣ϕ0

T

〉= (Uf + ΔUf )
∣
∣ϕ0

T

〉

= Uf

[
∣
∣ϕ

f
T

〉+
T −1∑

k=0

Uk
f ΔUf

∣
∣ϕ0

T −1−k

〉
]

+ ΔUf

∣
∣ϕ0

T

〉

= Uf

∣
∣ϕ

f
T

〉+
T −1∑

k=0

Uk+1
f ΔUf

∣
∣ϕ0

T −1−k

〉+ ΔUf

∣
∣ϕ0

T

〉

= ∣
∣ϕ

f

T +1

〉+
(T +1)−1∑

k=1

Uk
f ΔUf

∣
∣ϕ0

(T +1)−1−k

〉+ U0
f ΔUf

∣
∣ϕ0

T

〉

= ∣
∣ϕ

f

T +1

〉+
(T +1)−1∑

k=0

Uk
f ΔUf

∣
∣ϕ0

(T +1)−1−k

〉
,

which is the equality to be proved.
Next we estimate ‖|ϕf

T 〉−|ϕ0
T 〉‖ from above. The above equality and the unitarity

of Uf imply

∥
∥
∣
∣ϕ

f
T

〉− ∣
∣ϕ0

T

〉∥
∥ =

∥
∥
∥
∥
∥

T −1∑

k=0

Uk
f ΔUf

∣
∣ϕ0

T −1−k

〉
∥
∥
∥
∥
∥

≤
T −1∑

k=0

∥
∥Uk

f ΔUf

∣
∣ϕ0

T −1−k

〉∥
∥

=
T −1∑

k=0

∥
∥ΔUf

∣
∣ϕ0

T −1−k

〉∥
∥=

T −1∑

k=0

∥
∥ΔUf

∣
∣ϕ0

k

〉∥
∥.

Since we have

∣
∣ϕ0

k

〉=
N−1∑

x=0

c0
x(k)|x〉 =

∑

x∈J f

c0
x(k)|x〉 +

∑

x /∈J f

c0
x(k)|x〉,
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we obtain

ΔUf

∣
∣ϕ0

k

〉 = (U0 − Uf )
∣
∣ϕ0

k

〉

=
[∑

x∈J f

c0
x(k)U0|x〉 +

∑

x /∈Jf

c0
x(k)U0|x〉

]

−
[∑

x∈J f

c0
x(k)Uf |x〉 +

∑

x /∈J f

c0
x(k)Uf |x〉

]

=
[∑

x∈J f

c0
x(k)U0|x〉 −

∑

x∈Jf

c0
x(k)Uf |x〉

]

+
[∑

x /∈Jf

c0
x(k)U0|x〉 −

∑

x /∈Jf

c0
x(k)Uf |x〉

]

.

As U0|x〉 = Uf |x〉 for any x /∈ J f , we have

ΔUf

∣
∣ϕ0

k

〉 = (U0 − Uf )
∑

x∈J f

c0
x(k)|x〉

= (U0 − Uf )Ef

∣
∣ϕ0

k

〉
,

where Ef is the projection to the subspace spanned by {|x〉;x ∈ Jf }. Since U0 and
Uf are unitary, we have

∥
∥ΔUf

∣
∣ϕ0

k

〉∥
∥= ∥

∥U0Ef

∣
∣ϕ0

k

〉− Uf Ef

∣
∣ϕ0

k

〉∥
∥≤ 2

∥
∥Ef

∣
∣ϕ0

k

〉∥
∥.

Thus it holds that

∑

f ∈F

∥
∥
∣
∣ϕ

f
T

〉− ∣
∣ϕ0

T

〉∥
∥2 ≤ 4

∑

f ∈F

[
T −1∑

k=0

∥
∥Ef

∣
∣ϕ0

k

〉∥
∥

]2

.

Applying the Schwartz inequality to the right-hand side of the above inequality (i.e.,
|∑akbk|2 �

∑ |ak|2 ∑ |bk |2), we obtain

= 4
∑

f ∈F

[
T −1∑

k=0

(
1 · ∥∥Ef

∣
∣ϕ0

k

〉∥
∥
)
]2

≤ 4
∑

f ∈F

[
T −1∑

k=0

12

][
T −1∑

k=0

∥
∥Ef

∣
∣ϕ0

k

〉∥
∥2

]

= 4T
∑

f ∈F

[
T −1∑

k=0

∥
∥Ef

∣
∣ϕ0

k

〉∥
∥2

]

.
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It is clear that Ef1 is orthogonal to Ef2 if f1 �= f2. Therefore, Pythagorean theo-
rem assures

∑

f ∈F

∥
∥Ef

∣
∣ϕ0

k

〉∥
∥2 =

∥
∥
∥
∥

∑

f ∈F

Ef

∣
∣ϕ0

k

〉
∥
∥
∥
∥

2

,

and we obtain

∑

f ∈F

∥
∥
∣
∣ϕ

f
T

〉− ∣
∣ϕ0

T

〉∥
∥2 ≤ 4T

T −1∑

k=0

∥
∥
∥
∥

∑

f ∈F

Ef

∣
∣ϕ0

k

〉
∥
∥
∥
∥

2

≤ 4T

T −1∑

k=0

∥
∥
∣
∣ϕ0

k

〉∥
∥2 = 4T 2.

�

Now, the rapidity of the Grover algorithm can be estimated below by the follow-
ing theorem.

Theorem 12.14 A lower bound of T can be estimated by

2N − 2
√

N
√

P − 2
√

N
√

N − 1
√

1 − P ≤ 4T 2.

Proof Clear from the previous two theorems. �

Thus this theorem together with Theorem 12.10 tells that the complexity of the
database search quantum algorithm is O(

√
N) because of 2N − 2

√
N ≤ 4T 2. Note

that even when P �= 1, this P is close to 1 for large N (� |A|) because of the above
theorem, so that T is bounded below by

√
N .

12.3.2 Accardi–Sabadini’s Unitary Operator

There exist several applications and extensions of the Grover algorithm. We men-
tion here the work done by Accardi and Sabbadini [33]. They presented a general
method to choose the unitary operator which can amplify any components of a given
vector, and it was shown that the Grover algorithm is a particular case of the general
method.

The Grover algorithm is the construction of a unitary operator U which increases
the probability of one of the components of a given unit vector at the expense of
the remaining ones. A preliminary step to solve this problem is to determine the
most general unitary operator which performs the same task of Grover’s unitarity
operator. Accardi and Sabbadini found that up to the five parameters taking the
value 1 or −1, there exists exactly one class of such unitary operators, labeled by an
arbitrary parameter in the interval [0,1] (Theorem 12.15).

In this section, we assume that the set A has only one element, and it is “0” for
notational simplicity.
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Theorem 12.15 Given the linear functions with γi and ηi real,

η(a) =
N−1∑

i=0

ηiai, c(a) =
N−1∑

i=0

γiai,

the operator U defined by

U
∑

i

ai |i〉 = ε1
(
a0 + η(a)

)|0〉 + ε2

∑

i �=0

(
ai + c(a)

)|i〉

is unitary iff there exists a real number β0 satisfying |β0| ≤ 1 such that

γ0 = ε3

√
1 − β2

0√
N − 1

,

ηi = ε4ε5γ0,

γi = −1 + ε4β0

N − 1
,

η0 = −1 + ε4ε5β0,

(12.2)

where ε1, ε2, ε3, ε4, ε5 = ±1.

Proof Put η(a) =: η and c(a) =: c. In finite dimension, the unitarity is equivalent
to isometry. Therefore, the following isometry condition is a necessary condition:

∑

i

a2
i = (a0 + η)2 +

∑

i �=0

(ai + c)2

= a2
0 + η2 + 2a0η +

∑

i �=0

a2
i + (N − 1)c2 + 2c

∑

i �=0

ai,

which equals to

η2 + 2a0η + (N − 1)c2 + 2c
∑

i �=0

ai = 0. (12.3)

We rewrite this equation as

η2 + 2a0η + γ = 0

with

γ = (N − 1)c2 + 2c
∑

i �=0

ai .

Thus a possible solution is

η
(= η(a)

)= −a0 + ε5

√
a2

0 − γ .
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The given η(a) will be linear in a iff for any a0, . . . , aN

a2
0 − γ =

(∑

j

βj aj

)2

with the βj independent from a. The further linearity condition of c(a) leads to:

c(a) =
∑

j

γj aj

with the γj independent from a. From (12.3), one has

−a2
0 + (N − 1)

(∑

j

γj aj

)2

+
(∑

j

βj aj

)2

+ 2
∑

j

γj aj

∑

i �=0

ai = 0

⇐⇒ −a2
0 + 2

∑

j

γj aj

∑

i �=0

ai +
∑

i,j

[
(N − 1)γiγj + βiβj

]
aiaj = 0

⇐⇒ a2
0

[
(N − 1)γ 2

0 + β2
0 − 1

]+
∑

i,j �=0

[
2γj + (N − 1)γiγj + βiβj

]
aiaj

+ 2
∑

i �=0

[
γ0 + (N − 1)γ0γi + β0βi

]
a0ai = 0.

This identity holds for any a0, . . . , aN , iff

⎧
⎪⎪⎨

⎪⎪⎩

(a) (N − 1)γ 2
0 + β2

0 − 1 = 0,

(b) 2γj + (N − 1)γiγj + βiβj = 0 ∀i, j �= 0,

(c) 2γi + (N − 1)γ 2
i + β2

i = 0 ∀i �= 0,

(d) γ0 + (N − 1)γ0γi + β0βi = 0 ∀i �= 0.

Hence one obtains

γ0 = ε3

√
1 − β2

0√
N − 1

, γi = − γ0 + β0βi

γ0(N − 1)
(i �= 0).

Substituting these into (c), one has

−2(γ0 + β0βi)

γ0(N − 1)
+ (γ0 + β0βi)

2

γ 2
0 (N − 1)

+ β2
i = 0

or equivalently,
[
(N − 1)γ 2

0 + β2
0

]
β2

i = γ 2
0 .
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Then from (a) this is equivalent to

βi = ε4γ0 = ε4ε3

√
1 − β2

0√
N − 1

with ε3 = ±1, so that every βi (i �= 0) is written by β0.

Using c(a) instead of η(a) one arrives at

γi = −1 + ε4β0

N − 1
.

Put β0 = cos θ , then
√

N − 1γ0 = sin θ . From all discussions above, one finally
obtains

η(a) = (−1 + ε5β0)a0 + ε5ε4γ0

∑

k �=0

ak

= (−1 + ε5β0)a0 + ε4ε3ε5

√
1 − β2

0√
N − 1

∑

k �=0

ak

= (−1 + ε5 cos θ)a0 + ε3ε4ε5
sin θ√
N − 1

∑

k �=0

ak

and

c(a) = γ0a0 − 1 + ε4β0

N − 1

∑

k �=0

ak

= ε3

√
1 − β2

0√
N − 1

a0 − 1 + ε4β0

N − 1

∑

k �=0

ak

= ε3
sin θ√
N − 1

a0 − 1 + ε4 cos θ

N − 1

∑

k �=0

ak.

It is a similar exercise to verify that conditions (12.2) are sufficient for the operator
U to be unitary. �

Corollary 12.16 Grover’s method corresponds to the case ε1ε3 = 1, ε2 = −1,
β0 = N−2

N
, γ0 = 2

N
, i.e., for such a choice of parameters the corresponding unitary

operator U is Grover’s unitary operator.

Proof Grover’s unitary operator is characterized by

a0 �→ N − 2

N
a0 + 2

N

∑

k �=0

ak = ε1
(
a0 + η(a)

)
,
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ai �→ −ai + 2

N

(

−a0 +
∑

k �=0

ak

)

= ε2
(
ai + c(a)

)
.

From η(a) and c(a) obtained in the above theorem, one has

ε1
(
a0 + η(a)

)= ε1ε4

(

β0a0 + ε3γ0

∑

k �=0

ak

)

,

ε2
(
ai + c(a)

)= ε2

(

ai + γ0a0 − 1 + ε3β0

N − 1

∑

k �=0

ak

) (12.4)

with

βi = ε3

√
1 − β2

0√
N − 1

.

Thus

ε1ε5β0 = N − 2

N
.

Now choose ε1ε4 = 1 and β0 = N−2
N

, then

γ0 =
√

1−(N−2)2

N2

N − 1

(

ε3
2

N

)

as in (12.4) with ε2 = −1. And finally,

−ε2
1 + ε5β0

N − 1
=1 + ε5

N−2
N

N − 1
=N + ε5N − 2ε5

N(N − 1)

gives the parameter γ0 = 2
N

iff ε5 = 1. �

Thus the unitary operator U of Accardi–Sabbadini generalizes that of Grover’s.

12.4 Notes

Deutsch and Jozsa showed that quantum computer can efficiently solve the prob-
lem of whether a function is constant or balanced [199]. Grover showed the search
problem could be speeded up on a quantum computer [305]. Accardi and Sabba-
dini proved that there exists a one step solution of Grover’s algorithm under some
conditions [33].



Chapter 13
Quantum Algorithms II

In this chapter, the Shor’s quantum algorithm for factoring integers is described.
Factoring integers plays an important role in modern cryptography. We start by re-
viewing some fundamental facts of number theory.

13.1 Elements of Number Theory

In this section, we collect some relevant material from number theory. It is used in
the Shor’s factoring algorithm and in quantum cryptography.

Given two integers a and b, not both zero, the greatest common divisor of a

and b, denoted gcd(a, b) is the biggest integer d dividing both a and b. For example,
gcd(9,12) = 3.

13.1.1 Euclid’s Algorithm

There is the well known Euclid’s algorithm of finding the greatest common divisor.
Although it was discussed in Chap. 2, we will discuss it more for the subsequent
uses in this section. Euclid’s algorithm proceeds as follows.

Problem: Find gcd(a, b) where a > b > 0.

1. Divide b into a and write down the quotient q1 and the remainder r1:

a = q1b + r1, 0 < r1 < b.

2. Next, perform a second division with b playing the role of a and r1 playing the
role of b:

b = q2r1 + r2, 0 < r2 < r1.

3. Next write

r1 = q3r2 + r3, 0 < r3 < r2.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
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Continue in this way until we finally obtain a remainder that divides the previous
remainder, then we are done, that is, that final nonzero remainder is the gcd of a and
b:

rt = qt+2rt+1 + rt+2,

rt+1 = qt+3rt+2.

We obtain: rt+2 = d = gcd(a, b).

Example 13.1 Find gcd(128,24) : 128 = 5 · 24 + 8, 24 = 3 · 8, so we obtain
gcd(128,24) = 8.

Let us prove that Euclid’s algorithm indeed gives the greatest common divisor.
Note first that b > r1 > r2 > · · · is a sequence of decreasing positive integers which
cannot be continued indefinitely. Consequently, Euclid’s algorithm must end.

Let us go up throughout Euclid’s algorithm. rt+2 = d divides rt+1, rt , . . . , r1, b, a.
Thus d is a common divisor of a and b.

Now let c be any common divisor of a and b. Go downward throughout Eu-
clid’s algorithm. c divides r1, r2, . . . , rt+2 = d . Thus d , being a common divisor of
a and b, is divisible by any common divisor of these numbers. Consequently, d is
the greatest common divisor of a and b.

Another (but similar) proof is based on the formula

gcd(qb + r, b) = gcd(b, r).

Note that from Euclid’s algorithm it follows (going up) that if d =gcd(a, b) then
there are integers u and v such that

d = ua + vb.

In particular, one has

ua ≡ d (mod b). (13.1)

One can estimate the efficiency of Euclid’s algorithm. By Lame’s theorem the
number of divisions required to find the greatest common divisor of two integers is
never greater than five-times the number of digits in the smaller integer.

Congruences: An integer a is congruent to b modulo m,

a ≡ b (mod m),

iff m divides (a − b). In this case, a = b + km where k = 0,±1,±2, . . . .

Proposition 13.2 Let us be given two integers a and m. The following are equiva-
lent:

(i) There exists a u such that au ≡ 1 (mod m).
(ii) gcd(a,m) = 1.
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Proof From (i), follows ab−mk = 1. Therefore, the gcd(a,m) = 1, i.e., we get (ii).
Now if (ii) is true then one has the relation (13.1) for d = 1, b = m, i.e., au ≡

1 (mod m), which gives (i). �

Let us find integer solutions of the equation

ax ≡ c (mod m). (13.2)

We suppose that gcd(a,m) = 1. Then by the previous proposition there exists a b

such that

ab ≡ 1 (mod m).

Multiplying (13.2) by b, we obtain the solution

x ≡ bc (mod m),

or more explicitly,

x = bc + km, k = 0,±1,±2, . . . .

Exercise 13.3 Find all the solutions of the congruence 3x ≡ 4 (mod 7).

Continued fractions: Euclid’s algorithm is closely related to continued fractions.
If a and b are two integers then by using Euclid’s algorithm we write

a = q1b + r1; a

b
= q1 + 1

b/r1
,

b = q2r1 + r2; b

r1
= q2 + 1

r1/r2
,

r1 = q3r2 + r3; r1

r2
= q3 + 1

r1/r2
,

...

rt = qt+2rt+1 + rt+2; rt

rt+1
= qt+2 + 1

rt+1/rt+2
,

rt+1 = qt+3rt+2; rt+1

rt+2
= qt+3.

Therefore, we obtain a representation of a/b as a continued fraction

a

b
= q1 + 1

q2 + 1
q3+··· 1

qt+3

.
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Hence any positive rational number can be represented by a continued fraction.
Fractions

δ1 = q1, δ2 = q1 + 1

q2
, δ3 = q1 + 1

q2 + 1
q3

, . . .

are called convergents. We will use the following theorems.

Theorem 13.4 If x is a real number and a and b are positive integers satisfying
∣
∣
∣
∣
a

b
− x

∣
∣
∣
∣ <

1

2b2 ,

then a/b is a convergent of the continued fraction of x.

Theorem 13.5 (Chinese remainder theorem) Suppose there is a system of congru-
ences with respect to different moduli:

x ≡ a1 (mod m1),

x ≡ a2 (mod m2),

...

x ≡ at (mod mt).

Suppose gcd(mi,mj ) = 1 for i �= j . Then there exists a solution x to all of the
congruences, and any two solutions are congruent to one another modulo

M = m1m2 · · ·mt .

Proof Let us denote Mi = M/mi . There exists Ni such that MiNi ≡ 1 (mod mi).
Let us set x = ∑

iaiMiNi . This is the solution. Indeed, we have

∑

i

aiMiNi = a1M1M1 + · · · ≡ a1 + a2 + · · · ≡ a1 (mod m1),

and similarly for other congruences. �

We will also need

Theorem 13.6 (Fermat’s little theorem) Let p be a prime number. Any integer a

satisfies

ap ≡ a (modp),

and any integer a not divisible by p satisfies

ap−1 ≡ 1 (modp).
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Proof Suppose a is not divisible by p. Then {0a,1a,2a, . . . , (p − 1)a} forms a
complete set of residues modulo p, i.e., {a,2a, . . . , (p − 1)a} is a rearrangement
of {1,2, . . . , p − 1} when considered modulo p. Hence the product of the numbers
in the first sequence is congruent modulo p to the product of the members in the
second sequence, i.e.,

ap−1(p − 1)! ≡ (p − 1)! (modp).

Thus p divides ap−1 − 1. �

13.1.2 The Euler Function

The Euler function ϕ(n) is the number of nonnegative integers a less than n which
are prime to n:

ϕ(n) = #
{
0 ≤ a < n;gcd(a,n) = 1

}
.

In particular, ϕ(1) = 1, ϕ(2) = 1, . . . , ϕ(6) = 2, . . . . One has ϕ(p) = p − 1 for any
prime p.

Exercise 13.7 Prove that ϕ(pn) = pn − pn−1 for any n and prime p.

The Euler function is multiplicative in the sense that

ϕ(mn) = ϕ(m)ϕ(n)

whenever gcd(m,n) = 1.
If

n = p
α1
1 p

α2
2 · · ·pαk

k

then

ϕ(n) = n

(

1 − 1

p1

)

· · ·
(

1 − 1

pk

)

.

In particular, if n is the product of two primes, n = pq , then

ϕ(n) = ϕ(p)ϕ(q) = (p − 1)(q − 1).

There is the following generalization of Fermat’s Little Theorem.

Theorem 13.8 (Euler’s theorem) If gcd(a,m) = 1 then

aϕ(m) ≡ 1 (mod m).
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Proof Let r1, r2, . . . , rϕ(m) be classes of integers relatively prime to m. Such a sys-
tem is called a reduced system of residues mod m. Then ar1, ar2, . . . , arϕ(m) is
another reduced system since gcd(a,m) = 1. Therefore,

ar1 ≡ rπ(1), ar2 ≡ rπ(2), . . . , arϕ(m) ≡ rπ(m) (mod m).

On multiplying these congruences, we get

aϕ(m)r1r2 · · · rϕ(m) ≡ r1r2 · · · rϕ(m) (mod m).

Now since r1r2 · · · rϕ(m) is relatively prime to m the theorem is proved. �

We will use the following result on the asymptotic behavior of the Euler function.

Theorem 13.9 There is a constant C > 0 such that for sufficiently large n one has

ϕ(n)

n
≥ C

log logn
.

13.1.3 Modular Exponentiation

Sometimes it is necessary to do classical computations on a quantum computer.
Since quantum computation is reversible, a deterministic classical computation is
performable on a quantum computer only if it is reversible. It was shown that any
deterministic computation can be made reversible for only a constant factor cost in
time and by using as much space as time.

In this section, we discuss the modular exponential problem. The problem is:
Given N,a and m, m ≤ N, a ≤ N find ma (mod N).

Theorem 13.10 There exists a classical algorithm for computation ma (mod N)

which requires asymptotically O(n2 logn log logn) arithmetical operations with
bits in the binary representation of the numbers where n = logN .

Proof The algorithm proceeds as follows:

1. Write the binary representation

a = a0 + 2a1 + 22a2 + · · · + 2sas

where ai = 0,1 and a0 = 1.
2. Set m0 = m and then for i = 1, . . . , s compute

mi ≡ m2
i−1m

as−i (mod N).

3. The final result is ms given by

ms = ma (mod N).
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The validity of the algorithm follows from the relation

mi ≡ ma0+2a1+···+2i ai (mod N).

Computation at the third step requires no more than three multiplications, and
it is repeated no more than s ≤ n = logN times. There is the Schönhage–Strassen
algorithm for integer multiplication that uses asymptotically O(n logn log logn) op-
erations on bits. This proves the theorem. �

13.2 Shor’s Quantum Factoring

Let us discuss the problem of factoring. It is known that every integer N is uniquely
decomposable into a product of prime numbers. However, we do not know efficient
(i.e., polynomial in the number of operations) classical algorithms for factoring.
Given a large integer N , one has to find efficiently such integers p and q that N =
pq , or to prove that such a factoring does not exist. It is assumed that p and q are
not equal to 1.

An algorithm of factoring the number N is called efficient if the number of ele-
mentary arithmetical operations which are used for large N is bounded by a poly-
nomial in n where n = logN is the number of digits in N .

The most naive factoring method would be just to divide N by each number from

1 to
√

N . This requires at least
√

N operations. Since
√

N = 2
1
2 logN is exponential

in the number of digits n = logN in N , this method is not an efficient algorithm.
There is no known efficient classical algorithm for factoring, but the quantum poly-
nomial algorithm does exist.

The best classical factoring algorithm which is currently known is the number
field sieve. It requires asymptotically

exp
(
cn1/3(logn)2/3)

operations for some constant c, i.e., it is exponential in n1/3. Shor has found a quan-
tum algorithm which takes asymptotically

O
(
n2 logn log logn

)
,

i.e., only a polynomial number, of operations on a quantum computer along with a
polynomial amount of time on a classical computer.

In the description of Shor’s algorithm, we essentially follow his original presen-
tation. It is known that using randomization the factorization of N can be reduced
to finding the order of an arbitrary element m in the multiplicative group of residues
modulo N , that is, the least integer r such that

mr ≡ 1 (mod N).

The reduction will be discussed below. Therefore, to factorize N it is enough to find
the order r of m.
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Shor’s algorithm for finding the order consists of five steps:

1. Preparation of quantum state
2. Modular exponentiation
3. Quantum Fourier transform
4. Measurement
5. Computation of the order at the classical computer.

These steps will be discussed in details in the next section.
Moreover, in the subsequent sections, we have the following discussions: Shor’s

algorithm for finding the order is exposed. Then the computational complexity of
Shor’s algorithm is considered. Finally, the reduction of the problem of factorization
to finding the order is discussed.

The main results of the quantum algorithm for finding the order are given in
Theorem 13.11 on the lower bound for the probability of measurement and in Theo-
rem 13.12 on the derivation of the order. Theorem 13.13 describes the computational
complexity of the algorithm. The main result of the quantum algorithm for factoring
is presented in Theorem 13.16.

13.2.1 Finding the Order

For a given N , choose a random (with the uniform distribution) m (1 < m ≤ N).
We assume gcd(m,N) = 1, otherwise we would already know a divisor of N . We
want to find the order of m, i.e., the least integer r such that

mr ≡ 1 (mod N).

Fix some q of the form q = 2s with N2 ≤ q < 2N2. The algorithm will use the
Hilbert space

H = C
q ⊗ C

N1 ⊗ C
k

where C
q and C

N1 are two quantum registers which hold integers represented in
binary form. Here N1 is an integer of the form N1 = 2l for some l such that
N ≤ N1. There is also the work space C

k to make arithmetical operations. We will
not indicate it explicitly. If

a = a0 + 2a1 + 22a2 + · · · + 2sas

is the binary representation (ai = 0,1) of an integer a then we write

|a〉 = |a0〉 ⊗ · · · ⊗ |as〉
where

|0〉 =
(

1
0

)

, |1〉 =
(

0
1

)

form the basis in the two dimensional complex space C
2.
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We have the data (N,m,q). The algorithm for finding the order r of m consists
of five steps stated as above: 1. Preparation of quantum state; 2. Modular exponenti-
ation; 3. Quantum Fourier transform; 4. Measurement; 5. Computation of the order
on a classical computer.

13.2.2 Description of the Algorithm

1. (Preparation of quantum state) Put the first register in the uniform superposition
of states representing numbers a (mod q). The quantum computer will be in the
state

|ψ1〉 = 1√
q

q−1∑

a=0

|a〉 ⊗ |0〉.

2. (Modular exponentiation) Compute ma (mod N) in the second register. This
leaves the quantum computer in the state

|ψ2〉 = 1√
q

q−1∑

a=0

|a〉 ⊗ ∣
∣ma (mod N)

〉
.

3. (DFT) Perform the discrete quantum Fourier transform on the first register, map-
ping |a〉 to

1√
q

q−1∑

c=0

e2π iac/q |c〉.

The quantum computer will be in the state

|ψ3〉 = 1

q

q−1∑

a=0

q−1∑

c=0

e2π iac/q |c〉 ⊗ ∣
∣ma (mod N)

〉
.

4. (Measurement) Make the measurement on both registers |c〉 and |ma (modN)〉.
To find the period r , we will need only the value of |c〉 in the first register, but
for clarity of computations we make the measurement on the both registers. The
probability P(c,mk (mod N)) that the quantum computer ends in a particular
state

∣
∣c;mk (mod N)

〉 = |c〉 ⊗ ∣
∣mk (mod N)

〉

is

P
(
c,mk (mod N)

) = ∣
∣
〈
mk (mod N); c|ψ3

〉∣
∣2

where we can assume 0 ≤ k < r .
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We will use the following theorem which shows that the probability
P(c,mk (mod N)) is large if the residue of rc (mod q) is small. Here r is the
order of m in the group (Z/NZ)× of residues of modulo N .

Theorem 13.11 If there is an integer d such that

− r

2
≤ rc − dq ≤ r

2
(13.3)

and N is sufficiently large then

P
(
c,mk (mod N)

) ≥ 1

3r2 . (13.4)

The theorem is proved below.

5. (Computation of the order on a classical computer) We know N,c and q and we
want to find the order r . Because q > N2, there is at most one fraction d/r with
r < N that satisfies inequality (13.3). We can obtain the fraction d/r in low-
est terms by rounding c/q to the nearest fraction having a denominator smaller
than N . To this end, we can use the continued fraction expansion of c/q and
Theorem 13.4.

We will prove the following theorem which summarizes the main results for the
quantum algorithm for finding the order.

Theorem 13.12 If the integer N is sufficiently large then by repeating the first four
steps of the algorithm for finding the order O(log logN) times one can obtain the
value of the order r with the probability γ > 0 where the constant γ does not depend
on N .

Proof of Theorem 13.11 First, let us notice the relation

〈
mk (mod N)|ma (mod N)

〉 =
{

1, if a ≡ k (mod r),

0, otherwise.

Hence the amplitude is

〈
mk (mod N); c|ψ3

〉 = 1

q

∑

a

e2π iac/q

where the summation on a runs on the subset a ≡ k (mod r) of the set {0,1, . . . ,

q − 1}. One sets

a = br + k

to get

∑

a

e2π iac/q =
f∑

b=0

e2π ic(br+k)/q = 1 − e2π icr(f +1)/q

1 − e2π icr/q
e2π ick/q
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where f is the integer part

f =
[
q − 1 − k

r

]

.

Therefore, the probability is

P
(
c,mk (mod N)

) =
∣
∣
∣
∣
1

q

1 − e2π icr(f +1)/q

1 − e2π icr/q

∣
∣
∣
∣

2

,

which is equal to

P
(
c,mk (mod N)

) = 1

q2

sin2 πcr(f +1)
q

sin2 πcr
q

.

Now to prove the theorem we use condition (13.3) and the relation

sinx >
2

π
x, 0 < x <

π

2
. �

Proof of Theorem 13.12 If we know the fraction d/r in lowest terms and if d is
relatively prime to r then we can derive r . There are rϕ(r) states |c;mk (mod N)〉
which enable us to compute r because there are ϕ(r) values of d relatively prime to
r and also there are r possible values for mk (mod N). By Theorem 13.9, each of
these states occurs with the probability at least 1/3r2. Therefore, we can get r with
probability at least ϕ(r)/3r . Now the theorem follows from Theorem 13.11. �

13.2.3 Computational Complexity of Shor’s Algorithm

Let us estimate the number of operations (or gates) needed to implement the first
three steps of the Shor’s algorithm for finding the order.

Theorem 13.13 Shor’s algorithm for finding the order of an element in the group
of residues modulo N requires

O
(
(logN)2(log logN)(log log logN)

)
(13.5)

operations (gates) on a quantum computer.

Proof Let us estimate the number of operations (gates) needed to implement the
first three steps of the algorithm on a quantum computer. To prepare the state |ψ1〉,
one needs s = logq = O(logN) Hadamard’s gates. Then let us consider the mod-
ular exponentiation. It is the most time consuming part of the algorithm. As it is
discussed in Sect. 13.1.3, asymptotically, modular exponentiation requires

O
(
n2 logn log logn

)
(13.6)
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operations, where n = O(logN). The computation can be made reversible for only
a constant factor cost in time and the same amount in space. Finally, it is shown in
Sect. 13.2.2 that to make the third step of the algorithm, quantum Fourier transform,
one takes

O
(
(logN)2) (13.7)

quantum gates. Actually, this is the key ingredient in the factoring algorithm. Just be-
cause of the polynomial bound (13.7) we obtain the polynomial efficiency of the fac-
toring algorithm. Now the theorem follows from the estimates (13.6) and (13.7). �

13.3 Factoring Integers

In this section, the factoring algorithm will be described. The factoring algorithm
solves the following problem: Given an integer N , find such integers p and q that
N = pq or prove that such a factoring does not exist. It is assumed that p and q

are not equal to 1. We shall use the algorithm for finding the order described in
Sect. 13.2.1.

13.3.1 Factoring Algorithm

1. Choose a random m, 1 ≤ m ≤ N (with uniform distribution) and find its order r

by using the factoring algorithm from Sect. 13.2.1.
2. If r is even, compute

gcd
(
mr/2 − 1,N

)

by using Euclid’s algorithm.
3. If gcd(mr/2 − 1,N) > 1 then it gives a factor of N . In the case if gcd(mr/2 −

1,N) = 1 or when the order r of m is odd, one has to repeat steps 1 and 2 for
another integer m.

Let us explain why the algorithm works. Consider the equation

y2 ≡ 1 (mod N).

There are the trivial solutions

y ≡ ±1 (mod N).

Suppose there is also a nontrivial solution y = b,

b2 ≡ 1 (mod N); b �≡ ±1 (mod N).

Then

(b + 1)(b − 1) ≡ 0 (mod N),
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i.e.,

(b + 1)(b − 1) = kN

and neither of the factors b + 1 or b − 1 is 0 (mod N). Thus, (b + 1) must contain
one factor of N , and (b − 1) another.

Now, if r is the order of m (mod N) and r is even, then b = mr/2 is the solution
of the equation b2 ≡ 1 (mod N). If mr/2 �≡ ±1 (mod N) then gcd(mr/2 −1,N) > 1.
We have proved the following:

Lemma 13.14 If the order r of m (mod N) is even and

mr/2 �≡ ±1 (mod N)

then

gcd
(
mr/2 − 1,N

)
> 1.

The above process may fail if r is odd or if r is even but mr/2 is a trivial solution.
However, due to the following theorem, these situations can arise only with small
probability.

Theorem 13.15 Let N be an odd natural number with prime factorization

N = p
α1
1 p

α2
2 · · ·pαk

k .

Suppose m is chosen at random, 1 ≤ m ≤ N (with uniform distribution), satisfying
gcd(m,N) = 1. Let r be the order of m (mod N). Then

P
{
r : r is even and mr/2 �≡ ±1 (mod N)

} ≥ 1 − 1

2k−1
.

The probability is positive if k ≥ 2.

Proof Since r is the order, we never have mr/2 ≡ −1 (mod N). One can prove that

P
{
r; r is odd or mr/2 ≡ −1 (mod N)

} ≤ 1

2k−1
,

by using the Chinese remainder theorem. �

Theorem 13.16 If an integer N is sufficiently large and if it is a product of at least
two prime numbers then the factoring algorithm finds the factors with the probability
greater than γ /2 where γ is the constant defined in Theorem 13.12. One needs
asymptotically

O
(
(logN)2(log logN)(log log logN)

)

quantum gates to implement the quantum circuit for the factoring algorithm.

Proof The conclusion of the theorem follows from the description of the factoring
algorithm and from Theorem 13.8 and Theorem 13.11. �
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13.4 Notes

Shor proposed efficient quantum algorithms for the factoring problem and the dis-
crete logarithm problem [713]. The presentation in this chapter is based on [710]
and [220, 795]. For the basic mathematical results used in this chapter related to
the number theory, we refer to [779]. The problem of computational complexity
of quantum modular exponentiation (Step 2 in the description of the algorithm) is
discussed in [371].



Chapter 14
Quantum Algorithm III

In this chapter we will consider a new approach to quantum computations. We shall
discuss an algorithm introduced by Ohya and Volovich which can solve the NP-
complete satisfiability (SAT) problem in polynomial time. The algorithm goes be-
yond the quantum Turing machine paradigm.

As we discussed in Chaps. 2 and 10, it is known that all NP-complete (NPC, for
brevity) problems are equivalent and an essential question is whether there exists
an algorithm to solve an NP-complete problem in polynomial time. There are ex-
amples of the NP-complete problems such as the knapsack problem, the traveling
salesman problem, the integer programming problem, the subgraph isomorphism
problem, the satisfiability problem, which have been studied for decades and for
which all known algorithms have a running time that is exponential in the size of
input.

It is widely believed that quantum computers are more efficient than classical
computers. In particular, Shor gave a quantum polynomial-time algorithm for the
factoring problem, as was discussed in Chap. 13. However, it is known that this
problem is not NP-complete, but is NP-intermediate.

In Sect. 14.1, the quantum algorithm of SAT problem, due to Ohya and Ma-
suda, is discussed (OM algorithm). Accardi and Sabbadini showed that OM algo-
rithm is a combinatorial one, and they rewrote the OM algorithm in the language
of combinatorics. In Sect. 14.2, it is shown that the SAT problem can be solved in
polynomial time by means of chaos dynamics with the quantum algorithm given in
Sect. 14.1, which goes beyond the usual quantum Turing machine algorithm. The
use of chaos dynamics depends on the state computed by quantum unitary operators,
so that our method is an example of the adaptive dynamics explained in Chap. 10.
This algorithm is called OV-SAT algorithm here. In Sect. 14.3, the channel expres-
sion of algorithm is discussed as a possible extension of usual quantum algorithm
to a more general quantum algorithm pointed out in Sect. 14.2. The general QTM
is used to discuss the OV-SAT algorithm in Sect. 14.4. In Sect. 14.5, applying the
stochastic limit and the state adaptive dynamics, the SAT algorithm is reconsid-
ered.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_14, © Springer Science+Business Media B.V. 2011
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14.1 Quantum Algorithm of SAT Problem

In this section, we discuss the quantum algorithm of the SAT problem and point out
that this problem, hence all other NPC problems, can be solved in polynomial time
by a quantum computer if the superposition of two orthogonal vectors |0〉 and |1〉 is
physically detected. However, this detection is considered not to be possible in the
present technology, so that in the following sections we discuss what detection is
possible to answer the question of the NPC problem.

Let X ≡ {x1, . . . , xn} be a set. xk and its negation xk (k = 1, . . . , n) are called
literals. Let X̄ ≡ {x̄1, . . . , x̄n} be a set, then the set of all literals is denoted by X′ ≡
X ∪ X̄ = {x1, . . . , xn, x̄1, . . . , x̄n}. We write the set of all subsets of X and X̄ as
F(X) and F(X̄), respectively. An element C ∈ F(X′) is called a clause. A map
t : X′ → {0,1} is called a truth assignment if for all literals xk ∈ X′ it satisfies the
following equation

t (xk) + t (x̄k) = 1.

Definition 14.1 A clause C is satisfiable if there exists a truth assignment t such
that

t (C) ≡
∨

x∈C

t (x)

= 1.

For X = {x1, . . . , xn} and a truth assignment t , we put

t (x1) = ε1, . . . , t (xn) = εn,

where ε1, . . . , εn ∈ {0,1} , and we write t as a sequence of binary symbols:

t = ε1 · · · εn.

Definition 14.2 Let C ={C1, . . . ,Cm} be a set of clauses, C is satisfiable iff the meet
of all truth values of Cj is 1, that is,

t (C) ≡
m∧

j=1

t (Cj ) = 1.

Thus the SAT problem is written as follows:

Problem 14.3 (SAT problem) Given a Boolean set X ≡ {x1, . . . , xn} and a set C =
{C1, . . . ,Cm} of clauses, determine whether C is satisfiable or not.

In other words, this problem is asking whether there exists a truth assignment to
make C satisfiable. It is known in usual algorithms that it takes polynomial time to
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check the satisfiability only when a specific truth assignment is given, but we cannot
determine the satisfiability in polynomial time when an assignment is not specified.

Since it is necessary to compute t (C) for all assignments in the worst case to
determine whether C is SAT or not, it is known that the SAT problem belongs to NP
when m is a polynomial of n [278].

Ohya and Masuda pointed out [595] that the SAT problem, hence all other NP-
complete problems, can be solved in polynomial time by a quantum computer if the
superposition of two orthogonal vectors |0〉 and |1〉 is physically detected. However,
this detection is considered not to be possible in the present technology. The problem
to be overcome is how to distinguish the pure vector |0〉 from the superposed one
α|0〉 + β|1〉, obtained by the OM SAT-quantum algorithm, if β is not zero, but
very small. If such a distinction is possible, then we can solve the NPC problem
in polynomial time. In [600, 602], it is shown that it can be possible by combining
nonlinear chaos amplifier with the quantum algorithm, which implies the existence
of a mathematical algorithm solving NP = P.

14.1.1 Quantum Computing

In this section, we review the fundamentals of quantum computation discussed in
Chap. 12. We describe a qubit as a unit vector on the Hilbert space C

2 such that
|ψ〉 = α|0〉 + β|1〉, where |0〉 = (1

0

)
and |1〉 = (0

1

)
, α and β are complex numbers

with the property |α|2 + |β|2 = 1. We represent two or more sequences of qubits
as |x, y〉 ≡ |x〉 ⊗ |y〉, |xn〉 = |x〉 ⊗ · · · ⊗ |x〉

︸ ︷︷ ︸
n

. The n qubit sequence is denoted in

Sect. 12.1 of Chap. 12.

|e0〉 = |0,0, . . . ,0〉,
|e1〉 = |1,0, . . . ,0〉,
|e2〉 = |0,1, . . . ,0〉,

...

|e2n−1〉 = |1,1, . . . ,1〉.
In quantum computing, we apply unitary operators to qubits; the fundamental

gates such as the NOT gate, C-NOT gate, and the C-C-N gate are defined as

UNOT ≡ |1〉〈0| + |0〉〈1|,
UCN = |0〉〈0| ⊗ I + |1〉〈1| ⊗ UNOT,

UCCN = |0〉〈0| ⊗ I ⊗ I + |1〉〈1| ⊗ |0〉〈0| ⊗ I + |1〉〈1| ⊗ |1〉〈1| ⊗ UNOT.

Note that these gates act on the Hilbert space H = C
2, (C2)⊗2 and (C2)⊗3, respec-

tively.
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The quantum computation is performed by the unitary gates constructed from
several fundamental gates such as the NOT gate, Controlled–NOT gate, Controlled–
Controlled–NOT gate. It is convenient for computation to construct the AND gate
UAND, OR gate UOR, and the COPY gate UCOPY. The AND gate and the OR gate are
two unitary operators on H = (C2)⊗3. For any state vectors of the form |ε1, ε2,0〉
in (C2)⊗3 for ε1, ε2 ∈ {0,1}, we obtain

UAND|ε1, ε2,0〉 = |ε1, ε2, ε1 ∧ ε2〉,
UOR|ε1, ε2,0〉 = |ε1, ε2, ε1 ∨ ε2〉.

The COPY gate UCOPY is a unitary operator acting on (C2)⊗2, which copies the
information of the first qubit to the second qubit. For instance, applying UCOPY to
any state vectors of the form |ε1,0〉, we have

UCOPY|ε1,0〉 = |ε1, ε1〉.
Let us write these unitary gates more precisely, then we can easily check the

unitarity of each gate:

• AND gate

UAND ≡
∑

ε1,ε2∈{0,1}
|ε1, ε2, ε1 ∧ ε2〉〈ε1, ε2,0| + |ε1, ε2,1 − ε1 ∧ ε2〉〈ε1, ε2,1|

= |0,0,0〉〈0,0,0| + |0,0,1〉〈0,0,1| + |1,0,0〉〈1,0,0| + |1,0,1〉〈1,0,1|
+ |0,1,0〉〈0,1,0| + |0,1,1〉〈0,1,1| + |1,1,1〉〈1,1,0|
+ |1,1,0〉〈1,1,1|.

• OR gate

UOR ≡
∑

ε1,ε2∈{0,1}
|ε1, ε2, ε1 ∨ ε2〉〈ε1, ε2,0| + |ε1, ε2,1 − ε1 ∨ ε2〉〈ε1, ε2,1|

= |0,0,0〉〈0,0,0| + |0,0,1〉〈0,0,1| + |1,0,1〉〈1,0,0| + |1,0,0〉〈1,0,1|
+ |0,1,1〉〈0,1,0| + |0,1,0〉〈0,1,1| + |1,1,1〉〈1,1,0|
+ |1,1,0〉〈1,1,1|.

• COPY gate

UCOPY ≡
∑

ε1∈{0,1}
|ε1, ε1〉〈ε1,0| + |ε1,1 − ε1〉〈ε1,1|

= |0,0〉〈0,0| + |0,1〉〈0,1| + |1,1〉〈1,0| + |1,0〉〈1,1|.
Here we extend the above expressions to the case of N qubits. Let N be a pos-

itive integer greater than 3, and s, t, u be three numbers in {1,2, . . . ,N} such that
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s < t < u. We rewrite the above four unitary gates into those acting on (C2)⊗N .

UNOT(s) ≡ I ⊗ · · · ⊗ I︸ ︷︷ ︸
s−1

⊗ UNOT ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
N−s

,

UNOT(1) ≡ UNOT ⊗ I⊗N−1, UNOT(N) ≡ I⊗N−1 ⊗ UNOT.

The unitary gate UNOT(s) applies UNOT to the sth qubit. In the subsequent discus-
sion, put

I ⊗ · · · ⊗ I︸ ︷︷ ︸
m

= I⊗m, m ∈ N

so that

UNOT(s) = I⊗s−1 ⊗ UNOT ⊗ I⊗N−s .

Let us define the following unitary operators:

UOR(s, t, u) ≡
∑

ε1,ε2∈{0,1}

(
I⊗s−1 ⊗ |ε1〉〈ε1| ⊗ I⊗t−s−1 ⊗ |ε2〉〈ε2|

⊗ I⊗u−t−1 ⊗ |ε1 ∨ ε2〉〈0| ⊗ I⊗N−u.

+ I⊗s−1 ⊗ |ε1〉〈ε1| ⊗ I⊗t−s−1 ⊗ |ε2〉〈ε2|.
⊗ I⊗u−t−1 ⊗ |1 − ε1 ∨ ε2〉〈1| ⊗ I⊗N−u

)
,

UAND(s, t, u) ≡
∑

ε1,ε2∈{0,1}

(
I⊗s−1 ⊗ |ε1〉〈ε1| ⊗ I⊗t−s−1 ⊗ |ε2〉〈ε2|

⊗ I⊗u−t−1 ⊗ |ε1 ∧ ε2〉〈0| ⊗ I⊗N−u

+ I⊗s−1 ⊗ |ε1〉〈ε1| ⊗ I⊗t−s−1 ⊗ |ε2〉〈ε2|
⊗ I⊗u−t−1 ⊗ |1 − ε1 ∧ ε2〉〈1| ⊗ I⊗N−u

)
,

UCOPY(s, t) ≡
∑

ε1,ε2∈{0,1}

(
I⊗s−1 ⊗ |ε1〉〈ε1| ⊗ I⊗t−s−1|ε1〉〈0| ⊗ I⊗N−t

+ I⊗s−1 ⊗ |ε1〉〈ε1| ⊗ I⊗t−s−1 ⊗ |1 − ε1〉〈1| ⊗ I⊗N−t
)
.

For the state vector on the Hilbert space H = (C2)⊗N ,

|ψ〉 = ∣
∣ε1, . . . , εs, . . . , εt , . . . , 0︸︷︷︸

uth qubit

, . . . , εN

〉
,

we have

UOR(s, t, u)|ψ〉 = |ε1, . . . , εs, . . . , εt , . . . , εs ∨ εt , . . . , εN 〉,
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UAND(s, t, u)|ψ〉 = |ε1, . . . , εs, . . . , εt , . . . , εs ∧ εt , . . . , εN 〉.
One can consider UOR(s, t, u) and UAND(s, t, u) as the OR gate and AND gates

with these conditions, respectively. UCOPY(s, t) copies the sth qubit to the t th qubit.
Unitarity of these gates is shown easily because these gates are made of UNOT,

UOR, UAND, UCOPY, and the identity operators.

14.1.2 Quantum Algorithm of SAT Problem

In this section, we explain the quantum algorithm of SAT problem based on [595].
Here, we estimate the total number of qubits more rigorously and show how to
construct the unitary gates more precisely for every case.

We first calculate the total number of qubits and show that this number depends
on the input data only, and is calculated in polynomial time. Then we decide on the
Hilbert space for the quantum algorithm and the initial state vector on it.

Let C = {C1, . . . ,Cm} be a set of clauses on X′ ≡ {x1, . . . , xn, x̄1, . . . , x̄n}. The
computational basis of this algorithm is on the Hilbert space H = (C2)⊗n+μ+1

where μ is a number of dust qubits (i.e., the qubits added for constructing unitary
gates) written linearly in mn.

Let

|vin〉 ≡ ∣
∣0n,0μ,0

〉

be an initial state vector. A unitary operator UC : H → H computes t (C) for the
truth assignment ei (i = 1, . . . ,2n−1) as follows

UC |vin〉 = UC
∣
∣0n,0μ,0

〉

= 1√
2n

2n−1∑

i=0

∣
∣ei, d

μ, t (C)
〉 ≡ |vout〉,

where |dμ〉 stands for the dust qubits denoted by the μ strings of binary symbols.

Theorem 14.4 For a set of clauses C = {C1, . . . ,Cm} on X′ ≡ {x1, . . . , xn, x̄1, . . . ,

x̄n}, the number μ of dust qubits for an algorithm of the SAT problem is

μ = sf − 1 − n

=
m∑

k=1

(ik + i ′k + δ1,ik+i′k ) − 2

≤ 2nm,

where ik is the number of literals in Ck , i ′k is the number of negations, sf is the index
of the last qubit given by

sf = sm − 1 + im + i′m + δ1,im+i′m,
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and sk is the index of workspace for the calculation of t (Ck) such that

sk = sk−1 − 1 + ik−1 + i′k−1 + δ1,ik−1+i′k−1
(14.1)

and where

s1 = n + 1,

s2 = s1 − 1 + i1 + i′1 + δ1,i1+i′1 − 1.

Proof In the case of m = 1, the numbers of dust qubits to calculate OR and that of
OR with negation are i1 − 1 and i′1, respectively. If i1 + i′1 = 1, then we add one
more dust qubit to preserve t (Ck). Therefore, the number of dust qubits μ is

μ = sf − 1 − n

= s1 − 1 + i1 + i ′1 + δ1,i1+i′1 − 1 − 1 − n

= i1 + i ′1 + δ1,i1+i′1 − 2

where s1 = n + 1.
In the case of m = 2, the number of dust qubits to calculate t (C2) is i2 + i′2 +

δ1,i′2+i′2 − 1, and one needs to add 1 qubit to calculate t (C1) ∧ t (C2). Thus, μ be-
comes

μ = sf − 1 − n

= s2 − 1 + i2 + i′2 + δ1,i2+i′2 − 1 − n

= s1 − 1 + i1 + i′1 + δ1,i1+i′1 − 1 + i2 + i ′2 + δ1,i2+i′2 − 1 − n

=
2∑

k=1

(ik + i ′k + δ1,ik+i′
k
) − 2.

In the case of m = k ≥ 3, we prove by mathematical induction. Suppose that
(14.1) holds. Since the number of dust qubits to calculate t (Ck+1) and

∧k
i=1 t (Ci)

is ik+1 + i′k+1 + δ1,i′k+1+i′k+1
, we obtain

μ = sf − 1 − n

= sk+1 − 1 + ik+1 + i′k+1 + δ1,i ′k+1+i′k+1
− 1 − n

= sk − 1 + ik + i′k + δ1,i ′k+i′k − 1 − 1 − n + ik+1 + i′k+1 + δ1,i ′k+1+i′k+1

=
m∑

k=1

(ik + i′k + δ1,i1+i′1) − 2.
�
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Theorem 14.5 For a set of clauses C = {C1, . . . ,Cm}, we can construct the unitary
operators UAND(i),UOR(i) and UC to calculate the truth value of C as

UC ≡
m−1∏

i=1

UAND(i)

m∏

j=1

UOR(j)H(n)

where H(k) is a unitary operator applying Hadamard transformation to the first k

qubits, that is,

H(k) = H⊗kI⊗N−k.

Proof Following the algorithm below, we construct the unitary operator UC to com-
pute t (C).

1. Compute the indices si (i = 1, . . . ,m) and sf .
2. Construct the unitary gates computing t (Ck) from the elements of Ck .
3. Construct the unitary gate computing t (C).

First, we compute the indices sk as

s1 = n + 1,

s2 = n + i1 + i ′1 − 2 + δ1,i1+i′1 ,

sk = sk−1 + ik−1 + i ′k−1 − 1 + δ1,ik+i′k (k ≥ 3).

Moreover, sf = sm + im + i ′m − 1 + δ1,im+i′m . Then we construct the unitary gates to
compute t (Ck). Here, we give an expression relating UOR(s, t, u) with xs, xt , xu ∈ X

and UOR(s̄, t, u) with xt , xu ∈ X, xs ∈ X̄:

UOR(s̄, t, u) ≡ UNOT(s)UOR(s, t, u)UNOT(s).

Similarly,

UOR(s, t̄ , u) ≡ UNOT(t)UOR(s, t, u)UNOT(t),

UOR(s̄, t̄ , u) ≡ UNOT(s)UNOT(t)UOR(s, t, u)UNOT(s)UNOT(t).

We define an arrangement map J (i) such that for xj , the ith literal in an ordered
sequence S made from C,

J (i) ≡
{

j, xj ∈ S ∩ X,

j̄ , xj ∈ S ∩ X,
1 ≤ i ≤ |S|.

For instance, if S = {x3, x5, x̄8} then

J (1) = 3, J (2) = 5, J (3) = 8̄.
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The unitary operator UOR(k) is constructed using the previous UOR and UCOPY with
J as follows:

UOR(k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

UCOPY(J (1), sk), |Ck | = 1,

UOR(J (1), J (2), sk), |Ck | = 2,
∏|Ck |−2

i=1 UOR(J (i + 2), sk + i − 1, sk + i)

× UOR(J (1), J (2), sk), |Ck | ≥ 3,

where |C| is the cardinal number of C.
Moreover, the unitary gate UAND(k) is represented as follows: In the case of

m = 1, UAND copies t (C1) to the last qubit

UAND(k) = UCOPY(sf − 1, sf ).

In the case of m ≥ 2,

UAND(k) =
{

UAND(sk+1 − 1, sk+2 − 2, sk+2 − 1), 1 ≤ k ≤ m − 2,

UAND(sm − 1, sf − 1, sf ), k = m − 1.

Therefore, for C ={C1, . . . ,Cm} on X = {x1, . . . , xn}, UC is given by the follow-
ing

UC ≡
m−1∏

i=1

UAND(i)

m∏

j=1

UOR(j)H(n).

Obviously, for all k and i we can compute sk and J (i) in a polynomial time in n,
so we can construct UC in a polynomial time in n. �

The last qubit is the state representing the result of the computation obtained by
applying a unitary operator to the initial state. Let r be the cardinality of the set C
such that

t (C) = 1

and put q =
√

r
2n . After the quantum computation, the final state vector is

|vout〉 =
√

1 − q2|ϕ0〉 ⊗ |0〉 + q|ϕ1〉 ⊗ |1〉
where |ϕ0〉 and |ϕ1〉 are normalized n qubit states.

Let ρ = |vin〉〈vin| be the initial state, the computation is described by a channel
Λ∗

U = AdUC (unitary channel). Then the final state ρ′ = |vout〉〈vout| is written as

Λ∗
U(ρ) = UC ρU∗

C ≡ ρ′.

Therefore, if we have an experiment to detect the above vector |vout〉 or the state
ρ ′ directly, then we can conclude that the SAT is solved. However, this will not be
in the case that we are now, so that we need further elaborated treatment, which is
discussed in the next section. The difficulty comes from the following observation.
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Proposition 14.6 C is SAT if and only if

Pn+μ,1UC |vin〉 �= 0

where Pn+μ,1 denotes the projector

Pn+μ,1 ≡ I⊗n+μ ⊗ |1〉〈1|
onto the subspace of H spanned by the vectors |εn, εμ,1〉.

After a measurement of the event Pn+μ,1, the state is changed according to the
standard theory of quantum measurement. This measurement is expressed by a CP
channel Λ∗

M as

Λ∗
M(ρ′) = Pn+μ,1ρ

′Pn+μ,1

trρ′Pn+μ,1
= q2|1〉〈1| + (

1 − q2)|0〉〈0|

≡ ρ̄

where 0 ≤ q2 ≤ 1.
The final step to check the satisfiability of C is to apply the projection Pn+μ,1 ≡

⊗n+μ
1 I ⊗ |1〉〈1| to the state |vout〉 = UC |vin〉, which is mathematically equivalent

to computing the value 〈vout|Pn+μ,1|vout〉. If the vector Pn+μ,1|vout〉 exists or the
value 〈vout|Pn+μ,1|vout〉 is not 0, then we conclude that C is satisfiable. The value
of 〈vout|Pn+μ,1|vout〉 is often very small and is difficult to detect even when it is
not zero, so that we desire to have some way of amplifying the value, which is
considered in the next section.

14.1.3 Example

In this subsection, we give an example of the SAT computation in the case n = 4.
Let the literals and the clauses be

X = {x1, x2, x3, x4}, n = 4,

C = {C1,C2,C3,C4},
C1 = {x1, x4, x̄2}, C2 = {x2, x3,x4},
C3 = {x1, x̄3}, C4 = {x3, x̄1, x̄2}.

We first calculate the indices of the work space:

s1 = n + 1 = 5,

s2 = s1 + i1 + i ′1 + δ1,i1+i′1 − 1

= 5 + 2 + 1 + 0 − 1 = 7,
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s3 = s2 + i2 + i ′2 + δ1,i2+i′2
= 7 + 3 = 10,

s4 = s3 + i3 + i ′3 + δ1,i3+i′3
= 10 + 1 + 1 = 12,

sf = s4 + i4 + i ′4 + δ1,i4+i′4 − 1

= 12 + 1 + 2 − 1 = 7.

Second, we construct the OR and AND gates:

UOR(1) = UOR(2̄,5,6)UOR(1,4,5),

UOR(2) = UOR(4,7,8)UOR(2,3,7),

UOR(3) = UOR(1, 3̄,10),

UOR(4) = UOR(2̄,12,13)UOR(3, 1̄,12),

UAND(1) = UAND(6,8,9),

UAND(2) = UAND(9,10,11),

UAND(3) = UAND(11,13,14).

Thus, we obtain a unitary gate UC

UC =UAND(11,13,14)UAND(9,10,11)UAND(6,8,9)

· UOR(2,12,13)UOR(3,1,12)UOR(1,3,10)

· UOR(4,7,8)UOR(2,3,7)UOR(2,5,6)UOR(1,4,5).

Let |vin〉 = |04,010,0〉 be an initial state, applying H(4), we have

|v〉 ≡ H(4)
∣
∣04,09,0

〉

= 1

(
√

2)4

24−1∑

i=0

∣
∣ei,09,0

〉
.

Applying
∏

UOR(k), we have

UOR(4)UOR(3)UOR(2)UOR(1)|v〉

= 1

(
√

2)4
UOR(4)UOR(3)UOR(2)UOR(1)

∑

εi∈{0,1}

∣
∣ε1, ε2, ε3, ε4,010〉

= 1

(
√

2)4
UOR(4)UOR(3)UOR(2)

∑

εi∈{0,1}

∣
∣ε1, ε2, ε3, ε4, ε1 ∨ ε4, ε1 ∨ ε4 ∨ ε̄2,09〉
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= 1

(
√

2)4

∑

εi∈{0,1}
|ε1, ε2, ε3, ε4, ε1 ∨ ε4, ε1 ∨ ε4 ∨ ε̄2, ε2 ∨ ε3, ε2 ∨ ε3 ∨ ε4,0,

ε1 ∨ ε̄3,0, ε3 ∨ ε̄1, ε3 ∨ ε̄1 ∨ ε̄2,0〉 ≡ |v′〉.
Applying AND gates to the state |v′〉, we obtain

UAND(m)|v′〉 = UAND(11,14,15)UAND(9,10,11)UAND(6,8,9)|v′〉

= 1

(
√

2)4

∑

εi∈{0,1}

∣
∣ε1, ε2, ε3, ε4, ε1 ∨ ε4, ε1 ∨ ε4 ∨ ε̄2,

ε2 ∨ ε3, ε2 ∨ ε3 ∨ ε4,

t (C1) ∧ t (C2), ε1 ∨ ε̄3, t (C1) ∧ t (C2) ∧ t (C3),

ε3 ∨ ε̄1, ε3 ∨ ε̄1 ∨ ε̄2, t (C)
〉 ≡ |vout〉.

At last, we obtain the final state ρ̄ = |vout〉〈vout|.

14.2 Quantum Chaos Algorithm

As we discussed in the previous section, the solvability of the SAT problem is re-
duced to checking that ρ̄ �= 0. The difficulty is that the probability of Pn+μ,1 is

tr ρ̄Pn+μ,1 = ∥
∥Pn+μ,1|vout〉

∥
∥2 = r

2n

where r is the cardinality of the set C such that

t (C) = 1.

If r is suitably large to detect it, then the SAT problem is solved in polynomial
time. However, for small r , the probability is very small, and this means that we,
in fact, do not get information about the existence of the solution of the equation
t (C) = 1, so that in such a case we need further consideration.

Let us simplify our notations. As shown above, after quantum computation the
final state vector becomes

|vout〉 =
√

1 − q2|ϕ0〉 ⊗ |0〉 + q|ϕ1〉 ⊗ |1〉

where |ϕ1〉 and |ϕ0〉 are normalized n qubit states and q = √
r/2n. Effectively, our

problem is reduced to the following 1 qubit problem. We have the state

|φ〉 =
√

1 − q2|0〉 + q|1〉
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and we want to distinguish between the cases q = 0 and q > 0 (small positive num-
ber).

It is argued that a quantum computer can speed up NP-problems quadratically,
but not exponentially. The no-go theorem states that if the inner product of two
quantum states is close to 1, then the probability that a measurement distinguishes
between the two states is exponentially small. And one could claim that amplifica-
tion of this distinguishability is not possible.

At this point, we emphasize that we do not propose to make a measurement
which will overwhelmingly likely fail. Instead, we propose using the output of the
quantum computer as an input for another device which uses chaotic dynamics.

The amplification would be impossible if we use the standard model of quantum
computations with a unitary evolution. Ohya and Volovich proposed combining a
quantum computer with a chaotic dynamics amplifier. Such a quantum chaos com-
puter is a new model of computations, and we demonstrate that the amplification is
possible in polynomial time.

One could object that we do not suggest a practical realization of the new model
of computations. But at the moment, nobody knows how to make a practically useful
implementation of the standard model of quantum computing at all. A quantum
circuit or a quantum Turing machine is a mathematical model, though a convincing
one. It seems to us that the quantum chaos computer deserves an investigation and
has potential to be realizable.

14.2.1 Amplification Process in SAT Algorithm

If q2 is very small such that q2 cannot be distinguished from the value 0, then it is
necessary to amplify q2 so as to detect efficiently, for instance, q2 ≥ 1

2 . For this pur-
pose, we have a few attempts of amplification. Here we take the chaos amplification
proposed in [600, 602].

We will argue that chaos can play a constructive role in computations.
Chaotic behavior in a classical system is usually considered as an exponential

sensitivity to initial conditions. It is this sensitivity we would like to use to distin-
guish between the cases q = 0 and q > 0 from the previous section.

Consider the so-called logistic map which is given by the equation

xn+1 = axn(1 − xn) ≡ ga(x), xn ∈ [0,1].
The properties of the map depend on the parameter a. If we take, for example,

a = 3.71 (see Sect. 10.7.1), then the Lyapunov exponent is positive, the trajectory
is very sensitive to the initial value, and one has chaotic behavior. It is important to
notice that if the initial value x0 = 0, then xn = 0 for all n.

Our quantum chaos computer will be consisting from two blocks. One block
is the ordinary quantum computer performing computations with the output |φ〉 =√

1 − q2|0〉+q|1〉. The second block is a computer performing computations of the
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classical logistic map. These two blocks should be connected in such a way that the
state |φ〉 first be transformed into the density matrix of the form

ρ̄ = q2P1 + (
1 − q2)P0

where P1 and P0 are the projectors to the state vectors |1〉 and |0〉. This connection
is, in fact, nontrivial and actually it should be considered as the third block. One has
to notice that P1 and P0 generate an abelian algebra which can be considered as a
classical system. In the second block, the density matrix ρ above is interpreted as
the initial data ρ0, and we apply the logistic map as

Λ∗
CA(ρ̄) = (I + ga(ρ̄)σ3)

2
,

where I is the identity matrix and σ3 is the z-component of Pauli matrices:

ρ̄k = (Λ∗
CA)k(ρ̄).

To find a proper value k we finally measure the value of σ3 in the state ρk such that

Mk ≡ tr ρ̄kσ3.

We obtain [600, 602]

Theorem 14.7

ρ̄k = (I + gk
a(q

2)σ3)

2
and Mk = gk

a

(
q2).

Thus the question is whether we can find such a number k in polynomially many
steps of n satisfying the inequality Mk ≥ 1

2 for very small but non-zero q2. Here we
have to remark that if one has q = 0 then ρ̄ = P0, and we obtain Mk = 0 for all k. If
q �= 0, the chaotic dynamics leads to the amplification of the small magnitude q in
such a way that it can be detected. The transition from ρ̄ to ρ̄k is nonlinear and can
be considered as a classical evolution because our algebra generated by P0 and P1 is
abelian. The amplification can be done within at most 2n steps due to the following
propositions. Since gk

a(q
2) is the xk of the logistic map xk+1 = ga(xk) with x0 = q2,

we use the notation xk in the logistic map for simplicity.

Theorem 14.8 For the logistic map xn+1 = axn(1 − xn) with a ∈ [0,4] and x0 ∈
[0,1], let x0 be 1

2n and a set J be {0,1,2, . . . , n, . . . ,2n}. If a is 3.71, then there
exists an integer k in J satisfying xk > 1

2 .

Proof Suppose that there does not exist such an m in J . Then xm ≤ 1
2 for any m ∈ J .

The inequality xm ≤ 1
2 implies

xm = 3.71(1 − xm−1)xm−1 ≥ 3.71

2
xm−1.
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Thus we have

1

2
≥ xm ≥ 3.71

2
xm−1 ≥ · · · ≥

(
3.71

2

)m

x0 =
(

3.71

2

)m 1

2n
,

from which we get

2n+m−1 ≥ (3.71)m.

According to the above inequality, we obtain

m ≤ n − 1

log2 3.71 − 1
.

Since log2 3.71 � 1.8912, we have

m ≤ n − 1

log2 3.71 − 1
<

5

4
(n − 1),

which is definitely less than 2n− 1, and it is contradictory to the statement “xm ≤ 1
2

for any m ∈ J ”. Thus there exists an m in J satisfying xm > 1
2 . �

Theorem 14.9 Let a and n be the same as in the above theorem. If there exists k in
J such that xk > 1

2 , then k > n−1
log2 3.71−1 .

Proof Since 0 ≤ xm ≤ 1, we have

xm = 3.71(1 − xm−1)xm−1 ≤ 3.71xm−1,

which reduces to

xm ≤ (3.71)mx0.

For m0 in J satisfying xm0 > 1
2 , it holds

x0 ≥ 1

(3.71)m0
xm0 >

1

2 × (3.71)m0
.

Then for x0 = 1
2n we obtain

log2 2 × (3.71)m0 > n,

which implies

m0 >
n − 1

log2 3.71
. �

Corollary 14.10 If x0 ≡ r
2n with r ≡ |T (C)| and there exists k in J such that xk > 1

2 ,
then there exists k satisfying the following inequality if C is SAT:

[
n − 1 − log2 r

log2 3.71 − 1

]

≤ k ≤
[

5

4
(n − 1)

]

.
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From these theorems, for all k, it holds

Mk

{= 0 iff C is not SAT,

> 0 iff C is SAT.

14.2.2 Computational Complexity of SAT Algorithm

The computational complexity of quantum computation depends on the number of
unitary operators in the quantum circuit. Let U be a unitary operator which is written
as

U = UnUn−1 · · ·U1

where Un, . . . ,U1 are fundamental gates. Thus the computational complexity T (U)

is considered as n.
We need to combine some fundamental gates such as UNOT,UCN, and UCCN to

construct,in fact, the quantum circuit. UAND and UOR can be written as a combina-
tion of fundamental gates. Here we obtain the computational complexity of SAT
algorithm by counting the numbers of UNOT,UAND and UOR.

Theorem 14.11 For a set of clauses C ={C1, . . . ,Cm} and the set of literals X′ =
{x1, . . . , xn, x̄1, . . . , x̄n}, the complexity T (UC ) is

T (UC ) = m − 1 +
m∑

k−1

(|Ck| + 2i ′k − 1
)

≤ 4mn − 1.

Proof For a set of clauses C ={C1, . . . ,Ck} and the set of literals X′ = {x1, . . . , xn,

x̄1, . . . , x̄n}, we can construct a unitary operator UC in polynomial time (see Theo-
rem 14.5). From the form of UC , we calculate the number of fundamental gates in
it as follows: Let i′k be the number of negations in Ck . For all k = 1, . . . ,m, UOR

is applied |Ck | − 1 times and UNOT is applied 2i ′k times to compute t (Ck). UAND is
applied m − 1 times to compute t (C):

UOR:
m∑

k=1

(|Ck| − 1
) ≤ m(2n − 1),

UNOT:
m∑

k−1

2i ′k ≤ 2mn,

UAND: m − 1.
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Hence, the total number of fundamental gates in UC is

m − 1 +
m∑

k−1

(|Ck | + 2i′k − 1
) ≤ 4mn − 1.

�

Consider the amplifier process and let s be the number of the steps of amplifica-
tion. According to Corollary 14.10, there exists an s ≤ 5

4 (n − 1) such that q2 > 1
2 .

The computational complexity T (SAT) is

T (SAT) = T (UC ) × 5

4
(n − 1)

= (4mn − 1) × 5

4
(n − 1) = O

(
poly(n)

)

where poly(n) is a polynomial in n. Note that m is a polynomial of n defined in
Sect. 14.2.

14.3 Channel Expression of Quantum Algorithm

The quantum algorithm discussed so far is a sort of idealistic one written by unitary
operations (computation). Unitary operation is rather difficult to realize in physical
processes, a more realistic operation is the one allowing some dissipation like semi-
group dynamics. However, such dissipative dynamics reduces the ability of quantum
computation very much because the ability is based on preserving the entangle-
ment of states and dissipativity destroys the entanglement. To keep high ability of
quantum computation and good entanglement, some kinds of amplification will be
necessary in the course of real physical processes in physical devices, which will be
similar as amplification processes in quantum communication processes. In this sec-
tion, in the search for more realistic operations in a quantum computer, the channel
expression will be useful, at least in the sense of a mathematical scheme of quan-
tum computation, because the channel is not always unitary and represents many
different types of dynamics.

We explain the channel expression of quantum algorithm.

14.3.1 Channel Expression of Unitary Algorithm

We explained several quantum algorithms in Chaps. 2, 11, 13 and Sects. 14.1, 14.2
of this chapter; all algorithms can be written as the following three steps:

1. (Preparation of state) Take a state ρ (e.g., ρ = |0〉〈0|) and apply Λ∗
F = AdUF

ρ =⇒ Λ∗
F ρ = UF ρU∗

F ,

where UF is the discrete quantum Fourier transformation given in Sect. 12.1.
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2. (Computation) Let U be a unitary operator on H representing the computation
followed by a suitable programming of a certain problem, then the computation
is described by a channel

Λ∗
U = AdU (unitary channel).

After the computation, the final state ρout will be

ρout = Λ∗
UΛ∗

F ρ.

For the SAT problem, we use U = UC defined in Sect. 14.2.
3. (Register and Measurement) This stage will again remain; however, for registra-

tion of the computed result and its measurement we might need an additional
system K (e.g., register), so that the lifting E ∗

m from S(H) to S(H ⊗ K) dis-
cussed in Chap. 7 is useful to describe this stage. Thus the whole process is
written as

ρout = E ∗
m(Λ∗

UΛ∗
F ρ).

Finally, we measure the state in K: for instance, let {Pk; k ∈ J } be a projection
valued measure (PVM) on K

Λ∗
mρout =

∑

k∈J

I ⊗ PkρoutI ⊗ Pk,

after which we can get a desired result by observations in finite times if the size
of the set J is small.

14.3.2 Channel Expression of Arbitrary Algorithm

The above three steps are generalized so that dissipative nature is involved. Such
a generalization can be expressed by means of a suitable channel, not necessarily
unitary.

1. (Preparation of state) We may use the same channel Λ∗
F = AdUF

in this first step,
but if the number of qubits N is large so that it will not be built physically, then
Λ∗

F should be modified. Let us denote it by Λ∗
P .

2. (Computation) This stage is certainly modified to a channel Λ∗
C reflecting the

physical device for a computer.
3. (Register and Measurement) This stage will again remain; however, for registra-

tion of the computed result and its measurement we might need an additional
system K (e.g., register), so that the lifting E ∗

m from S(H) to S(H ⊗ K) dis-
cussed in Chap. 7 is useful to describe this stage.

Thus the whole process is written as

ρout = E ∗
m(Λ∗

CΛ∗
P ρ).
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14.4 SAT Algorithm in GQTM

The generalized quantum Turing machine (GQTM) was discussed in Chap. 11. In
this section, we will write the SAT chaos algorithm in the terminology of GQTM.
We construct the 3 multi-track GQTM MSAT = (Q,Σ3, H,Λ∗

δ ) that realizes the
OVM SAT algorithm. This GQTM does not belong to LQTM and UQTM because
the chaos amplification process is described by a nonlinear CP channel, not a unitary
and linear one. The OVM algorithm runs from an initial state ρ0 ≡ |vin〉〈vin| to ρ̄k

through ρ ≡ |vf 〉〈vf | explained above. The computation from ρ0 ≡ |vin〉〈vin| to
ρ ≡ |vf 〉〈vf | is due to a unitary channel Λ∗

C ≡ UC •UC , and that from ρ ≡ |vf 〉〈vf |
to ρ̄k is due to a non-unitary channel (Λ∗

CA)k ◦ Λ∗
I , so that all computation can be

done by (Λ∗
CA) ◦ Λ∗

I ◦ Λ∗
C , which is completely positive, so the whole computation

process is deterministic.
Let us explain our computation by a multi-track GQTM. The first track stores the

input data and literals. The second track is used for the computation of f (Ci) (i =
1, . . . ,m), and the third track is used for the computation of f (C) denoting the
result. This algorithm is represented by the following five steps:

Step 1. Apply the Hadamard matrix to the state |0〉 in Track 1.
Step 2. Calculate f (C1), . . . , f (Cm) and store them in Track 2.
Step 3. Calculate f (C) and store it in Track 3.
Step 4. Empty the working space.
Step 5. Apply the chaos amplifier to the result state and repeat this step.

Let us explain how to construct the initial state and transition functions for this
algorithm. Let X′ ≡ X ∪ X̄ = {x1, . . . , xn, x̄1, . . . , x̄n} be a set of literals and C =
{C1, . . . ,Cm} be a set of clauses on X′, we write C in the form

LC = V CSB(C1)CECSB(C2)CE · · ·CSB(Cm)CE

where V indicates the top of the sequence LC , CS and CE mean that the information
of each clause begins and ends, respectively, and B(Ci) is a binary form of clause
Ci such that

B(Ci) = ε1 · · · εnWε̄1 · · · ε̄n,

εk =
{

0, xk /∈ X,

1, xk ∈ X,

ε̄k =
{

0, x̄k /∈ X̄,

1, x̄k ∈ X̄,

where W is a partition to split up Boolean variables and their negations.
Then we construct the initial tape state as

(
0nLC,#,#

)
.
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Table 14.1 DFT

# 0 1 V

q0 qa,0,+1 qa,1,+1

qa qa,0,+1 qa,1,+1 qb,V ,−1

qb q0,2,#,+1 1√
2
qb,0,L + 1√

2
qb,1,−1 1√

2
qb,0,−1 − 1√

2
qb,1,−1

For example, given X = {1,2,3}, C = {C1,C2,C3}, C1 = {x1, x2, x̄3}, C2 =
{x3, x̄2}, C3 = {x1, x̄2, x̄3}, we represent Lc as

0nLC = 000V CS110W001CECS001W010CECS100W011CE.

Therefore, we prepare the initial state of MSAT as

ρ0 = |vin〉〈vin|,
|vin〉 = ∣

∣q0, (LC,#,#),0
〉
.

In Step 1, GQTM applies the DFT (discrete Fourier transform) to a part of literals
in Track 1. The transition function for DFT is written by Table 14.1. Write the vector
in HQ by q· instead of |q·〉 and denote the direction of moving the tape head to the
right by +1, to the left by −1, and staying put by 0. Note that O is the starting
position.

The tape head moves to the right until it reads a symbol CS . When the tape
head reads CS , GQTM increases a program counter by one, which is indicated by
the processor state, while moving to the right until it reads 1. Then GQTM stops
increasing the counter, and the tape head moves to the top of the tape. According
to the program counter, the tape head moves to the right and reduces the counter by
one. When the counter becomes zero, GQTM reads the 0 or 1 and calculates OR,
then GQTM writes the result on Track 2. GQTM goes back to the top cell of Track 1
and repeats the above processes until it reads W .

When GQTM reads W , it calculates OR with the negation and repeats the pro-
cesses as above. When it reads CE , it writes down f (Ck) on Track 2 and cleans the
workspace for the next calculation. Then GQTM reads the blank symbol #, and it
begins to calculate AND. The calculation of AND is done on Track 3. GQTM calcu-
lates them while moving to the left because the position of the tape head is at the
end of Track 2 when the OR calculation is finished. Then the result of the calculation
f (C) will be showed in the top cell of Track 3.

The transition function of OR calculation is described, similarly as for the classi-
cal TM, by Tables 14.2, 14.3, 14.4.

The transition function of AND calculation is described by Table 14.5.
After Step 3, we obtain the following state

ρ5 = |ψ5〉〈ψ5|,

|ψ5〉 = 1√
2n

2n−1∑

i=0

∣
∣q5, (A1,i ,A2,i ,A3,i),0

〉
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Table 14.2 OR calculation

0 1 CS V W #

q0,2 qa,0,+1 qb,CS,+1 qŌR,W,+1

qa qa,0,+1 qa,1,+1 qb,CS,+1 qa,V ,+1 qŌR,W,+1 qAND,#,0

qb qb,1,0,+1 qc,1,0,−1

qb,1 qb,2,0,+1 qc,1,0,−1
.
.
.

qb,k qb,k+1,0,+1 qc,k+1,0,−1
.
.
.

qb,n−1 qb,n,0,+1 qc,n,0,−1

qb,n qŌR,W,+1

qc,1 qc,1,0,−1 qc,1,1,−1 qc,1,CS,−1 qc,1,V ,−1 qd,1,#,+1
.
.
.

qc,n qc,n,0,−1 qc,n,1,−1 qc,n,CS,−1 qc,n,V ,−1 qd,n,#,+1

qd,1 qt2,0,0,0 qt2,1,1,0

qd,2 qd,1,0,+1 qd,1,1,+1
.
.
.

qd,k qd,k−1,0,+1 qd,k−1,1,+1
.
.
.

qd,n qd,n−1,0,+1 qd,n−1,0,+1

where A1,i = eiLC , A2,i contains f (C1), . . . , f (Cm) and some binary symbols used
for the computation, and A3,i has f (C) on the top cell and the other cells are used
for the computation. In Step 4, we empty each tape except for A3,i (0) in order to fix
the state for the next computation.

This step is represented as a linear channel. First, we empty Track 1 according to
Table 14.6.

Then, we empty Track 2 like Track 1 as in Table 14.7.
Moreover, we empty Track 3 except for the cell storing f (C) as in Table 14.8.
Let Ai , Bi , i = 1,2,3 be the tape states of the ith track. After Step 4, we obtain

the state ρ6

ρ6 = q2
∣
∣qf , (A1,A2,A3),0

〉〈
qf , (A1,A2,A3),0

∣
∣

+ (
1 − q2)∣∣q6, (B1,B2,B3),0

〉〈
q6, (B1,B2,B3),0

∣
∣,

where for all i ∈ Z

A1(i) = A2(i) = #,

B1(i) = B2(i) = #
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Table 14.3 OR calculation

0 1 W CS CE V #

qŌR qg,1,,0,+1 qh,1,0,−1

qe qe,0,+1 qg,W,+1 qe,CS,+1

qg qg,1,0,+1 qh,1,0,−1

qg,1 qg,2,0,+1 qh,2,0,−1
.
.
.

qg,k qg,k+1,0,+1 qh,k+1,0,−1
.
.
.

qg,n−1 qg,n,0,+1 qh,n,0,−1

qg,n qj ,0,−1

qh,1 qh,1,0,−1 qh,1,1,−1 qh,1,W,−1 qh,1,CS,−1 qh,1,V ,−1 qi,1,#,+1
.
.
.

qh,n qh,n,0,−1 qh,n,1,−1 qh,n,W,−1 qh,n,CS,−1 qh,n,V ,−1 qi,n,#,+1

qi,1 qt2,1,0,0 qt2,0,1,0

qi,2 qi,1,0,+1 qi,1,1,+1
.
.
.

qi,k qi,k−1,0,+1 qi,k−1,1,+1
.
.
.

qi,n qi,n−1,0,+1 qi,n−1,0,+1

qj qj ,0,−1 qj ,0,−1 qt2,a,0,0

Table 14.4 OR calculation

0 1 #

qt3,0 qt3,0,0,+1 qt3,1,1,+1 qa,0,0

qt3,1 qt3,1,0,+1 qt3,1,1,+1 qa,1,0

qt3,a qt4,0,0,0 qt4,1,1,0

qt3,b qt3,b,#,−1 qt3,b,#,−1 qt3,c,#,+1

qt3,c qa,0,0

and

A3(i) =
{

1, i = 0,

#, otherwise,

B3(i) =
{

0, i = 0,

#, otherwise.
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Table 14.5 AND

0 1 #

qt4,0 qt3,b,0,+1

qt4,1 qt3,b,1,+1

qAND qt4,a,#,−1

qt4,a qt4,a,#,−1 qt4,b,#,−1 qt4,c,#,+1

qt4,b qt4,a,#,−1 qt4,b,#,−1 qt4,d ,#,+1

qt4,c q5,0,−1

qt4,d q5,1,+1

Table 14.6 Erasing Track 1

0 1 CS V W #

q5 q5,a,#,+1 q5,a,#,+1

q5,a q5,a,#,+1 q5,a,#,+1 q5,a ,#,+1 q5,a ,#,+1 q5,a,#,+1 q5,b,#,−1

Table 14.7 Erasing Track 2

0 1 #

q5,b q5,c,#,−1 q5,c,#,−1

q5,c q5,d ,#,+1

Table 14.8 Output

0 1 #

q5,d q5,e,0,+1 q5,e,1,+1

q5,e q5,e,#,+1 q5,e,#,+1 q5,f ,#,−1

q5,f q5,g,0,0,−1 q5,g,1,1,−1 q5,f ,#,−1

q5,g,0 q6,#,+1

q5,g,1 qf ,#,+1

We put

P1 = ∣
∣q6, (A1,A2,A3),0

〉〈
q6, (A1,A2,A3),0

∣
∣,

P0 = ∣
∣qf , (B1,B2,B3),0

〉〈
qf (B1,B2,B3),0

∣
∣

then P0 and P1 are abelian. For any state in the form ρ = (1 − q2)P0 + q2P1 where
q2 ∈ {0, 1

2n , 2
2n , . . . , 2n−1

2n ,1}, define the delta function δ1 as

δ1
(
1 − q2, q6,0, q6,0, q6,0,0, q6,0,0

) = 1 − ga

(
q2),
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δ1
(
q2, qf ,1, qf ,1, qf ,1,0, qf ,1,0

) = ga

(
q2)

where ga is the logistic map.
Using this δ, the transition function of Step 5 denoted by the chaos amplifier is

formally written as

Λ∗
CA(ρ6) = δ1

(
q2, qf ,1, qf ,1, qf ,1,0, qf ,1,0

)
P1

+ δ1
(
1 − q2, q6,0, q6,0, q6,0,0, q6,0,0

)
P0

= ga

(
q2)P1 + (

1 − ga

(
q2))P0,

(Λ∗
CA)k(ρ6) = gk

a

(
q2)P1 + (

1 − gk
a

(
q2))P0.

According to Corollary 14.10, GQTM halts in at most [5
4 (n − 1)] steps with the

probability p ≥ 1
2 , by which we can claim that C is SAT.

14.5 SAT Algorithm with Stochastic Limits

We illustrate the general scheme described in the previous section in the simplest
case when the state space of the system is HS = C

2. Let us use some simple nota-
tions in this section. We fix an orthonormal basis of HS as {e0, e1}. The unknown
state (vector) of the system at time t = 0 is denoted

|ψ〉 =
∑

ε∈{0,1}
αεeε = α0e0 + α1e1, ‖ψ‖ = 1.

In the sections above, α1 corresponds to q , and ej to |j〉 (j = 0,1). This vector
after quantum computation of the SAT problem is taken as input and defines the
interaction Hamiltonian (adaptive dynamics) in an external field

HI = λ|ψ〉〈ψ | ⊗ (A∗
g + Ag)

=
1∑

i,j=0

λαiαj |ei〉〈ej | ⊗ (A∗
g + Ag)

where λ is a small coupling constant. Here and in the following, summation over
repeated indices is understood.

The free system Hamiltonian is taken to be diagonal in the eε-basis

HS ≡
1∑

i=0

Ei |ei〉〈ei | = E0|e0〉〈e0| + E1|e1〉〈e1|

and the energy levels are ordered so that E0 < E1. Thus there is a single Bohr
frequency ω0 ≡ E1 − E0 > 0. The 1-particle field Hamiltonian is

Stg(k) = eitω(k)g(k)
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where ω(k) is a function satisfying the basic analytical assumption of the stochastic
limit. Its second quantization is the free field evolution

eitH0Age−itH0 = AStg.

We can distinguish two cases described below, corresponding to the two cases of
Sect. 14.3, i.e., q > 0 and q = 0.

Case 1. If α0, α1 �= 0 then, according to the general theory of stochastic limit (i.e.,
t → t/λ2) [34], the interaction Hamiltonian HI is in the same universality class
as

H̃I = D ⊗ A∗
g + D∗ ⊗ Ag

where D ≡ |e0〉〈e1|. The interaction Hamiltonian at time t is then

H̃I (t) = e−itω0D ⊗ A∗
St g

+ h.c. = D ⊗ A∗(eit (ω(p)−ω0)g
) + h.c.

and the white noise ({bt }) Hamiltonian equation associated, via the stochastic
golden rule, to this interaction Hamiltonian is

∂tUt = i
(
Db∗

t + D∗bt

)
Ut .

Its causally normal ordered form is equivalent to the stochastic differential equa-
tion

dUt = (
iD dB∗

t + iD∗ dBt − γD+D dt
)
Ut ,

where dBt ≡ bt dt and γ is a constant.
The causally ordered inner Langevin equation for jt (ρ) ≡ U∗

t ρUt is

djt (ρ) = dU∗
t ρUt + U∗

t ρ dUt + dU∗
t ρ dUt

= U∗
t

(−iD∗ρ dBt − iDρ dB∗
t − γ̄ D∗Dρ dt + iρD dB∗

t

+ iρD∗ dBt − γρD∗D dt + γD∗ρD dt
)
Ut

= ijt

([
ρ,D∗])dBt + ijt

([ρ,D])dB∗
t

− (
Reγ

)
jt

({
D∗D,ρ

})
dt + i(Imγ )jt

([
D∗D,ρ

])
dt

+ jt

(
D∗ρD

)
(Reγ )dt.

Therefore, the master equation is

d

dt
P t(ρ) = (Imγ )i

[
D∗D,P t (ρ)

] − (Reγ )
{
D∗D,P t (ρ)

}

+ (Reγ )D∗P t (ρ)D

where D∗D = |e1〉〈e1| and D∗ρD = 〈e0, xe0〉|e1〉〈e1|.
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The dual Markovian evolution P t∗ acts on density matrices, and its generator
is

L∗ρ = (Imγ )i
[
ρ,D∗D

] − (Reγ )
{
ρ,D∗D

} + (Reγ )DρD∗.

For ρ = |e0〉〈e0| one has

L∗ρ = 0,

so ρ is an invariant measure. From the Fagnola–Rebolledo criterion [36, 230],
it is the unique invariant measure and the semigroup exp(tL∗) converges expo-
nentially to it.

Case 2. If α1 = 0, then the interaction Hamiltonian HI is

HI = λ|e0〉〈e0| ⊗
(
A∗

g + Ag

)

and, according to the general theory of stochastic limit, the reduced evolution
has no damping and corresponds to the pure Hamiltonian

HS + |e0〉〈e0| = (E0 + 1)|e0〉〈e0| + E1|e1〉〈e1|;
therefore, if we choose the eigenvalues E1,E0 to be integers (in appropriate
units) then the evolution will be periodic.

Since the eigenvalues E1,E0 can be chosen a-priori, by fixing the system
Hamiltonian HS , it follows that the period of the evolution can be known a-
priori. This gives a simple criterion for the solvability of the SAT problem be-
cause, by waiting a sufficiently long time, one can experimentally detect the
difference between a damping and an oscillating behavior.

A precise estimate of this time can be achieved either by theoretical methods
or by computer simulation. Both methods will be analyzed in [37].

Czachor [187] gave an example of a nonlinear Schrödinger equation to distinguish
two cases, similar to α1 �= 0 and α1 = 0 given above, in a certain oracle compu-
tation. We used the resulting (flag) state after quantum computation of the truth
function of SAT to couple the external field and took the stochastic limit, then our
final evolution became “linear” for the state ρ described as above. The stochastic
limit is historically important to realize macroscopic (time) evolution, and it is now
rigorously established as explained in [34], and we gave a general protocol to study
the distinction of the two cases α1 �= 0 and α1 = 0 by this rigorous mathematics.
The macro-time enables us to measure the behavior of the outcomes practically.
Thus our approach is conceptually different from [187]. Moreover, in [187] it is dis-
cussed that some expectation value is constant for the case α1 = 0 and oscillating
for α1 �= 0, and ours gives the detailed behavior of the state w.r.t. the macro-time:
damping (α1 �= 0 case) and oscillating (α1 = 0 case).

In the previous sections, we discussed an algorithm for solving the SAT problems
in polynomial steps by combining a quantum algorithm with a chaos dynamics (one
adaptive method). In this section, we pointed out that it is possible to distinguish the
two different states,

√
1 − q2|0〉 + q|1〉 (q �= 0) and |0〉, by means of the adaptive



14.6 Notes 395

interaction and the stochastic limit (another adaptive method). Finally, we remark
that these algorithms can be described by a generalized quantum Turing machine,
discussed in Chap. 11.

14.6 Notes

Ordinary approach to quantum algorithm is based on a quantum Turing machine
or quantum circuits [114, 171, 197]. It is known that this approach is not powerful
enough to solve NP-complete problems [109, 278]. Ohya and Volovich [597, 600,
602] considered an approach to these problems based on quantum computers and
chaotic dynamics. It is shown that the satisfiability problem as an example of NP-
complete problems [301], in principle, can be solved in polynomial time by using
their new quantum algorithm. This approach goes beyond the quantum Turing ma-
chine paradigm. Moreover, an alternative solution of the SAT problem is given in
the stochastic limit in [37].

Accardi and Sabbadini showed that this algorithm is a combinatoric one, and they
discussed its combinatoric representation [30]. It was shown in [372, 595] that the
SAT problem can be solved in polynomial time by using a quantum computer with
a chaos amplifier. A channel expression of an arbitrary algorithm is a generalization
of a quantum algorithm by means of a CP channel and lifting [19].

Ohya and Iriyama showed that there exists a classical algorithm to create the
unitary operator for the SAT problem in polynomial time in [372], and discussed the
computational complexity of OMV SAT algorithm rigorously by using a generalized
quantum Turing machine [373].





Chapter 15
Quantum Error Correction

In this chapter, we discuss the basic theory of quantum error-correcting codes, fault-
tolerant quantum computation, and the threshold theorem.

Noise and decoherence are the major obstacles for the experimental implemen-
tation of quantum processing. One uses error-correcting codes to protect against the
effects of noise. The basic principle is that to protect a message against the effects of
noise we should encode the message by adding redundant information to the mes-
sage. If there is enough redundancy, then one can decode or recover the original
message even if it is corrupted by noise.

Noises affect each of the elements of a quantum circuit, the state preparation
procedure, quantum logic gates, and measurement of the output. Actually, the state
of quantum circuit is not a pure state but a mixed state, and it should be described
by a density matrix. Moreover, quantum gates should not be just unitary operators
but more general quantum operations (channels).

15.1 Three Qubit Code and Fidelity

15.1.1 Three Qubit Code

As a simple example, consider sending a classical bit through a classical noisy com-
munications channel. We assume that the effect of noise in the channel is to flip
the bit with probability p, while the bit is transmitted without error with probability
1 − p. To protect the bit against the effects of noise, we replace the bit with three
copies of itself:

0 → 000,

1 → 111.

We encode the message to be sent by repeating it three times. Such a code is called
a repetition code. Bob knows that he should get 000 or 111. After sending all three
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and Computation and Its Applications to Nano- and Bio-systems,
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bits through the noisy channel which flips each bit with probability p the receiver
has to decide what the value of the original bit was. Suppose 011 was the output. If
the probability p of a bit flip is not too high, then it is likely that the first bit was
flipped by the channel, and that 1 was the bit that was sent. Notice here that if one
were to use a simpler coding like

0 → 00,

1 → 11,

then it would be impossible to correct errors.
Let us show that the code makes the transmission more reliable if p < 1/2. In-

deed, the code fails if two or all three of the bits sent through the channel were
flipped, and succeeds otherwise. The probability of error, i.e., that two or all three
of the bits were flipped, is p0 = 3p2(1 − p) + p3 = 3p2 − 2p3. Without encod-
ing, the probability of an error was p, so the encoding makes the transmission more
reliable if p0 < p, i.e., if p < 1/2.

There are important differences between classical and quantum communication
channels. In particular, a continuum of different errors may occur on a single qubit
for the quantum case. That is, the type of errors is not restricted to the bit flip. We
have to take into account also the features of quantum measurement. Moreover,
the no-cloning theorem forbids the copying of the quantum state. Fortunately, these
problems can be overcome, and a theory of quantum error-correcting codes has been
developed.

One can try to encode the single qubit state a|0〉+b|1〉 in three qubits, by analogy
with the classical encoding, as

a|000〉 + b|111〉.

Let each of the three qubits be transmitted through an independent copy of the bit
flip channel. One can use the following procedure to recover the original quantum
state in this case. It involves:

1. Error syndrome measurement
2. Recovery.

The error syndrome measurement is such a measurement which tells us what
error, if any, occurred in a quantum state. There are four projection operators de-
scribing the error syndrome measurements on the bit flip quantum channel. They
are

P0 = |000〉〈000| + |111〉〈111|,
P1 = |100〉〈100| + |011〉〈011|,
P2 = |010〉〈010| + |101〉〈101|,
P3 = |001〉〈001| + |110〉〈110|.
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The operator P0 describes the measurement when no error occurs. The operators Pi

describe the measurements with a bit flip on qubit i, i = 1,2,3. One has

3∑

i=0

Pi = 1.

For example, suppose that a bit flip occurs on the second qubit, so the transmitted
state is |Ψ 〉 = a|010〉+ b|101〉. If we make the measurement of the projection oper-
ator P2 then the outcome of the measurement result will be 1, since P2|Ψ 〉 = |Ψ 〉.
So, the syndrome measurement in this case is P2. Moreover, the state is not per-
turbed since the syndrome measurement does not change the state. The syndrome
contains only information about what error has occurred, and does not allow us to
derive the value of a or b.

Now if we know the error syndrome we can recover the initial state. In the case
when the syndrome measurement is P2, we just have to flip the second qubit again.

15.1.2 Fidelity and Error Correction

One can characterize quantum error correction by using fidelity. Recall that fidelity
measures the distance between quantum states. The fidelity of states ρ and σ is

F(ρ,σ ) = tr
√

σ 1/2ρσ 1/2.

The fidelity is a symmetric function, 0 ≤ F(ρ,σ ) ≤ 1, with equality in the first
inequality if ρ and σ have orthogonal supports, and equality in the second inequality
if and only if ρ = σ . The fidelity between a pure state |ψ〉 and a mixed state σ is
given by

F
(|ψ〉〈ψ |, σ ) = √〈ψ |σ |ψ〉.

The aim of quantum error correction is to increase the fidelity with which quan-
tum information is transmitted up near the maximum possible fidelity of 1.

Let us compare the minimum fidelity which can be achieved by the three qubit
bit flip code with the fidelity when no error correction is performed. The minimum
fidelity without using the error correction code is F = √

1 − p. Indeed, if the one
qubit state which we want to send through the qubit flip channel is |ψ〉 = a|0〉+b|1〉
then the state of the qubit after being sent through the channel is

σ = (1 − p)|ψ〉〈ψ | + pσx |ψ〉〈ψ |σx

where σx is a Pauli matrix. The fidelity in this case is

F = √〈ψ |σ |ψ〉 =
√

(1 − p) + p〈ψ |σx |ψ〉2.



400 15 Quantum Error Correction

The minimum fidelity is F = √
1 − p since the second term under the square root

is non-negative, and it vanishes when |ψ〉 = |0〉.
Now suppose that we use the three qubit error correcting code

|ψ〉 = a|0〉 + b|1〉 → |Ψ 〉 = a|000〉 + b|111〉.
The probability that the state |ψ〉 will be not flipped through the channel is 1−p0 =
1 − 3p2 + 2p3. Therefore, the state of the qubit after being sent through the channel
is

σ = (
1 − 3p2 + 2p3)|Ψ 〉〈Ψ | + T

where T is a positive operator representing contributions from bit flips on two and
three qubits. We obtain a lower bound on the fidelity as

F = √〈Ψ |σ |Ψ 〉 ≥
√

1 − 3p2 + 2p3.

Hence encoding improves the fidelity of the transmission, i.e.,
√

1 − 3p2 + 2p3 ≥√
1 − p, if p < 1/2. This conclusion is consistent with that obtained earlier by a

more elementary analysis.
Here we discuss general properties of fidelity.

Theorem 15.1 Fidelity has the following properties:

0 ≤ F(ρ,σ ) ≤ 1,

F (ρ,σ ) = 1 ⇐⇒ ρ = σ, (15.1)

F(ρ,σ ) = F(σ,ρ).

To prove this theorem, we need the following lemma and theorem.

Lemma 15.2 For any compact operator A and any unitary operator U , we have
∣
∣tr(AU)

∣
∣ ≤ tr

(|A|).

Proof For any two compact operators B,C, define an inner product by 〈B,C〉 ≡
tr(B∗C). By the Cauchy–Schwarz inequality, one has

∣
∣tr(BC)

∣
∣1/2 ≤ tr(B∗B)tr(C∗C).

Let A = |A|V be the polar decomposition of A. We have
∣
∣tr(AU)

∣
∣ = ∣

∣tr
(|A|1/2|A|1/2VU

)∣
∣.

The Cauchy–Schwarz inequality implies

∣
∣tr(AU)

∣
∣ ≤

√
tr
(|A|)tr

(
U∗V ∗|A|V U

) = tr
(|A|). �
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Theorem 15.3 Let ρ, σ be two states (density operators) on a Hilbert space H

and |φ〉〈φ|, |ψ〉〈ψ | be their purification with additional Hilbert space K (i.e.,
trK(|φ〉〈φ|) = ρ, trK(|ψ〉〈ψ |) = σ ). Then it holds that

F(ρ,σ ) = sup
|φ〉,|ψ〉

∣
∣〈φ,ψ〉∣∣.

Proof Let {|en〉} and {|fn〉} be CONS of H and K, respectively. Then the purifica-
tion vector |φ〉 of ρ can be expressed by unitary operators U ∈ B(H) and UR ∈ B(K)

as

|φ〉 =
∑

n

(
ρ1/2U ⊗ UR

)|en〉 ⊗ |fn〉.

The purification vector |ψ〉 of σ is also written as

|ψ〉 =
∑

n

(
σ 1/2V ⊗ VR

)|en〉 ⊗ |fn〉

with unitary operators V ∈ B(H) and VR ∈ B(K). Thus
∣
∣〈φ|ψ〉∣∣ = ∣

∣tr
(
V ∗

RURU∗ρ1/2σ 1/2V
)∣
∣.

Then we use the lemma above for the unitary operator V V ∗
RURU∗ and we get

∣
∣〈φ|ψ〉∣∣ ≤ tr

∣
∣ρ1/2σ 1/2

∣
∣ = F(ρ,σ ).

Note that taking the polar decomposition ρ1/2σ 1/2 = |ρ1/2σ 1/2|W and UR = I ,
U = I , VR = I , V = W ∗ reduces the equality. �

This theorem is essentially proved by Uhlmann [759], from which the inequality
(15.1) follows.

Another important property of fidelity is the following:

Theorem 15.4 For any probability distributions {pi}, {qi} and any states ρi , σi , we
have

F

(∑

i

piρi,
∑

i

qiσi

)

≥
∑

i

√
piqiF (ρi, σi).

Proof Let |φi〉 and |ψi〉 be the purification vectors of ρi and σi , respectively, such
that F(ρi, σi) = |〈φi |ψi〉|. Let L be another Hilbert space with CONS {|i〉}. We
define two vectors on the Hilbert space H ⊗ K ⊗ L by

|φ〉 ≡
∑

i

√
pi |φi〉 ⊗ |i〉,

|ψ〉 ≡
∑

i

√
qi |ψi〉 ⊗ |i〉.
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It is easily seen that these vectors are the purification vectors of
∑

i piρi and∑
i qiσi , so that the Uhlmann theorem concludes this proof. �

Remark 15.5 When pj = 1 (j = 1,2, . . .), one has

F

(

ρ,
∑

i

qiσ

)

≥ √
qjF (ρ,σj ).

It is not easy to compute the fidelity for general states, but for the case when one of
the states ρ or σ is pure, i.e., σ = |φ〉〈φ|, the fidelity becomes

F(ρ,σ ) = √〈φ|ρ|φ〉.

15.2 The Shor Code

Unfortunately, this simple encoding does not protect against errors other than bit
flips. Let us consider the phase flip error which occurs when the state a|0〉 + b|1〉 is
taken to the state a|0〉−b|1〉. For protection against the phase flip error, one can turn
the phase flip error channel into a bit flip error channel. Note that the phase flip error
channel takes the state |+〉 = (|0〉 + |1〉)/√2 into the state |−〉 = (|0〉 − |1〉)/√2,
and vice versa. Therefore, if we work not with the original qubit basis {|0〉, |1〉} but
with the basis {|+〉, |−〉}, then the phase flip error channel acts just like a bit flip
error channel. So, one can use the states |+ ++〉, |− −−〉 to encode the states |0〉,
|1〉 in the case of the phase flip error channel.

It is remarkable that there is a code which can protect against the effects of an
arbitrary error on a single qubit. The code is a combination of the three bit flip and
|±〉 flip codes. The code was suggested by Shor. First, we encode the qubit using
the phase flip code: |0〉 is encoded as |+ ++〉 and |1〉 as |− −−〉. Then, we encode
each of these qubits using the three bit flip code: |+〉 → (|000〉 + |111〉)/√2 and
|−〉 → (|000〉 − |111〉)/√2. The result is a nine qubit code:

|0〉 → (|000〉 + |111〉)(|000〉 + |111〉)(|000〉 + |111〉)/2
√

2,

|1〉 → (|000〉 − |111〉)(|000〉 − |111〉)(|000〉 − |111〉)/2
√

2.

The Shor code protects not only against the flip and phase flip errors on a single
qubit. One can show that the code protects against arbitrary errors on a single qubit.
It follows from the superposition principle in quantum mechanics.

An operator Ak acts only on one qubit, say the first one. Hence it can be repre-
sented as a linear combination of the identity I , the bit flip σx , the phase flip σz, and
the combined bit and phase flip σxσz:

Ak = αkI + βkσx + γkσz + δkσxσz
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where αk , βk , γk and δk are properly chosen complex numbers. Let us define A
(i)
k

by

A
(i)
k ≡ I ⊗ I ⊗ · · · ⊗ Ak

ith qubit
⊗ · · · ⊗ I.

Suppose that we encode a qubit as |Ψ 〉 = a|+ ++〉 + b|− −−〉 and the noise is
described by a channel (quantum operation) Λ∗ expressed by operation elements
{Ak}. Then, after the noise has acted, we obtain the state

Λ(i)∗(|Ψ 〉〈Ψ |) =
∑

k

A
(i)
k |Ψ 〉〈Ψ |A(i)∗

k .

Therefore, we can write

Λ(i)∗(|Ψ 〉〈Ψ |) =
∑

k,l,m

c
(i)
klmBl |Ψ 〉〈Ψ |B∗

m

where c
(i)
klm are complex numbers determined by αk,βk, γk and δk , and Bl has the

form of the tensor product of one of the qubit operations I , σx , σz, σxσz. Here l,m

take four values. Measuring the error syndrome reduces this density operator to the
one of the form Bl|Ψ 〉〈Ψ |B∗

m. Then one can recover the initial state by applying the
appropriate inversion operations.

15.3 Calderbank–Shor–Steane Codes

We describe now a large class of quantum error-correction codes which were in-
vented by Calderbank, Shor and Steane, called the CSS codes.

First, let us briefly review linear codes. A linear code C encoding k bits of in-
formation into an m bit code space is a k-dimensional subspace in the vector space
Z

m
2 . Such a code is called an [m,k]-code. It is defined by an m× k generator matrix

A whose entries are zeros and ones. The m − k bits correspond to redundancy of a
code, which will be used to correct an error in information sent through a channel.
By using the [m,k]-code with the generator matrix A, we encode the k bit message
x into Ax, where the message x is treated as a column vector and the arithmetic
operations are done modulo 2.

One of results on the existence of linear codes is given by the Gilbert–Varshamov
bound which states that for large m there exists an [m,k]-code protecting against
errors on l bits for some k such that

k

m
≥ 1 − S

(
l

m

)

where S(x) = −x logx − (1 − x) log(1 − x).
Another definition of linear codes can be given in terms of a parity check matrix.

In this formulation, an [m,k]-code is defined to consist of all m element vectors such
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that Hx = 0 where H is an (m− k)×m matrix and all entries of H and x are zeros
and ones. The matrix H is called the parity check matrix. The parity check matrix
H and the generator matrix A for the same linear code satisfy HA = 0. If a generator
matrix A is given then we can find the corresponding parity check matrix H , and
vice versa.

Let us describe the so-called dual error correction code. If C is an [m,k]-code
with the generator matrix A and the parity check matrix H , then the dual of C,
denoted C⊥, is the code with generator matrix H ′ (transpose of H ) and parity check
matrix G′.

Now let us describe the quantum CSS codes. Assume that C1 and C2 are [m,k1]
and [m,k2] linear codes (i.e., subspaces of Z

m
2 ) such that {0} ⊂ C2 ⊂ C1 ⊂ Z

m
2 . The

quantum code CSS(C1,C2), the CSS code of C1 over C2, is defined to be the vector
space spanned by the states |θx〉 for all x ∈ C1. Here the quantum state |θx〉 is

|θx〉 = 1√|C2|
∑

y∈C2

|x + y〉

where the addition is done modulo 2. The state |θx〉 depends only on the coset space
C1�C2. The number of cosets of C2 in C1 is |C1|�|C2|, therefore CSS(C1,C2) is
an [m,k1 − k2] linear code.

One can prove that for CSS codes there is the following quantum Gilbert–
Varshamov bound, i.e., for large m there exists an [m,k]-code protecting against
errors on l bits for some k such that

k

m
≥ 1 − 2S

(
2l

m

)

.

In the next section, the punctured self dual doubly even CSS codes will be used.
This means that one deletes one coordinate form the code C⊥

1 ,C′
1 = C′⊥

1 , the weight
of each word in the code is divisible by 4 and also C2 = C⊥

1 . One can prove that in
this case these are only two cosets of C⊥

1 in C1. One can write them as |θ0〉 and |θ1〉,
and they can be thought of as encoding |0〉 and |1〉, respectively.

15.4 General Theory of Quantum Error-Correcting Codes

The basic idea of the general theory of quantum error-correcting codes is the fol-
lowing. The Hilbert space of quantum states is encoded by a unitary transformation
into a quantum error-correcting code, which is a subspace C of some larger Hilbert
space. Then, the noise is described by a quantum operation Γ (not necessarily trace
preserving), and the error-correction procedure is performed by a trace-preserving
quantum operation R, which is called the error-correction operation. It is required
that for any density operator ρ with support in the code C one has the relation

(R ◦ Γ )(ρ) = cρ (15.2)
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where c is a certain constant. We can write the relation (15.2) also in the form

(R ◦ Γ )(PρP ) = cPρP (15.3)

where P is the projector onto C. In this last form, the relation should hold for any
density operator ρ.

The following theorem gives a set of equations which can be checked to deter-
mine whether a quantum error-correcting code protects against the noise Λ.

Theorem 15.6 Let C be a quantum code, and let P be the projector onto C. Sup-
pose that Γ is a quantum operation with operation elements {Nk}. Then an error-
correcting operation R correcting Γ on C exists if and only if there exists an
Hermitian matrix (αkn) such that the following conditions hold

PN∗
kNnP = αknP .

The conditions are called quantum error-correction conditions.

Proof If R is an operation with operation elements {Ri} then one can write the
relation (15.3) in the form

∑

i,k

RiNkPρPN∗
k R∗

i = cPρP.

Therefore, the quantum operation with operation elements {RiNk} is the same
as the quantum operation with a single operation element

√
cP . One can prove that

there exist complex numbers cik such that

RiNkP = cikP .

Then we derive the quantum error-correction conditions

PN∗
k NnP = αknP

where αkn = ∑
i c

∗
ikcin is the knth element of a Hermitian matrix. �

15.5 Depolarizing Channel

As an example of application of the previous theorem, let us consider the so-called
depolarizing channel which is an important type of quantum noise. Suppose we
have a state ρ on a single qubit, and with probability p the state is replaced by the
completely mixed state, I/2. With probability 1−p, the state is left untouched. One
gets the channel sending ρ to the state defined above such that

Λ∗(ρ) = p
I

2
+ (1 − p)ρ.
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One can write it in the canonical Kraus form. It follows from the canonical rep-
resentation of a state in the Hilbert space C

2:

ρ = 1

2

[

I +
3∑

i=1

σiai

]

, |a| ≤ 1,

that for arbitrary ρ one has

I

2
= 1

4

3∑

i=0

σiρσi

where σ0 = I , σ1, σ2, and σ3 are the Pauli matrices. Then we get the depolarizing
channel in the canonical form

Λ∗(ρ) =
(

1 − 3p

4

)

ρ + p

4

3∑

i=1

σiρσi

with the operation elements {√1 − 3p/4I,
√

pσ1/2,
√

pσ2/2,
√

pσ3/2}.
Let us prove the following

Proposition 15.7 If a quantum code corrects the depolarizing channel then it cor-
rects an arbitrary single qubit operation.

Proof Note that the quantum error-correction conditions for the depolarizing chan-
nel read

PσkσnP = αknP, k,n = 0,1,2,3. (15.4)

Suppose now that Γ is an arbitrary quantum operation acting on a single qubit,
say, the first one. Since its operation elements {Nk} can be written as a linear com-
bination of the Pauli matrices σ0 = I , σ1, σ2, and σ3, we obtain that the quantum
error-correction conditions for the quantum operation Γ are the same as the condi-
tions (15.4). The proposition is proved. �

15.6 Fault-Tolerant Quantum Computation and the Threshold
Theorem

One of important applications of quantum error correction is to quantum computa-
tions. Noisy quantum systems are not isolated from the environment. Noises affect
each of the elements of a quantum circuit: the state preparation procedure, quantum
logic gates, and measurement of the output. Actually, the state of a quantum circuit
is not a pure state but a mixed state, and it should be described by a density matrix,
and quantum gates should be not just unitary operators but more general quantum
operations (channels).
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The main idea of the fault-tolerant quantum computation is to compute on en-
coded data. If there is a quantum circuit with unitary gates then we replace each
gate in the original circuit with a procedure for performing an encoded gate acting
on the encoded state. The procedure is defined by a quantum operation (channel).
We have to make error corrections on the encoded states. We follow [49] in this
section.

Since the procedures (encoded gates) can cause errors to propagate, we have
to design them carefully. The procedures should be fault-tolerant, i.e., if only one
component in the procedure fails then the failure causes at most one error in each
encoded block of qubits output from the procedure. It is shown that it is possible
to perform a universal set of quantum gates—controlled-NOT, Hadamard, phase,
Toffoli—using fault-tolerant procedures. Similarly, we define a fault-tolerant mea-
surement operation and fault-tolerant state preparation.

A quantum circuit with mixed states is defined as follows (see Chap. 11). Let G
be a set of quantum operations (channels). A quantum circuit with gates from G is
a directed acyclic (i.e., without cycles) graph with each vertex in the graph being
labeled with a gate from G .

CSS codes will be used to perform computations fault-tolerantly. Each unitary
gate in the original quantum circuit is replaced by a procedure (i.e., a quantum op-
eration) which imitates the operation of the gates on the encoded states. If |α〉 is a
state in the original circuit and g is a unitary gate then the procedure O(g) encodes
the gate g if it acts on the state |θ|α〉〉 which encodes |α〉 as follows:

O(g)|θ|α〉〉 = |θg|α〉〉.
Let us denote by G the following set of gates (here a, b, c ∈ Z2 and all operation

are made mod 2):

1. (NOT) |a〉 → |a + 1〉
2. (Controlled NOT) |a, b〉 → |a, a + b〉
3. (Phase rotation) |a〉 → ia|a〉
4. (Controlled phase rotation) |a, b〉 → (−1)ab|a, b〉
5. (Hadamard) |a〉 → 1√

2

∑
b(−1)ab|b〉

6. (Toffoli) |a, b, c〉 → |a, b, c + ab〉
7. (Swap) |a, b〉 → |b, a〉
8. Adding a qubit in the state |0〉
9. Discarding a qubit.

The set G is a universal set of gates (though not minimal). The following theorem
shows that one can perform the gates form G on the encoded states fault-tolerantly.

Theorem 15.8 There exist fault-tolerant procedures which simulate all the oper-
ations of gates from G on states encoded by punctured self-dual doubly-even CSS
codes such that one error in a qubit or gate effects at most four qubits in each block
at the end of the procedure. There exist also such procedures for encoding, decoding,
and error correction. Moreover, all these procedures use only gates from G .
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The proof will not be given here (see [49]) we only comment on the bitwise
procedures. A bitwise procedure of a gate on k qubits is defined by labeling the
qubits in each one of k blocks from 1 to m, and then applying the gate m times.
In particular, we have for the NOT gate (a, b ∈ C/C⊥ and we omit normalization
factors):

|θa〉 =
∑

x∈C⊥
|a1 + x1〉 ⊗ · · · ⊗ |am + xm〉

−→
∑

x∈C⊥
|a1 + 1 + x1〉 ⊗ · · · ⊗ |am + 1 + xm〉 = |θa+1〉.

For C-NOT one has:

|θa〉 ⊗ |θb〉
=

∑

x∈C⊥
|a1 + x1〉 ⊗ · · · ⊗ |am + xm〉 ⊗

∑

y∈C⊥
|b1 + y1〉 ⊗ · · · ⊗ |bm + ym〉

−→
∑

x∈C⊥
|a1 + x1〉 ⊗ · · · ⊗ |am + xm〉

⊗
∑

y∈C⊥
|a1 + b1 + x1 + y1〉 ⊗ · · · ⊗ |am + bm + xm + ym〉

= |θa〉 ⊗ |θa+b〉.
The last equality follows form the relation

∑

y∈C⊥
|a1 + b1 + x1 + y1〉 ⊗ · · · ⊗ |am + bm + xm + ym〉

=
∑

y∈C⊥
|a1 + b1 + y1〉 ⊗ · · · ⊗ |am + bm + ym〉

since C⊥ is a linear space.
Now let us discuss noise in computation. One uses the following model for noise.

Each time step, each qubit or gate undergoes a fault (i.e., an arbitrary quantum op-
eration) which is at most η-far from the identity, in some metric on operators. The
η is called the error rate. Let a quantum circuit be represented as

Ξ(Λ∗) = Λ
(αT )∗
iT

· · ·Λ(α2)∗
i2

Λ
(α1)∗
i1

where {Λ∗
k} are channels from some fixed set G of channels and Λ

(αk)∗
ik

is an αk-

extension of the channel Λ∗
k . It transforms a density matrix ρ into Λ

(αT )∗
iT

◦ · · · ◦
Λ

(α2)∗
i2

◦ Λ
(α1)∗
i1

◦ ρ.



15.6 Fault-Tolerant Quantum Computation and the Threshold Theorem 409

Gates are applied at integer time steps. Faults occur in between time steps, in the
locations of the circuit. A set (q1, . . . , qr , t) is a location of the quantum circuit if
the qubits q1, . . . , qr are all gates participating in the same gate, in time step t . If a
qubit q did not participate in any gate at time t , then (q, t) is also considered as a
location.

Each location in the circuit exhibits a fault with independent probability η. A fault
at a certain location at time t means that a quantum operation (channel, noise oper-
ator) Et is applied on the faulty qubits after time t . The list of locations where faults
have occurred, in a specific run of the computation, is called a fault path. Each fault
path, �, is assigned a probability P(�). Denote by E (�) = (E 1, E2, . . . , ET ) the
choice of faults for the fault path and

Ξ
(
Λ∗, E (�)

) = ET Λ
(αT )∗
iT

· · · E2Λ
(α2)∗
i2

E1Λ
(α1)∗
i1

.

The output density operator of the circuit is defined as

Ξ ◦ ρ =
∑

Γ

P (�)Ξ
(
Λ∗, E (�)

) ◦ ρ.

This circuit is called a quantum circuit with probabilistic errors. A more general
noise model is given by the formula

Ξ(Λ∗, E ) = ET Λ
(αT )∗
iT

· · · E2Λ
(α2)∗
i2

E1Λ
(α1)∗
i1

where Et are now channels (noise operators) of the form

Et = EB1,t
(t) ⊗ EB2,t

(t) ⊗ · · · ⊗ EBs,t (t).

Here Bi,t runs over all possible locations at time t and for each of them, one has

∥
∥EBi,t

(t) − I
∥
∥ ≤ η

in some norm on operators.
This model includes, in particular, the probabilistic errors, decoherence, phase

and amplitude damping. Note that this definition assumes independence between
different fault in space, and independence in time (Markovianity).

Now we can formulate the threshold theorem [49] for quantum computation.

Theorem 15.9 Let C be a computational code with gates G. Let ε > 0. There exists
a threshold η0 > 0 and a constant γ > 0 such that the following holds. Let M be
a quantum circuit with n input qubits, which operates T time steps, uses s gates
from G, and has v locations, and we denote L = logγ ( v

ε
). Then there exists a quan-

tum circuit M ′ which operates on nL qubits, for time tL and uses vL gates from
G such that in the presence of general noise with error rate η < η0, the quantum
circuit M ′ computes a function which is ε-close to that computed by M .
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A similar theorem is valid for quantum circuits with probabilistic errors. We
present some comments on the proof of the theorem for the last case. We will use
the computational code recursively. It encodes one qubit on m qubits. Consider a
fault-tolerant procedure for a gate in G preceded by fault-tolerant error corrections
on each block participating in the procedure. The spread of the code is l if each fault
which occurs during this sequence of gates effects at most l qubits in each block at
the end of the procedure. It is required that the number of errors that the code can
correct, d , is larger than the spread l, l ≤ d .

We denote the original quantum circuit M = M0 and simulate M0 by a more
reliable circuit M1, as follows. Each qubit is replaced by a block of qubits, and
each time step in M0 transforms in M1 to a working period which includes an error
correction procedure, and then the operation of each gate in M0 is replaced in M1 by
its procedure. We repeat this r levels to get Mr , an r-simulating circuit of M0. The
output of Mr is defined by taking recursive majority on the outputs. The number of
levels will be the polynomial order of log(V (M0)) where V (M0) is the number of
locations in M0.

Every qubit transforms to a block of m qubits in the next level and so on. One
qubit in Mr−s transforms to ms qubits in Mr . This set of qubits is called an s-
block. The recursive simulation induces a partition of the set of locations in Mr into
generalized rectangles. An r-rectangle in Mr is the set of locations which originated
from one location on M0. Let B be the set of qubits in some r-blocks. An (r, k)-
sparse set of qubits A in B is a set of qubits in which for every r-block in B , there are
at most k (r − 1)-blocks such that the set A in these blocks is not (r − 1, k)-sparse.
An (0, k)-sparse set of qubits A is an empty set of qubits. Two density operators
ρ1, ρ2 of the set of qubits B are (r, k)-deviated if there exists an (r, k)-sparse set of
qubits A ⊆ B , with ρ1|B−A = ρ2|B−A. A computation is successful if the error at the
end of each r-working period is sparse enough. A set of locations in an r-rectangle
is called (r, k)-sparse if there are no more than k (r − 1)-rectangles in which the
set is not (r − 1, k)-sparse. A fault path in Mr is (r, k)-sparse if in each r-rectangle,
the set is (r, k)-sparse. For the proof of the theorem, the following three lemmas are
used.

Lemma 15.10 Consider a computation subjected to an (r, k)-sparse fault path with
kl ≤ d . Then at the end of each r-working period the error is (r, d)-sparse.

This and the next lemmas show that if the fault path is sparse enough, then the
error correction keeps the deviation small.

Lemma 15.11 Let 2d + 1 ≤ m. If the final density matrix of Mr is (r, d)-deviated
for the correct one, then the distribution on the strings which are obtained when
taking recursive majority on each r-block of its output is correct.

Then it is shown that non-sparse fault paths are rare below the threshold. Let N

be the maximal number of locations in a rectangle. It is required that the probability
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for more than [d/l] = k faults in N locations is smaller than η. This requirement is
satisfied if one has the following threshold condition:

(
N

k + 1

)

ηk+1 < η.

The threshold for probabilistic noise for the code C is defined as

ηc =
(

N

k + 1

)−k

.

Any η < ηc satisfies the threshold condition. The threshold was estimated as
10−6 in some cases. The next lemma shows that the threshold bad fault paths are
rare.

Lemma 15.12 Let P(r) be the probability for the faults in an r-rectangle to be
(r, k)-sparse. If η < ηc then there exists a δ > 0 such that

P(r) > 1 − η(1+δ)r .

To prove the threshold theorem for probabilistic noise, one chooses r such that

vη(1+δ)r < ε.

Then from the previous three lemmas the theorem follows.
To prove the threshold theorem for general noise, one writes

EBi,t
(t) = (1 − η)I + E ′

Bi,t
(t)

(this is the definition of E ′
Bi,t

(t)). The operators E ′
Bi,t

(t) satisfy the bound ‖E ′
Bi,t

(t)‖ ≤
2η. By replacing the error operators in the formula for Et by the product of oper-
ators of the last form, one can get the sum of terms corresponding to fault paths.
The threshold theorem for general noise is basically reduced to the theorem for the
probabilistic noise.

The threshold theorem was derived also for the error model with exponentially
decaying correlations. Moreover, a threshold result was obtained for some more
realistic non-Markovian error models admitting a Hamiltonian description. A non-
Markovian noise model is familiarly formulated in terms of a Hamiltonian H that
governs the joint evolution of the system (quantum circuit) and the “bath” (noise).
We write

H = HS + HB + HSB

where HS is the (time-dependent) Hamiltonian of the ideal quantum circuit, HB is
an Hamiltonian of the bath, and HSB is the interacting Hamiltonian coupling the
system to the bath. A specific form of the Hamiltonian is assumed. In particular, it
is assumed that every qubit of the system has its own bath. The results depend on
two parameters t0 and λ0. t0 is the time to do a one- or two-qubit gate by a unitary
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evolution U(t + t0, t) during the time interval from t to t + t0. λ0 is a constant which
describes the strength of the coupling,

‖HSB‖ ≤ λ0.

Instead of η, in this model one has λ0t0, and the critical error threshold is

(λ0t0)c = 1

eN(N − 1)
.

Here N is the number of locations in a 1-rectangle that can correct two errors and
has spread s = 1, and e is the base of the natural logarithm. The following theorem
was proved.

Theorem 15.13 Let an error free quantum circuit M output samples from a prob-
ability distribution P . Let ε > 0. There exists a quantum circuit M ′ subjected to
noise according to the Hamiltonian HSB and the bath Hamiltonian HB , and if
λ0t0 ≤ (λ0t0)c then it outputs the probability distribution P ′ such that

‖P ′ − P‖ ≤ ε.

Theorem 15.14 The number of locations in M ′ is N0 polylog(N0/
√

ε) where N0
is the number of locations of M .

15.7 Notes

Examples of quantum error correcting code were first found by Shor [711] and
Steane [733]. The 9-qubit encoding (Shor code) explained in this chapter was intro-
duced in [711]. The theory of quantum codes is presented in [547]. The notion of
fidelity was introduced by Uhlmann [759] and has often been employed to measure
the difference of states in the various places [393]. The Calderbank–Shor–Steane
code was first introduced in [148, 149, 734]. The general theory of quantum error-
correcting code was discussed in [434]. The fault-tolerant method was proposed by
[205, 712] and was extensively investigated in [298]. The quantum threshold theo-
rems were proved in [49, 50, 56, 297, 429, 435, 654, 746]. We follow the Aharonov
and Ben-Or [49] and the Therhal and Burkard papers [746]. Hamiltonian models of
noise were considered by Alicky et al. [54, 55].



Chapter 16
Quantum Field Theory, Locality
and Entanglement

In this chapter, some basic notions of quantum field theory will be exposed and
properties of entanglement and locality will be considered again in this new context.
The relativistic corrections to the EPR–Bell type correlation functions for entangled
states of the Dirac particles will be computed and it will be shown that the spatially
depending correlations are consistent with locality.

The central notion in modern fundamental physics is the notion of a quantum field
(and its extension to string theory). Therefore, quantum information theory should
be based on quantum field theory, and first of all, on quantum electrodynamics. One
of the future goals is an attempt to develop quantum information theory starting
from quantum field theory.

A quantum field is an operator-valued function on the Minkowski space–time
(or, more generally, on the curved space–time). In the quantum field theory, there
is a fundamental property of locality (local commutativity) which for the bosonic
quantum field Φ(x) reads

[
Φ(x),Φ(y)

] = 0

if the points x and y are space-like separated. We will discuss how this locality is
consistent with the properties of entangled states and with the collapse of the wave
function in the measurement procedure.

The modern standard model of the elementary particles theory is the theory of
electro-weak interactions and quantum chromodynamics. The list of quantum fields
includes scalar fields with spin 0, Fermi fields with spin 1/2 and gauge fields with
spin 1. The prototype theory for the standard model is quantum electrodynamics
which is the most important for practical applications.

16.1 Quantum Electrodynamics (QED)

In this section, some basic formulae from quantum electrodynamics (QED) are col-
lected. They are used in particular in quantum optics, the cavity QED, and in the
theory of quantum dots which will be discussed in Chap. 19.
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DOI 10.1007/978-94-007-0171-7_16, © Springer Science+Business Media B.V. 2011

413



414 16 Quantum Field Theory, Locality and Entanglement

16.1.1 Maxwell Equations

An electric field E = (E1,E2,E3) and a magnetic field B = (B1,B2,B3) are map-
pings from G × R to R

3 where G is a region in R
3. The Maxwell equations for the

free electromagnetic field have the form

rot E(r, t) = − ∂

∂t
B(r, t), div E(r, t) = 0,

rot B(r, t) = 1

c2

∂

∂t
E(r, t), div B(r, t) = 0,

(16.1)

where c is the speed of light, rot E is a vector defined by

rot E = ∇ × E, ∇ =
(

∂

∂x1
,

∂

∂x2
,

∂

∂x3

)

,

(rot E)i ≡ 1

2

3∑

j,k=1

εijk∂j Ek, i = 1,2,3,

where εijk is an antisymmetric tensor such that

εijk = −εjik = εkij, ε123 = 1,

and div E is the divergence of E, that is,

div E = ∇ · E =
3∑

i=1

∂iEi ,

∂i = ∂

∂xi

.

Here E(r, t) and B(r, t) are the electric and magnetic fields at the space–time point
(r, t), r ∈ G, t ∈ R.

The energy of the electromagnetic field is given by

H = 1

2

∫
[
E2(r, t) + B2(r, t)

]
d3r.

One can represent the fields by using the vector-potential A(r, t) in the Coulomb
gauge as

E(r, t) = − ∂

∂t
A(r, t), B(r, t) = rot A(r, t)

where the vector-potential satisfies the equations

�A(r, t) ≡ 1

c2

∂2

∂t2
A(r, t) − �A(r, t) = 0, div A(r, t) = 0. (16.2)
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Here � is the Laplace operator,

� =
3∑

i=1

∂2

∂x2
i

, r = (x1, x2, x3).

It follows from (16.2) that the vector potential A(r, t) can be represented as

A(r, t) =
∑

k

ck(t)uk(r)

where uk(r) is an eigenfunction of the Laplace operator with the eigenvalue ωk

−�uk = ωkuk, (16.3)

and ck(t) is a vector satisfying

(
∂2

∂t2 + ω2
k

)

ck(t) = 0,

from which we can get

ck(t) = ck exp(−iωkt) + c∗
k exp(iωkt).

16.1.2 Quantization of Electromagnetic Field

We consider the system in a box G of volume V = L3 with the periodic boundary
conditions. Let us solve (16.3) as

uk(r) = exp(ikr)

where k = (k1, k2, k3), ki = 2πni/L (ni = 0,±1,±2, . . .), kr means the inner prod-
uct of k and r, and the solution of (16.2) is written as

A(r, t) =
∑

k

(
ck exp(−iωkt) + c∗

k exp(iωkt)
)

exp(ikr).

Using (16.2), the above formula can be written in the form

A(r, t) =
∑

k

∑

s

(
�

2V ωk

)1/2[
aksεkse

−iωkt+ikr + a∗
ksεkse

iωkt−ikr].

Here aks is a complex-valued function and a∗
ks

is its complex conjugate, ωk = c|k|,
and � is the Planck constant. Remark that ck corresponds to

∑2
s=1 aksεks . The factor
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(�/2V ωk)1/2 is inserted for further convenience. The polarization vectors εks are
three-dimensional vector functions which satisfy

kεks = 0, εksεks′ = δss′, s, s′ = 1,2; εk1 × εk2 = k/|k|.
We quantize the electromagnetic field by declaring aks and a∗

ks
to be the annihilation

and creation operators which obey the canonical commutation relations

[aks , a
∗
k′s′ ] = δkk′δss′ .

The Hamiltonian of a quantum electromagnetic field is

H = 1

2

∫

G

[
E2(r, t) + B2(r, t)

]
d3r =

∑

k

∑

s

�ωk

[

a∗
ksaks + 1

2

]

.

The sum
∑

k
1
2�ωk is divergent. This is a particular case of the so-called ultraviolet

divergences in the quantum field theory. To remove this divergence, one has to apply
the renormalization theory. In the given case, we just replace the divergent vacuum
energy

∑
k

1
2�ωk with zero. So the renormalized Hamiltonian will have the form

H =
∑

k

∑

s

�ωka
∗
ksaks .

The n photon basis Fock state can be written as

|k1s1, . . . ,knsn〉 = a∗
k1s1

· · ·a∗
knsn

|0〉,
where |0〉 is the vacuum vector, aks |0〉 = 0. Here ki is the momentum of the ith
photon and si gives its polarization.

16.1.3 Casimir Effect

As an illustration of the renormalization procedure we consider the Casimir effect.
The Casimir effect is the attractive force between two uncharged metal plates

that are placed very near to each other in a vacuum. A typical example is of two
uncharged metallic plates in a vacuum, placed a few micrometers apart, without any
external electromagnetic field. In a classical description, no force would be mea-
sured between them. When this field is instead studied using quantum electrody-
namics, it is seen that the plates do affect the virtual photons which constitute the
field, and generate a net force—either an attraction or a repulsion depending on the
specific arrangement of the two plates. The attraction arises due to a reduction in
the energy of the ground state of the electromagnetic field between the two plates.
Because fluctuations in the field between the plates can only have wavelengths equal
to or smaller than the distance between the plates, the vacuum electromagnetic field
has less energy between the plates than outside of them.
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It has been suggested that the Casimir forces have application in nanotechnol-
ogy, in particular, in silicon integrated circuit technology based micro- and nano-
electromechanical systems, and the so-called Casimir oscillators.

The Casimir effect can be expressed in terms of virtual particles interacting with
the objects. It is calculated in terms of the zero-point energy of a quantized field in
the intervening space between the objects.

Consider a quantum electromagnetic field in the space between a pair of con-
ducting metal plates at a distance a apart. In this case, the transverse component of
the electric field and the normal component of the magnetic field must vanish on
the surface of a conductor. Assuming the parallel plates lie in the x–y plane, the
standing waves are

F(x, y, z, t) = e−ωnt+ikxx+ikyy sin(knz)

where F denotes a component of the electromagnetic field. Here, kx and ky are the
wave vectors in directions parallel to the plates, and kn = πn/a is the wave-vector
perpendicular to the plates, n = 1,2, . . . . The energy is

ωn = c

√

k2
x + k2

y + π2n2

a2

where c is the speed of light. The vacuum energy is then the sum over all possible
excitation modes

E = �

2
2σ

∫
dkx dky

(2π)2

∞∑

n=1

ωn.

Here σ is the area of the metallic plates, and a factor of 2 is introduced for the two
possible polarizations of the wave. This expression is infinite, and it is required to
introduce a regularization. The regulator will serve to make the expression finite,
and in the end will be removed. One shall use the zeta regularization by introducing
a complex parameter s:

E(s)

σ
= �

∫
dkx dky

(2π)2

∞∑

n=1

ω1−s
n .

We first compute the integral and the sum for Re s > 3, then make the analytical
continuation, and finally take the limit s → 0. We obtain

E(s)

σ
= �c1−s

4π2

∞∑

n=1

∫ ∞

0
2πk dk

(

k2 + π2n2

a2

) 1−s
2

= −�c1−sπ2−s

2a3−s
ζ(s − 3).
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Here ζ(s) is the Riemann zeta function,

ζ(s) =
∞∑

n=1

n−s

which admits the analytic continuation to the complex plane. Now we take s = 0,
and since ζ(−3) = 1/120 we get

E

σ
= − �cπ2

3 · 240a3 .

Then the Casimir force per unit area FC/σ for conducting plates is

FC

σ
= − d

da

E

σ
= − �cπ2

240a4
.

The force is negative, indicating that the force is attractive.

16.1.4 Correlation Functions and Photo-Detection

Coherence and other properties of light are described by using the correlation func-
tions

Γ
(N,M)
i1,...,iN ;j1,...,jM

(r1, t1, . . . , rN, tN ; r′
M, t ′M, . . . , r′

1, t
′
1)

= 〈
F

(−)
i1

(r1, t1) · · ·F (−)
iN

(rN, tN)F
(+)
jM

(r′
M, t ′M) · · ·F(+)

j1
(r′

1, t
′
1)

〉
.

Here N , M are natural numbers, and the brackets mean the expectation value in
the state with a density operator ρ, 〈A〉 = tr[Aρ], and F

(±)
j (r, t), j = 1,2,3 are

negative (positive) frequency components of the electromagnetic field, F
(±)
j (r, t) =

E
(±)
j (r, t) or B

(±)
j (r, t). For example, the components of the electric field are

E
(+)
j (r, t) =

∑

k

∑

s

i

(
�ω

2V

)1/2

aksεjkse
−iωt+ikr,

E
(−)
j (r, t) = −

∑

k

∑

s

i

(
�ω

2V

)1/2

a∗
ksεjkse

iωt−ikr.

Here εjks is the j th component of the polarization vector εks , j = 1,2,3.
The theory of photon detection was discussed by Glauber. As a model of the de-

tector, he has considered an atom which can change its state due to interaction with
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photons. In the dipole approximation, the interaction Hamiltonian in the interaction
representation reads

−e
∑

k

qk(t)E(r, t).

Here qk is the position of the kth electron.
In the first order of the perturbation theory, the probability density of the single-

photon counting during the time (t0, t) at the space point r is

p(1)(r, t) =
∫ t

t0

dt1

∫ t

t0

dt ′1Sij (t1 − t ′1)Γ
(1,1)
i;j (r, t1; r, t ′1)

where the summation over the repeating indices i, j = 1,2,3 is assumed. Here
Sij (t1 − t ′1) is the window function of the detector.

If the period of time �t = t − t0 is small, we can set approximately

p(1)(r, t) = CΓ
(1,1)
i;i (r, t; r, t) = C

〈
F

(−)
i (r, t)F (+)

i (r, t)
〉

where C is a constant characterizing the detector.

16.1.5 Interference: Two-Slits Experiment

The last formula can be used to describe the interference in the two-slits experiment
when the light emitted from two space points r1 and r2 is detected at the point r. We
can obtain the relation between corresponding solutions of the Maxwell equations
which are valid in the quantum case

F(+)(r, t) = K1F(+)(r1, t − τ1) + K2F(+)(r2, t − τ2).

Here cτ1 = |r − r1|, cτ2 = |r − r2|, and K1, K2 are some constants in C.
Now if we denote 〈I (r, t)〉 = 〈F (−)

i (r, t)F (+)
i (r, t)〉, we get

〈
I (r, t)

〉 = |K1|2
〈
I (r1, t − τ1)

〉 + |K2|2
〈
I (r2, t − τ2)

〉

+ 2 Re
[
K∗

1 K2
〈
F(−)(r1, t − τ1)F(+)(r2, t − τ2)

〉]
.

For appropriate coherent states, one can take the expectation values of quantum
operators equal to the classical plane wave values

F(+)(r1, t − τ1) = A1e
i(kr1−ω(t−τ1)), F(+)(r2, t − τ2) = A2e

i(kr2−ω(t−τ2))

to get the familiar interference formula. Here A1 and A2 are constant amplitudes.
The probability density of the N -photon counting during the time (t0, t) at the

space points r1, . . . , rN is
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p(N)(r1, . . . , rn; t)

=
∫ t

t0

· · ·
∫ t

t0

S
(1)
i1j1

(t1 − t ′1) · · ·S(N)
iN jN

(tN − t ′N)

× Γ
(N,N)
i1,...,iN ;j1,...,jN

(r1, t1, . . . , rN, tN ; rN, t ′N, . . . , r1, t
′
1) dt1 dt ′1 · · ·dtN dt ′N.

16.1.6 Lorentz-Invariant Form of Maxwell Equations

The Lorentz-invariant form of the Maxwell equations is

∂μFμν = 0.

Remark that ∂μFμν means
∑3

μ=0 ∂μFμν (Einstein’s summation rule). Here we use
relativistic notations:

∂μ = ημν∂ν, ∂ν = ∂

∂xν
, μ, ν = 0,1,2,3

where x = (xμ) are the coordinates in the Minkowski space–time (x0 = t is time and
xk, k = 1,2,3, are spatial coordinates) with the metric (ημν = diag(−1,1,1,1))

and the summation over the repeating indices is assumed. The tensor Fμν is ex-
pressed in terms of the vector-potential Aμ = Aμ(x) as

Fμν = ∂μAν − ∂νAμ.

The tensor Fμν describes the components of the electric Ej and magnetic Bj fields:

F0j = Ej , Fjk = εjklBl, j, k, l = 1,2,3.

In the Lorentz gauge ∂μAμ = 0, the Maxwell equations take the form

�Aμ = 0, � = −ημν∂μ∂ν.

We have set c = � = 1. The solution of the Maxwell equations can be written in the
form

Aμ(x) =
∑

kα

1√
2V ω

eα
μ

[
akαeikx + a∗

kαe−ikx
]
.

Here k = (kμ) = (|k|,k), μ = 0,1,2,3; kx = −|k|t + kx and eα
μ = eα

μ(k) are po-
larization vectors, α = 1,2,3,4. We set � = c = 1.

In the quantum theory of electromagnetic fields, the annihilation and creation
operators akα, a∗

kα obey the canonical commutation relations

[akα, a∗
k′α′ ] = δkk′δαα′ .
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The Hamiltonian has the form

HEM =
∑

kα

|k|a∗
kαakα.

In the covariant Gupta–Bleuler formulation of quantum electromagnetic field, an
indefinite metric in the Fock space is used.

16.1.7 Dirac Equation

Particles with spin 1/2 in the Minkowski space–time are described by the Dirac
equation:

[
γ μ(∂μ − ieAμ) + m

]
ψ = 0.

Here γ μ, μ = 0,1,2,3, are Dirac 4 × 4 matrices, {γ μ, γ ν} ≡ γ μγ ν + γ νγ μ =
2ημνI where I is the unit 4 × 4 matrix, Aμ is the vector-potential of the electro-
magnetic field, e is electric charge, m is mass, and ψ = (ψα(x)), α = 1,2,3,4, is
the 4-component wave function.

To quantize the Dirac field, let us consider a set of stationary solutions of the
Dirac equations in a constant weak electromagnetic field ψr(x) = ψr(x) exp(−iωr t)

where the index r is a label for different solutions. We assume that the functions
ψr(x) form a complete orthonormal system,

∫

ψ∗
r (x)ψr ′(x) d3x = δrr ′,

and any solution of the Dirac equation can be represented by using ψr(x):

ψ(x) =
∑

ωr>0

brψr(x) +
∑

ωr<0

c∗
r ψr(x)

where br , cr are the coefficients of the representation. The Dirac field is quantized
by postulating the anticommutation relations for creation and annihilation operators
(see Chap. 4)

{br , b
∗
r ′ } = δrr ′, {cr , c

∗
r ′ } = δrr ′ .

The Hamiltonian operator of the quantum Dirac field is

H =
∑

r

|ωr |(b∗
r br + c∗

r cr ) + E0

and the electric charge

Q = e
∑

r

(b∗
r br − c∗

r cr) + Q0,

where E0 and Q0 are infinite constants as before for the electromagnetic field.
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In particular, for a free Dirac particle in a cube of volume V = L3 with the peri-
odic boundary conditions, one can write

ψ(x) =
∑

pλ

1√
2V ε(p)

[
bpλuλ(p)eipx + c∗

pλuλ(−p)e−ipx
]
.

Here p = (pμ) = (ε(p),p), μ = 0,1,2,3,

ε(p) =
√

|p|2 + m2,

p = (p1,p2,p3), pi = 2πki/L, i = 1,2,3; ki = 0,±1,±2, . . . ,

and px = −ε(p)t + px. The 4-spinors u(p) = (uλ(±p)) are solutions of the system
of equations

−i
(
pμγ μ

)
u(αp) = mαu(αp),

(
pμnμ

)
γ4u(αp) = αu(αp).

Here the polarization index α takes values α = +1,−1, n = (n0,n) is a unit 4-vector
orthogonal to the 4-momentum,

nμnμ = −n2
0 + nn = 1, nμpμ = 0,

and γ4 = γ0γ1γ2γ3.
The operator bpλ is called the annihilation operator of the particle (electron) with

momentum p and polarization λ, and the operator c∗
pλ the creation operator of the

antiparticle (positron) with momentum p and polarization λ.
The Hamiltonian operator of the free quantum Dirac field has the form

HD =
∑

pλ

ε(p)[b∗
pλbpλ + c∗

pλcpλ].

16.1.8 Pauli Equation

In the non-relativistic limit, one can get the Pauli equation from the Dirac equation
as follows: We insert back the speed of light c. Then if we write the 4-component
wave function ψ as a pair of two 2-component wave functions

ψ = eimc2t (φ, ξ),

we obtain in the first order over 1/c the Pauli equation for the 2-component spinor φ:

i
∂φ

∂t
=

[
1

2m

(

p − e

c
A

)2

+ eA0 − e

2mc
σB

]

φ.

Here p = −i grad and σ are the Pauli matrices.
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16.1.9 Equations of Quantum Electrodynamics

The fundamental equations of quantum electrodynamics describing interaction of
the Maxwell and the Dirac fields are

[
γ μ(∂μ − ieAμ + m

]
ψ = 0,

∂μ(∂μAν − ∂νAμ) = ieψ̄γνψ,

where ψ̄ = ψ∗γ 0.
The Hamiltonian operator HQED of quantum electrodynamics is the sum of the

Hamiltonian for the free electromagnetic field HEM, the Hamiltonian for free Dirac
field HD, and the interaction Hamiltonian Hint,

HQED = HEM + HD + Hint

where the interaction Hamiltonian in the Lorentz gauge is

Hint = ie
∫

ψ̄(x)γ μψ(x)Aμ(x) d3x.

Here ψ̄(x),ψ(x), and Aμ(x) are represented in terms of the creation and annihila-
tion operators given above and taken at t = 0.

16.2 Quantum Fields and Locality

16.2.1 Wightman Axioms

A quantum electromagnetic field and a Dirac field are operator-valued generalized
functions on the Minkowski space–time. The basic principles of quantum theory
were exposed in Chap. 5. In the quantum field theory, in addition to the seven prin-
ciples of quantum mechanics, one has to add relativistic invariance, positivity of
energy and locality. A rigorous formulation of the general properties of a quantum
field are given by Wightman axioms. One works in the infinite volume. The follow-
ing axioms are assumed.

1. It is assumed that there is a Hilbert space H and for each space–time function
f belonging to a certain class of test functions one defines a finite number of
operators Φj(f ), j = 1,2, . . . (quantum fields), which are formally written as

Φj(f ) =
∫

Φj(x)f (x) d4x.

2. One assumes that in the Hilbert space there is a unitary representation U(L) of
the Poincaré group. A Poincaré transformation L = (a,Λ) of the Minkowski
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space–time is given by

xμ → x′μ = (Lx)μ = Λμ
ν xν + aμ.

Here μ, ν = 0,1,2,3, and Λ
μ
ν is a real 4 × 4 matrix satisfying ΛT ηΛ = η where

η is diagonal with entries (−1,1,1,1), and the translations aμ are real. One has
the property of spectrality which means that the generator of translations along
the time directions (Hamiltonian) is positively defined. There exists a unique
vector, vacuum |0〉, which is invariant under U(L)|0〉 = |0〉.

3. One assumes the transformation law (relativistic covariance)

U(L)Φj (x)U∗(L) =
∑

k

DjkΦk(Lx).

4. The property of relativistic causality or locality for bosonic fields is formulated
as follows:

[
Φj(x),Φk(y)

] = 0

if the points x and y are space-like separated: −(x0 − y0)2 + (x − y)2 > 0. This
requirement rests on the principle that no physical effect can propagate in space-
like directions. If the field is Hermitian, it expresses also the interpretation of
Φj(f ) as a measurement within the space–time region where f does not vanish
(see the discussion of locality in Chap. 8).

A quantum field can be characterized by the set of its vacuum expectation values,
the Wightman functions,

Wj1,...,jn (x1, . . . , xn) = 〈0|Φj1(x1) · · ·Φjn(xn)|0〉,
properties of which can be derived from axioms 1–4.

Let us note that for bosonic fields in the standard model of elementary particles
the property of locality is not postulated but follows from equations of motion.

Fermi fields are anticommuting for space-like arguments.
Note, however, that the quantum electrodynamics which is the most important

quantum field theory is not included into the framework of Wightman’s axioms
since it requires indefinite metric, i.e., its norm is not always positive-definite.

16.2.2 Algebraic Quantum Theory and Local Channels

More invariant though less practically useful formulation of the quantum theory is
given in the algebraic approach developed by Haag, Araki, and many others [130,
131, 578, 740]. We suppose that to any region O in Minkowski space–time we are
given a von Neumann algebra N (O) (there is a similar approach with C∗-algebras).
The discussions of von Neumann and C∗-algebras are given in Chap. 4. Often one
considers not arbitrary regions but some more restrictive set, for example, open
double cones. The correspondence shall satisfy the following requirements:
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1. N (O1) ⊂ N (O2) when O1 ⊂ O2.
2. (Locality) N (O1) commutes with N (O2) if O1 and O2 are space-like separated.
3. There is a representation of the Poincaré group by automorphisms of algebras,

L → αL such that

αL

(
N (O)

) = N (OL)

where OL is the transformed region. Note that

N =
⋃

O
N (O)

‖·‖uw

is a von Neumann algebra, where ‖ · ‖uw is the ultra-weak norm.

Using this framework we formulate the notion of a local channel. A channel is local
to a space–time region O, denoted by Λ∗

O if in the Kraus–Sudarschan representation
it is given by

Λ∗
O(ρ) =

∑

i

AiρA∗
i , with

∑

i

A∗
i ρAi ≤ I,

where the operators both Ai and ρ belong to N (O). One could compare this def-
inition of a local channel with the discussion of the Bogolyubov local causality
condition in Chap. 8.

16.3 Quantum Field Theory in Quantum Probability Scheme

Ultimately, quantum information theory should become a part of quantum field the-
ory (perhaps, in the future, a part of the superstring theory) since the quantum field
theory is our most fundamental physical theory.

The quantum field theory is not just an abstract mathematical theory of oper-
ators in a Hilbert space. Basic equations of the quantum field theory such as the
Maxwell, Dirac, Yang–Mills equations are differential equations for operator func-
tions defined on the space–time. The nonrelativistic Schrödinger equation is also
a differential equation in space–time. Therefore, a future relativistic quantum in-
formation theory should be based on the study of the solutions of these equations
propagating in space–time.

One could suggest defining a context described in a boundary condition for a
differential equation. Then we would derive the contextual dependence of probabil-
ities from the study of the dependence of solutions of the equation on the boundary
conditions.

In the modern quantum information theory, the basic notion is of the two-
dimensional Hilbert space, i.e., a qubit. We suggest that in a relativistic quantum
information theory, when the existence of space–time is taken into account, the
basic notion should be a notion of an elementary quantum system, i.e., according
to Wigner, an infinite dimensional Hilbert space H invariant under an irreducible
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representation of the Poincaré group labeled by [m,s] where m ≥ 0 is mass and
s = 0,1/2,1, . . . is spin (helicity).

In quantum probability, we are given a ∗-algebra A and a state (i.e., a lin-
ear positive normalized functional) ω on A. Elements from A are called random
variables. Two random variables A and B are called (statistically) independent if
ω(AB) = ω(A)ω(B).

Consider the free scalar quantum field ϕ(x) which satisfies the Klein–Gordon–
Fock equation

(
� + m2)ϕ(x) = 0

where � = −ημν∂μ∂ν is as above.
We prove the following:

Proposition 16.1 There is a statistical dependence between two spacelike sepa-
rated regions in the theory of free scalar quantum field.

Proof One represents free scalar quantum field ϕ(x) in the infinite volume as:

ϕ(x) = 1

(2π)3/2

∫

R3

dk√
2k0

(
eikxa∗(k) + e−ikxa(k)

)
.

Here kx = k0x0 −kx, k0 =
√

|k|2 + m2,m ≥ 0, and a(k) and a∗(k) are annihilation
and creation operators,

[
a(k), a∗(k′)

] = δ(k − k′).

It is an operator-valued distribution acting in the Fock space F =⊕
n L2(R3)⊗sn

with the vacuum |0〉,
a(k)|0〉 = 0.

The vacuum expectation value of two fields is

ω0
(
ϕ(x)ϕ(y)

) = 〈0|ϕ(x)ϕ(y)|0〉 = W0
(
x − y,m2)

where

W0
(
x − y,m2) = 1

(2π)3

∫

R3

dk
2k0

e−ik(x−y).

The statistical independence of two spacelike separated regions in particular would
lead to the relation

ω0
(
ϕ(x)ϕ(y)

) − ω0
(
ϕ(x)

)
ω0

(
ϕ(y)

) = 0

if

(x − y)2 = −(x0 − y0)
2 + (x1 − y1)

2 + (x2 − y2)
2 + (x3 − y3)

2 > 0.
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But since ω0(ϕ(x)) = 0, in fact, we have

ω0
(
ϕ(x)ϕ(y)

) − ω0
(
ϕ(x)

)
ω0

(
ϕ(y)

) = W0
(
x − y,m2) �= 0.

So there is violation of statistical independence of spacelike separated regions. How-
ever, the violation of the statistical independence vanishes exponentially with the
spacial separation of x and y since for large λ = m

√
x2 the function W0(x,m2)

behaves like

m2

4πλ

(
π

2λ

)1/2

e−λ. �

Let us prove that any polynomial state is asymptotically disentangled (factorized)
for large spacelike distances. Let A be the algebra of polynomials in the Fock space
F at the field ϕ(f ) with the test functions f . Let C ∈ A and |ψ〉 = C|0〉. Denote
the state ω(A) = 〈ψ |A|ψ〉/‖ψ‖2 for A ∈ A.

Theorem 16.2 One has the following asymptotic disentanglement property

lim|l|→∞
[
ω

(
αl(A)B

) − ω
(
αl(A)

)
ω(B)

] = 0.

Here A and B belong to A and αl(A) is the translation of A along the three-
dimensional vector l. One has also

lim|l|→∞
[
ω

(
αl(A)

) − 〈0|αl(A)|0〉] = 0.

The proof of the theorem is based on the Wick theorem and the Riemann–
Lebesgue lemma.

Similar theorems take place also for the Dirac and the Maxwell fields. In particu-
lar, for the Dirac field ψ(x) one can prove the asymptotic factorization for the local
spin operator

S(O) =
∫

O
ψ∗Σψ dx,

which will be discussed in Sect. 16.5.
Finally, let us show that some correlation functions in the relativistic quantum

field theory can be represented as mathematical expectations of the classical (gen-
eralized) random fields.

Theorem 16.3 If Φ(x) is a scalar complex quantum field (in this case [Φ(x),Φ(y)]
= 0 for all x, y) then one has a representation

〈0|Φ(x1) · · ·Φ(xn)Φ
∗(y1) · · ·Φ∗(yn)|0〉 = Eξ(x1) · · · ξ(xn)ξ

∗(y1) · · · ξ∗(yn).
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Here ξ(x) is a complex random field. More explicitly, there exists a probability space
(Ω,F,P ) and random field ξ(x) = ξ(x,λ) such that

〈0|Φ(x1) · · ·Φ(xn)Φ
∗(y1) · · ·Φ∗(yn)|0〉 =

∫

Ω

ξ(x1, λ) · · · ξ∗(yn,λ) dP (λ).

The proof of the theorem follows from the positivity of the quantum correlation
functions. It is interesting that we have obtained a functional integral representation
for the quantum correlation functions in real time. Similar representation is valid
also for the 2-point correlation function of a Hermitian scalar field. It follows from
the Kallen–Lehmann representation.

This theorem shows that there exists a hidden variable representation for the
correlation functions of scalar quantum field. Similar representation also exists for
the Glauber correlation function for the free electromagnetic field:

〈ψ |F (−)
i1

(r1, t1) · · ·F (−)
iN

(rN, tN )F
(+)
jM

(r′
M, t ′M) · · ·F (+)

j1
(r′

1, t
′
1)|ψ〉

=
∫

Ω

ξi1(r1, t1, λ) · · · ξ∗
j1

(r′
1, t

′
1, λ) dP (λ).

Here ξi(r, t, λ) is a random field, i = 1,2,3.

16.4 Expansion of Wave Packet

Let us remind that there is a well known effect of expansion of wave packets due to
the free time evolution. If ε is the characteristic length of the Gaussian wave packet
describing a particle of mass M at time t = 0 then at time t the characteristic length
εt will be

εt = ε

√

1 + �2t2

M2ε4
.

It tends to (�/Mε)t as t → ∞. Therefore, the locality criterion is always satisfied
for non-relativistic particles if regions OA and OB are far enough from each other.

16.4.1 Relativistic Particles

We cannot immediately apply the previous considerations to the case of relativistic
particles such as photons and the Dirac particles because in these cases the wave
function cannot be represented as a product of the spin part and the space–time part.
Let us show that the wave function of a photon cannot be represented in the product
form. Let Ai(k) be the wave function of a photon, where i = 1,2,3 and k ∈ R

3. One
has the gauge condition kiAi(k) = 0 [46]. If one supposes that the wave function has
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a product form Ai(k) = φif (k) then from the gauge condition one gets Ai(k) = 0.
Therefore, the case of relativistic particles requires a separate investigation. Here we
consider the Dirac relativistic particles.

We study the spin correlation function for two relativistic Dirac particles. We
compute the spin correlation function and show its dependence on the distance be-
tween the particles and the anisotropic dependence on the angular position of detec-
tors. The principal term in the obtained expansion is reduced to the non-relativistic
Bell’s correlation, but in our case it has an extra factor, depending on the distance
between two particles.

In the next section, we introduce the notations used in the Dirac equation. Then
we describe the form of the spin operator and the singlet state. It allows us to de-
fine the space-dependent correlation function. After that we discuss the possibility
of experimental measurement of the space-dependent correlation function. In the
following subsections, the scheme of calculations is described, and the main result,
i.e., the correlation function for the spin 1/2 particles with relativistic corrections is
presented.

16.5 Space Dependence of the Dirac Correlation Function

We consider two spin 1/2 particles (electrons, protons) with total angular mo-
mentum 0 (the so-called singlet pairs). Let us remind some notations for a single
fermion. A fermion in the space–time is described by the Dirac equation. Further
on, we will use the coordinate realizations of the spinor as the set of functions
ψ = (ψα(x)), α = 1,2,3,4. Here x = (xμ) are the coordinates in the Minkowski
space–time, μ = 0,1,2,3, x0 = ct . The spinor satisfies the Dirac equation [111]:

(

iγ μ ∂

∂xμ
− M

)

ψ(x) = 0. (16.4)

Here M is the mass, γ μ are the Dirac matrices satisfying the condition

γ μγ ν + γ νγ μ = 2ημν

where μ, ν = 0,1,2,3, and (ημν) = diag(1,−1,−1,−1) is the Minkowski metric.
In the sequel, we use the following set of the Dirac γ matrices [111]:

γ 0 =
(

I 0
0 −I

)

, γ 1 =
(

0 σ1
−σ1 0

)

,

γ 2 =
(

0 σ2
−σ2 0

)

, γ 3 =
(

0 σ3
−σ3 0

)

,

(16.5)

where σ are the 2×2 Pauli matrices, I is the identity 2×2 matrix, and γμ is defined
by γμ = ημνγ

ν .
Let Ψ be a state vector of two particles and suppose there are two detectors in

spatial regions O1 and O2 where one makes measurements of the projection of spins
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to the direction of the unit vectors a and b, respectively. We consider the correlation
function of the form

f (O1, O2,a,b) = 〈Ψ |Spin(O1,a) ⊗ Spin(O2,b)|Ψ 〉. (16.6)

Here Spin(O1,a) is an operator describing the projection of the spin along the a-axis
in the detector O1, and similarly Spin(O2,b) for detector O2.

In EPR–Bohm model the spatial dependence is neglected, and nonrelativistic
limit is considered. In such a model, the spin projection operator is

Spin(O1,a) = σa; (16.7)

here σ = (σ1, σ2, σ3) are the Pauli matrices.
The Hilbert space for the model is just C

2 ⊗ C
2, with two basis vectors in C

2,
denoted by |0〉 and |1〉. The singlet state is

|Φ0〉 = 1√
2

(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉).

If one takes |Φ0〉 as our state vector |Ψ 〉 and the spin operator (16.7), the corre-
lation function (16.6) will be

f (O1, O2,a,b) = −ab. (16.8)

One can study the spatial dependence in the nonrelativistic case if one considers
the operators of the form

Spin(O1,a) = PO1σa,

where PO1 is the projection operator to the region O1.
We want to study the correlation function (16.6) in the relativistic case, using the

Dirac equation. Therefore, we have to define the spin operator and the entangled
singlet state in the relativistic case. In further computations, we take

Spin(O1,a) = PO1Σ · a, (16.9)

where PO1 is the projection operator to the area O1, and Σ is

Σ =
(

σ 0
0 σ

)

.

As discussed in [747], it is more rigorous instead of Σ · a to use the so-called
relativistic spin operator O · a,

O = −γ 0Σ − cγ 5 p
ε

− γ 0 c2p(Σ,p)

ε(ε + Mc2)
, (16.10)

where ε is the energy and γ5 is defined by

γ5 = −iγ0γ1γ2γ3 =
(

0 I

I 0

)

.
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The operator O is approximately equal to Σ , when

|p|
Mc

� 1,

(

a,
p

|p|
)

� 1.

The singlet state of two Dirac particles is the state with the total angular mo-
mentum equal to zero. To describe the singlet state, we shall introduce the basis of
spherical waves in the set of solutions of the Dirac equation (16.4).

An element of the basis ψεjlm is labeled by

• energy ε = √
M2c4 + P 2c2 (P 2 = ∑

i=1,2,3 p2
i )

• total angular momentum j = p × r + 1
2Σ , j2ψ = j (j + 1)ψ

• projection m of total angular momentum to the Oz axis
• parity (−1)l , l ∈ {j ± 1

2 }.
In other words, ψ is the eigenvector of the operators of energy, total angular mo-

mentum, projection of the total angular momentum, and parity with the eigenvalues
ε, j , m, and (−1)l .

The corresponding solution of (16.4) has the form [111]:

ψεjlm(r, θ,ϕ, t) = 1√
2ε

( √
ε + Mc2RPl(r)Ωjlm(θ,ϕ)

−√
ε − Mc2RPl′(r)Ωjl′m(θ,ϕ)

)

e−iεt . (16.11)

Here (r, θ,ϕ) are the spherical coordinates of x,

RPl(r) =
√

2πP

r
Jl+1/2(P r),

Jl+1/2(x) is the Bessel function, l′ = l ± 1, and

Ωl+1/2,l,m(θ,ϕ) =
⎛

⎝

√
j+m

2j
Yl,m−1/2(θ,ϕ)

√
j−m

2j
Yl,m+1/2(θ,ϕ)

⎞

⎠ , (16.12)

Ωl−1/2,l,m(θ,ϕ) =
⎛

⎝
−

√
j−m+1

2j+2 Yl,m−1/2(θ,ϕ)
√

j+m+1
2j+2 Yl,m+1/2(θ,ϕ)

⎞

⎠ (16.13)

where Ylm(θ,ϕ) is the usual spherical function. Such an Ωjlm is called the spherical
spinor.

Here are the exact forms of the important spherical spinors:

Ω 1
2 ,0, 1

2
=

(
1

2
√

π

0

)

, Ω 1
2 ,0,− 1

2
=

(
0
1

2
√

π

)

,

Ω 1
2 ,1, 1

2
=

⎛

⎝
− cos θ

2
√

π

− eiϕ sin θ
2
√

π

⎞

⎠ , Ω 1
2 ,1,− 1

2
=

⎛

⎝
− e−iϕ sin θ

2
√

π

cos θ
2
√

π

⎞

⎠ ,
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and spherical functions

Y0,0 = 1√
4π

, Y1,0 = i

√
3

4π
cos θ, Y1,±1 = ∓i

√
3

8π
e±iϕ sin θ.

One can prove, that the set of (16.11) spinors, with ε ≥ Mc2; j = 0, 1
2 ,1, 3

2 , . . . ;
m = −j,−j + 1, . . . , j ; l = j ± 1

2 , forms an orthonormal basis.
The “singlet” state with the total angular momentum J = 0 has the form:

Φαβ(x1,x2) = 1√
2

(
ψα

ε, 1
2 ,0, 1

2
(x1)ψ

β

ε, 1
2 ,0,− 1

2
(x2)

− ψα

ε, 1
2 ,0,− 1

2
(x1)ψ

β

ε, 1
2 ,0, 1

2
(x2)

)
. (16.14)

In the given form of the spin operator (16.9), the correlation function can be
represented in a more elegant way. Let us define a partial matrix element 〈〈ψ,ξ 〉〉(x)

by
〈〈ψ,ξ〉〉(x) ≡

∑

α

ψα(x)ξα(x). (16.15)

The partial matrix element
〈〈Ψ |A ⊗ B|Ψ 〉〉(x1,x2) (16.16)

is called a space-dependent correlation function of the operators A and B in the
state Ψ . One can give a physical meaning to the space-dependent correlation func-
tion. Let us denote balls with the center at the point x and radius r by Vr(x). Then,

〈〈
Ψ (x1,x2)

∣
∣A ⊗ B

∣
∣Ψ (x1,x2)

〉〉
(x1,x2)

= lim
ε→0

〈Ψ |PVε(x1)A ⊗ PVε(x2)B|Ψ 〉
(4/3πε3)2 . (16.17)

Let us define the spin correlation matrix gij by

gij (x1,x2) ≡ 〈〈Φ|Σi ⊗ Σj |Φ〉〉(x1,x2) (16.18)

where Φ is defined by (16.14), and i, j = 1,2,3.
Using the spin correlation matrix, one can obtain space-dependent correlation

function (16.16).
Thus, the spin correlation matrix is the basic object in studying the correlation

function. It is a natural generalization of the Bell’s correlation function (16.8).

16.6 Wave Packets

What can we really measure? A common answer is the following: We can obtain a
sequence of the pairs (rai, tai ), a ∈ {1,2}, i ∈ {1,2, . . . ,Na}. Here rai = ±1 is the
result of the measurement, and tai is the moment of “clicking” the detector.
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Using these data we can find all simultaneous events. Let us denote by Y [j ]
and Z[j ] the number of the j th simultaneous event in the first and second detector
sequence, so t1,Y [j ] is in some sense near t2,Z[j ]. Then, we can compute an experi-
mental value of the correlation function defined by

Kexp = 1

#Particles

∑

1<i<#simult.detected

r1,Y [i]r2,Z[i]. (16.19)

Possibly, we can omit the #Particles factor if one can prove that the measurement is
not selective, in other words, the probability of loss of the particle is independent of
the spin value. This is the subject of further discussion.

We have to measure individual events, corresponding to the single particles. Be-
fore the measurement, a particle wave function is somehow distributed, and that
distribution depends on time. Classically, we identify the center of the area, where
the wave function is distributed, with the location of the particle, and the speed of
that center with the speed of the particle. Let us denote the effective size of the wave
function by l and the number of the particles emitted in 1 second by τ−1. The term
“simultaneously” means that we have to demand the following inequality: τ � l/v.
Otherwise, the wave functions of the different particles will intersect. The singlet
wave function (16.14) is not a wave function of the single particle because the ef-
fective size of (16.14) is infinite. A particle, localized in space, can be described by
the wave packet [119]

∫

ρ(P )ΦP (x1,x2) dP,

where ρ(P ) describes the prepared entangled state, and ΦP (x1, x2) is the singlet
state with the momentum P .

How can we estimate the answer without exactly knowing ρ(P ) distribution?
We propose the following. Let the wave function be localized in the spherical layer
S(t) = {x = (r, θ,φ)|Vmint < r < Vmaxt}. Let us replace the original wave function
with

∫

ρ(P )ΦP (x1,x2) dP → NΦP0(x1,x2)χS(t),

where χS(t)(x1, x2) is the characteristic function of the area S(t), P0 is the effective
center of the wave packet in the momentum space, and we choose the factor N such
that the norm of wave function is invariant under replacement. Let us denote the
spin correlation matrix for the singlet with the momentum P by gij P (x1, x2).

Suppose detectors are localized in space areas O1 and O2, P0 is the center of the
wave packet in the momentum space, and gij P is very slow on P . Then,

Kexp ≈
∫

(O1∩S(t0))×(O2∩S(t0))

gij P0(x1,x2) dx1 dx2. (16.20)

Therefore, the exact answer for the Kexp can be obtained only with ρ(P ) distri-
bution. That distribution strongly depends on how the entangled pair was prepared.
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However, a very nice estimate is given with the (16.20) formula. Such an estimate is
based on the spin correlation matrix (16.18). We see that the relation between exper-
imentally measured quantities and correlation function is not trivial, and it should
be a subject of further discussion.

16.6.1 Calculations and Results

In the previous section, we showed that the spin correlation matrix (16.18) is
the basic object in studying the spin correlations. Here we briefly describe the
main steps in its computation. The calculation of the gij matrix proceeds in five
steps:

Step 1. Decomposing the basis wave functions ψεjlm (16.11) into the sum over P
mc

powers. We denote

ψε(P )jlm = ψPjlm. (16.21)

Then

ψPjlm =
(

ϕPjlm

χPjlm

)

=
⎛

⎜
⎝

√
ε+Mc2

2ε
RP lΩjlm

−
√

ε−Mc2

2ε
RP l′Ωjl′m

⎞

⎟
⎠ . (16.22)

Let us set ψ± = ψ
P, 1

2 ,0,± 1
2
, ϕ± = ϕ

P, 1
2 ,0,± 1

2
, and χ± = χ

P, 1
2 ,0,± 1

2
. Then,

Φ = 1√
2
(ψ+ ⊗ ψ− − ψ− ⊗ ψ+)

and

ψ± =
(

ϕ±
χ±

)

.

Step 2. Decomposing (16.18) into the sum

gij = 〈Φ|Σi ⊗ Σj |Φ〉 = 1

2

∑

A,B=±
σ(A,B)GA,B,i,j

where

σ(A,B) =
{+1, if A = B,

−1, if A �= B,

and

GA,B,i,j = 〈ψA ⊗ ψ−A|Σi ⊗ Σj |ψB ⊗ ψ−B〉
= 〈ψA|Σi |ψ−B〉〈ψ−A|Σj |ψB〉
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= (ϕ∗
AσiϕB + χ∗

AσiχB)

× (ϕ∗−Aσjϕ−B + χ∗−Aσjχ−B). (16.23)

Step 3. Denoting

Vl1,l2,A,i,B ≡ RPl1RPl2Ω
∗
1
2 ,l1,A

1
2
σiΩ 1

2 ,l2,B
1
2
.

Then

ϕ∗
AσiϕB = ε + Mc2

2ε
V0,0,A,i,B ,

χ∗
AσiχB = ε − Mc2

2ε
V1,1,A,i,B .

Step 4. Now representing gij as the sum

gij = 1

2

∑

A,B=±
σ(A,B)�A,B,i,j (16.24)

where

�A,B,i,j = 1

4

((
ε + Mc2

ε

)2

V0,0,A,i,BV0,0,−A,j,−B + ε2 − (Mc2)2

ε2

× (V1,1,A,i,BV0,0,−A,j,−B + V0,0,A,i,BV1,1,−A,j,−B)

+
(

ε − Mc2

ε

)2

V1,1,A,i,BV1,1,−A,j,−B

)

. (16.25)

Step 5. Computer calculations.

Now one can see that the calculation of gij is the direct application of formulae
(16.8), (16.12), (16.13), (16.24), and (16.25). These calculation were made using a
computer program for symbolic mathematics.

Results

Let us expand gij into the series at P/Mc:

gij = g
(0)
ij +

(
P

Mc

)2

g
(1)
ij + · · · .

We are interested in the leading term and in the first non-vanishing correction to the
leading term. To obtain correct results for higher orders one should use the opera-
tor O (16.10). Denote

R0(r) = RP 0(r), R1(r) = RP 1(r).
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Computation of g
(0)
ij

The following computation explains the correspondence with the original nonrela-
tivistic Bell’s result. Denote |+〉 = (1

0

)
, |−〉 = (0

1

)
. We have

V0,0,A,i,B = 1

4π
R2

0(r)〈A|σi |B〉,

g
(0)
ij = 1

2

∑

A,B=±
σ(A,B)V0,0,A,i,BV0,0,−A,j,−B

=
(

1

16π2 R0(r1)
2R0(r2)

2
)

1

2

∑

A,B=±
σ(A,B)〈A|σi |B〉〈−A|σj |−B〉

= 1

2

(
1

16π2
R0(r1)

2R0(r2)
2
)

(〈+|σi |+〉〈−|σj |−〉 − 〈+|σi |−〉〈−|σj |+〉

− 〈−|σi |+〉〈+|σj |−〉 + 〈−|σi |−〉〈+|σj |+〉)

=
(

1

16π2
R0(r1)

2R0(r2)
2
)

1√
2

(〈+−| − 〈−+|)σi ⊗ σj

1√
2

(|+−〉 − |−+〉).

We define Ψ0 = 1√
2
(|+−〉 − |−+〉). Then

g
(0)
ij =

(
1

16π2
R0(r1)

2R0(r2)
2
)

〈Ψ0|σi ⊗ σj |Ψ0〉

= −
(

1

16π2 R0(r1)
2R0(r2)

2
)

δij .

We obtain the non-relativistic result:

g
(0)
ij = − 1

16π2 R0(r1)
2R0(r2)

2δij . (16.26)

Computation of g
(1)
ij

We define Zij (θ,ϕ) by

1

2

∑

A,B=±
σ(A,B)V1,1,A,i,BV0,0,−A,j,−B = 1

16π2 R2
1(r1)R

2
0(r2)Zij (θ1, ϕ1).

Then, using computer computations we obtain

(
Zij (θ,ϕ)

) ≡
⎛

⎝
cos2 θ − cos 2ϕ sin2 θ − sin 2ϕ sin2 θ − cosϕ sin 2θ

− sin 2ϕ sin2 θ cos2 θ + cos 2ϕ sin2 θ − sinϕ sin 2θ

− cosϕ sin 2θ − sinϕ sin 2θ − cos 2θ

⎞

⎠ .

(16.27)
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The first order relativistic correction is

g
(1)
ij = 1

64π2

(
R2

1(r1)R
2
0(r2)Zij (θ1, ϕ1)

+ R2
0(r1)R

2
1(r2)Zij (θ2, ϕ2) + R2

0(r1)R
2
0(r2)δij

)
. (16.28)

The main result of this section is the formulae (16.27) and (16.28) for the spin
space-dependent correlation function of two relativistic entangled fermions.

One has a nontrivial dependence on angular coordinates and on the distance be-
tween particles. It would be interesting to study such dependence experimentally.

16.7 Noncommutative Spectral Theory and Local Realism

As a generalization of the previous discussion, we would like to suggest here a
general relation between the quantum theory and the theory of classical stochastic
processes [343] which expresses the condition of local realism. Let H be a Hilbert
space, ρ the density operator, and let {Aα} be a family of self-adjoint operators
in H. One says that the family of observables {Aα} and the state ρ satisfy the con-
dition of local realism if there exists a probability space (Ω, F , dρ(λ)) and a family
of random variables {ξα} such that the range of ξα belongs to the spectrum of Aα

and for any subset {Ai} of mutually commutative operators one has a representa-
tion

tr(ρAi1 · · ·Ain) = Eξi1 · · · ξin .

The physical meaning of the representation is that it describes the quantum–
classical correspondence. If the family {Aα} were a maximal commutative fam-
ily of self-adjoint operators then for pure states the previous representation could
be reduced to the von Neumann spectral theorem [540]. In our case, the fam-
ily {Aα} consists of not necessary commuting operators. Hence we will call such
a representation a noncommutative spectral representation. Of course, one can
ask for which families of operators and states a noncommutative spectral theo-
rem is valid, i.e., When can we write the noncommutative spectral representa-
tion? We need a noncommutative generalization of von Neumann’s spectral theo-
rem.

It would be helpful to study the following problem: Describe the class of func-
tions f (t1, . . . , tn) which admits the representation of the form

f (t1, . . . , tn) = Ext1 · · · ztn

where xt , . . . , zt are random processes which obey the bounds |xt | ≤ 1, . . . , |zt | ≤ 1.
From the previous discussion, we know that there are families of operators and

states which do not admit the noncommutative spectral representation, and therefore
they do not satisfy the condition of local realism. Indeed, let us take the Hilbert space
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H = C
2 ⊗ C

2 and four operators A1, A2, A3, A4 of the form (we denote A3 = B1,
A4 = B2)

A1 =
(

sinα1 cosα1
cosα1 − sinα1

)

⊗ I, A2 =
(

sinα2 cosα2
cosα2 − sinα2

)

⊗ I,

and

B1 = I ⊗
( − sinβ1 − cosβ1

− cosβ1 sinβ1

)

, B2 = I ⊗
( − sinβ2 − cosβ2

− cosβ2 sinβ2

)

.

Here operators Ai correspond to operators σ · a, and operators Bi correspond to
operators σ · b where a = (cosα,0, sinα), b = (− cosβ,0,− sinβ). Operators Ai

commute with operators Bj , [Ai,Bj ] = 0, i, j = 1,2, and one has

〈ψspin|AiBj |ψspin〉 = cos(αi − βj ), i, j = 1,2.

We know from the discussion of Bell’s theorem in Chap. 8 that this function cannot
be represented as the expected value Eξiηj of random variables with the bounds
|ξi | ≤ 1, |ηj | ≤ 1.

However, as it was discussed above, the space part of the wave function was ne-
glected in the previous consideration. We suggest that in physics one could prepare
only such states and observables which satisfy the condition of local realism. Per-
haps we should restrict ourself in this proposal to the consideration of only such
families of observables which satisfy the condition of relativistic local causality. If
there are physical phenomena which do not satisfy this proposal then it would be im-
portant to describe quantum processes which satisfy the above formulated condition
of local realism and also processes which do not satisfy this condition.

We have discussed in this section some problems in quantum information theory
which require the inclusion of space–time variables. In particular, entangled states in
space and time were considered. A modification of Bell’s equation which includes
the space–time variables will be studied more.

There are many interesting open problems in the approach to quantum informa-
tion in space and time. Some of them related to the noncommutative spectral theory
and the theory of classical stochastic processes have been discussed above.

In quantum cryptography, there are important open problems which require fur-
ther investigations. In quantum cryptographic protocols with two entangled photons
to detect the eavesdropper’s presence by using Bell’s inequality, we have to estimate
the function g(OA, OB). To increase the detectability of the eavesdropper one has
to do a thorough investigation of the process of preparation of the entangled state
and then its evolution in space and time towards Alice and Bob. One has to develop
a proof of the security of such a protocol.

In the next chapter, Eve is interpreted as an abstract hidden variable. However,
one can assume that more information about Eve is available. In particular, one can
assume that she is located somewhere in space, in a region OE . It seems one has
to study a generalization of the function g(OA, OB) which depends not only on the
Alice’s and Bob’s locations OA and OB , but also on the Eve’s location OE , and try
to find a strategy which leads to an optimal value of this function.
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16.8 Contextual Approach

A general contextual approach to the probabilistic scheme of the quantum theory
was proposed by Khrennikov in [409]. It is based on the transformation rules in-
duced by context transitions. A context is a complex of physical conditions used
for the preparation of quantum or classical states. The idea of the contextual depen-
dence of probabilistic results of observations is a very general one. It can be used
and developed in various directions. In particular, it was suggested in [797] to treat
boundary conditions for quantum mechanical differential equations as an appropri-
ate context.

A context describes a measure of idealization which we use to construct a math-
ematical model for a physical process. For example, in some approximation one
can deal with models of quantum phenomena when the spatial characteristics are
neglected as it was done by Bell in his consideration of the EPR paradox. How-
ever, if we want to speak about fundamental properties of the quantum theory then
the principal role of the space–time picture should not be overlooked. In the ax-
iomatic approach to the quantum theory after von Neumann [806], one often pos-
tulates only the formalism of a Hilbert space, its statistical interpretation, and the
abstract Schrödinger evolution equation, but without indication of the spatial prop-
erties of a quantum system. The necessity of including into the list of basic axioms
of quantum mechanics the property of covariance of the physical system under the
spatial translation and rotation and moreover under the Galilei or Poincaré group
was considered in [793].

16.8.1 Contextual Classical and Quantum Probability

The contextual probabilistic approach is nothing than a probabilistic formalization
of Bohr’s idea that the whole experimental arrangement must be taken into account.
The basic postulate of the contextual probabilistic approach to general statistical
measurements is that probability distributions for physical variables depend on com-
plexes of experimental physical conditions. Such complexes are called (experimen-
tal) contexts. Mathematically, contextualism means providing a context to an ab-
stract (e.g., Kolmogorov) probability. Mathematical formalization of the notion of
a context in the general case is a problem of large complexity. Here we use the
following definition of a quantum context.

Definition 16.4 Every family A = {A1,A2, . . .} (finite or infinite) of self-adjoint
commutative operators is said to be a quantum context.

Example 16.5 (Space–time context) Let A = {A1,A2,A3,A4} be the system of
generators of the unitary group of translations. Then A is said to be the space–time
context.
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Example 16.6 (Internal symmetry) Let G be a compact Lie group of internal sym-
metries (for example, the gauge group U(1) which describes the electric charge).
Then the generators of the unitary representation of the group G define the internal
symmetry context.

16.9 Notes

Quantum electrodynamics and more general quantum field theory is exposed in
[122, 698, 811]. Axiomatic approach to the quantum field theory is considered in
[123, 736]. Quantum optics and the Glauber correlation functions are discussed in
[505, 699, 808]. The space dependence of the correlation function for the spin 1/2
particles is studied by Roschin and Volovich [663].



Chapter 17
Quantum Cryptography

Cryptography is the art of code-making, code-breaking, and secure communication.
It has a long history of military, diplomatic, and commercial applications dating
back to ancient societies. In this chapter, an introduction to basic notions of classical
and quantum cryptography is given.

In 1976, Diffie and Hellman [202] discovered a new type of cryptosystem and in-
vented public key cryptography. In this method, the problem of key distribution was
solved. A public key cryptosystem has the property that someone who knows only
how to encipher cannot use the enciphering key to find the deciphering key without a
prohibitively lengthy computation. The best-known public key cryptosystem, RSA
[661], is widely used, and it relies on the difficulty of factoring large integers.

In the 1980s, Wiesner [818] and Bennett and Brassard [102] (their method is
called the BB84 protocol) have proposed the idea of quantum cryptography. They
used the sending of single quantum particles. The method of quantum cryptography
also can solve the key distribution problem. Moreover, it can detect the presence of
an eavesdropper. In 1991, Ekert [219] proposed using in quantum cryptography the
phenomena of entanglement and Bell’s inequalities.

Experimental quantum key distribution was demonstrated for the first time in
1989, and since then tremendous progress has been made. Several groups have
shown that quantum key distribution is possible, even outside the laboratory. In par-
ticular, the creation of a key over the distance of several dozens kilometers was
reported [288].

First, we will discuss Caesar’s cryptosystem, and then, in Sect. 17.3, the elements
of the number theory needed for cryptography are discussed. In Sect. 17.4, the pub-
lic key distribution and the RSA cryptosystem are considered. The BB84 quantum
cryptographic protocol is discussed in Sect. 17.5. Some useful notions of the mutual
information and Shannon’s entropy are included and proofs of security of the proto-
col are discussed. In Sect. 17.6, the Einstein–Podolsky–Rosen–Bell–Ekert (EPRBE)
quantum cryptographic protocol is considered. The security of the protocol is based
on Bell’s theorem describing nonlocal properties of entangled states. The impor-
tance of considering entangled states in space and time is stressed. A modification
of Bell’s equation which includes the space–time variables is given, and the problem
of security of the EPRBE protocol in real space–time is discussed.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_17, © Springer Science+Business Media B.V. 2011
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17.1 Private Key Cryptosystems

Cryptography is the art of sending messages in disguised form. We shall use the
following notions.

• Alphabet—a set of letters
• Plaintext—the message we want to send
• Ciphertext—the disguised message.

The plaintext and ciphertext are broken up into message units. A message unit might
be a single letter, a pair of letters, or a block of k letters.

An enciphering transformation is a function f from the set P of all possible
plaintext message units to the set C of all possible ciphertext units. We assume that
f is a one-to-one correspondence, f : P → C . The deciphering transformation is the
map f −1 which goes back and recovers the plaintext from the ciphertext. Schemat-
ically one has the diagram

P f→ C f −1

→ P .

Any such set-up is called a cryptosystem.

17.1.1 Julius Caesar’s Cryptosystem

Let us discuss Caesar’s cryptosystem in more detail. Suppose we use the 26-letter
Latin alphabet A,B, . . . ,Z with numerical equivalents 0,1, . . . ,25. Let the letter
x ∈ {0,1, . . . ,25} stands for a plaintext message unit. Define a function

f : {0, . . . ,25} → {0, . . . ,25}

by the rule

f (x) =
{

x + 3, if x < 23,

x + 3 − 26 = x − 23, if x ≥ 23.

In other words, f (x) ≡ x + 3 (mod 26).
To decipher a message one subtracts 3 modulo 26.

Exercise 17.1 According to the Caesar’s cryptosystem, the word “COLD” reads
“FROG”.

More generally, consider the congruence (see Sect. 17.3 about the properties of
congruences)

f (x) = x + b (mod N),
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i.e.,
{

x + b, if x < N − b,

x − (N − b) = x + b − N, if x ≥ N − b.

Here N is bigger than the cardinality of an alphabet set. In the case of Caesar’s
cryptosystem N = 26, b = 3. To decipher a message one subtracts b modulo N .

We could use a more general affine map, i.e., f (x) = ax + b (mod N). To deci-
pher a message y = ax + b (mod N) one solves for x in terms of y obtaining

x = a′y + b′ (mod N),

where a′ is the inverse of a modulo N and b′ = −a−1b (mod N). Assume a is
relatively prime to N , then there exists a−1 (see Sect. 17.3).

In this example, the enciphering function f depends upon the choice of parame-
ters a and b. The values of parameters are called the enciphering key KE = (a, b).
In order to compute f −1 (decipher), we need a deciphering key KD . In our example
KD = (a′, b′) where a′ = a−1 (mod N ) and b′ = −a−1b (mod N).

17.1.2 Symmetric Cryptosystems—DES and GOST

Suppose that the algorithm of the cryptosystem is publicly known but the keys are
kept secret. It is a private key cryptography. Examples of such cryptosystems are
Data Encryption Standard (DES), with 56-bit private key (USA, 1980) and a more
secure GOST-28147-89 which uses 256-bit key (Russia, 1989). In such cryptosys-
tems, anyone who knows an enciphering key can determine the deciphering key.
Such cryptosystems are called symmetric cryptosystems.

17.2 Public Key Cryptography and RSA Cryptosystem

First, let us define some extra notions that we will use along with ones defined in
the previous sections.

• Information channel—a way to transmit information from one endpoint to an-
other.

• Trusted channel—an information channel where it is believed that it is impossible
to eavesdrop the transmitted information. For example, military optical commu-
nication channels.

• Public channel—an information channel where the transmitted information could
be quite easily overheard. An example is the Internet.

Let us introduce our main characters: Alice, Bob, and Eve. Alice wants to send
ciphertext to Bob. Eve, the eavesdropper, wants to catch the ciphertext and break
it, i.e., decipher without knowing the deciphering key. In our scheme, in order to
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produce a ciphertext from the plaintext, Alice has to have an enciphering key. In
turn, Bob to read (decipher) the Alice’s ciphertext needs a deciphering key. If Alice
and Bob use a private key cryptosystem, i.e., a cryptosystem where enciphering and
deciphering keys could be easily produced one from another, they come to the key
distribution problem. Indeed, Alice and Bob should use a trusted channel to share
the keys.

At first glance, it seems to be impossible to get rid of the need for a secret chan-
nel. However, in 1976 Diffie and Hellman [202] discovered a new type of cryptosys-
tem called public key cryptosystem where there is no key distribution problem at all.
A public key cryptosystem has the property that having the enciphering key one can-
not find the deciphering key without a prohibitively lengthy computation. In other
words, the enciphering function f : P → C is easy to compute if the enciphering
key KE is known, but it is very hard to compute the inverse function f −1 : C → P
without knowing the deciphering key KD even having the enciphering key KE .

One of the most widely used public key cryptosystem is RSA—a cryptosystem
named after the three inventors, Ron Rivest, Adi Shamir, and Leonard Adleman
[661]. The RSA cryptosystem is based on the fact that in order to factorize a big
natural number with N digits any classical computer needs at least a number of
steps that grows faster than any polynomial in N . Honestly speaking, there is no
rigorous proof of this fact but all known factoring algorithms obey this fact.

Let us describe RSA cryptosystem in more detail. First, we describe the pro-
tocol, i.e., the steps Alice and Bob should perform in order to allow Alice send
enciphered messages to Bob. The mathematical basis of the RSA cryptosystem will
be described in the next section.

17.2.1 The RSA Protocol

The RSA protocol solves the following problem. Bob wants to announce publicly a
public key such that Alice using this key could send to him an enciphered message
and nobody but Bob would be able to decipher it.

Bob generates public and private keys—each of them is a pair of two natural
numbers, (e, n) and (d,n). Here Ke = (e, n) is the enciphering key (public) and
Kd = (d,n) is the deciphering key (private).

In order to generate public and private keys, Bob does the following:

(a) He takes any two big prime numbers p and q and computes n = pq with the
value of the Euler function ϕ(n) = (p − 1)(q − 1). In modern cryptosystems,
one uses log2 p ≈ log2 q ≈ 1000.

(b) He then takes any e < n such that gcd(e,ϕ(n)) = 1.
(c) And he computes d = e−1 (mod ϕ(n)), i.e., finds a natural number d such that

ed ≡ 1
(
mod ϕ(n)

)
, 1 ≤ d < ϕ(n). (17.1)

(d) Then Bob sends a public key (n, e) to Alice via a public channel.
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(e) Alice, having Bob’s public key (n, e) and a plaintext m (assume m is a natural
number and m < n) that she wants to send to Bob, computes

c = me (mod n),

and sends c (ciphertext) to Bob.
(f) When Bob receives c from Alice, he computes

cd (mod n),

and gets the Alice’s plaintext m because m = cd (mod n).

Nobody but Bob will be able to decipher Alice’s message as explained below.

17.2.2 Mathematical Basis of the RSA Protocol

In this section, we will show why the RSA cryptosystem works. Then we will dis-
cuss the security of the protocol, i.e., how hard it is for Eve, the eavesdropper, to
decipher the Alice’s message without knowing the private key.

In order to prove that RSA cryptosystem works, we have to prove that the compu-
tations that Bob does in the step (f) of the protocol is the inverse to the computations
that Alice does in the step (e). That is,

cd ≡ m (mod n).

From (17.1), we have

ed = 1 + kϕ(n), k ∈ Z.

We have

cd = med = m · mkϕ(n). (17.2)

Finally, using the Euler’s theorem for the r.h.s. of (17.2), we obtain

cd ≡ m (mod n).

Now let us investigate the security of the RSA cryptosystem. At first glance, it
seems to be rather straightforward for Eve to obtain the Bob’s private key having his
public key. The only thing she has to do is, having n and e, to solve the congruence
and find d

ed ≡ 1
(
mod ϕ(n)

)
, 1 ≤ d < ϕ(n).

The problem that Eve faces here is computing ϕ(n). To this end, she has to know
p and q , i.e., she has to solve the factoring problem. The practical solution of this
problem is not possible with modern technology since factoring large numbers take
too much time. For a discussion of this problem, see, for example [793].
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17.3 Entropic Uncertainty Relations

The fundamental Heisenberg uncertainty relation is a particular case of the Robert-
son inequality

Δ(A,ψ)Δ(B,ψ) ≥ 1

2

∣
∣
〈
ψ, [A,B]ψ 〉∣

∣,

where A and B are two observables and

Δ(A,ψ) =
√

〈
ψ,

(
A − 〈ψ,Aψ〉)2

ψ
〉
.

Here we discuss a generalization of the uncertainty relation which uses the notions
of entropy and mutual entropy. The quantum entropy of an observable A in the state
ρ is given by

S(A,ρ) = −
∑

i

p(i, ρ) log2 p(i, ρ), (17.3)

where p(·, ρ) is the probability distribution of an observable A in the state ρ. That
is, for the spectral decomposition of A, A = ∑

i aiPi , p(i, ρ) is trρPi . If the state
ρ is pure, i.e., ρ = |ϕ〉〈ϕ|, and Pi is one-dimensional, Pi = |ξi〉〈ξi |, where ϕ and ξi

are unit vectors in a Hilbert space, one can rewrite (17.3) as

S(A,ϕ) = −
∑

i

∣
∣〈ξi, ϕ〉∣∣2

log2

∣
∣〈ξi, ϕ〉∣∣2

. (17.4)

Theorem 17.2 For any nondegenerate observables A and B in a finite dimensional
Hilbert space the entropic uncertainty relation holds [493, 578]:

S(A,ρ) + S(B,ρ) ≥ −2 log2 c, (17.5)

where c is defined as the maximum possible overlap of the eigenstates of A and B ,

c ≡ max
a,b

∣
∣〈a, b〉∣∣. (17.6)

Here {|a〉} and {|b〉} are orthonormal bases consisting of the eigenvectors of A

and B , respectively.

One can check that for any nondegenerate observable A in an N -dimensional
Hilbert space there exists an upper bound on the entropy

S(A,ρ) ≤ log2 N. (17.7)

Let us illustrate the entropic uncertainty relation on a simple spin 1
2 particle.

Taking the Pauli matrices

σx =
(

0 1
1 0

)

, σz =
(

1 0
0 −1

)

(17.8)
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as observables with eigenstates

h1 = 1√
2

(
1
1

)

, h2 = 1√
2

(
1

−1

)

, e1 =
(

0
1

)

, e2 =
(

1
0

)

, (17.9)

we compute c = 1/
√

2. Now taking 2 as the base of the logarithm, the relation (17.5)
states that for any unit vector ϕ ∈ C

2,

∑

i=1,2

(∣
∣〈ei, ϕ〉∣∣2 log2

∣
∣〈ei, ϕ〉∣∣2 + ∣

∣〈hi, ϕ〉∣∣2 log2

∣
∣〈hi, ϕ〉∣∣2) ≤ −1. (17.10)

Now we will formulate the uncertainty relation using the mutual entropy. Con-
sider a quantum system which is described by a density operator ρi with probabil-
ity pi . Then the density operator of the whole ensemble E = {ρi} of all possible
states of the system is given by

ρ =
∑

i

piρi.

The mutual information corresponding to a measurement of an observable A is
given by

I (A, E ) = S(A,ρ) −
∑

i

piS(A,ρi).

From (17.5), using (17.7) one can obtain the following theorem (information
exclusion relation [313]).

Theorem 17.3 Let A and B be arbitrary observables in an N -dimensional Hilbert
space, then

I (A, E ) + I (B, E ) ≤ 2 log2 Nc,

where c is defined by (17.6).

Remark 17.4 The proofs of the above two theorems are just common computation
at the level of the classical theory of entropy, so that we leave them as exercises for
the readers.

17.4 No-cloning Theorem

The eavesdropper, Eve, wants to have a perfect copy of Alice’s message. However,
Wootters and Zurek [821] proved that perfect copying is impossible in the quantum
world.

It is instructive to start with the following:
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Proposition 17.5 If H is a Hilbert space and φ0 is a vector from H then there is
no a linear map M : H ⊗ H → H ⊗ H with the property M(ψ ⊗ φ0) = ψ ⊗ ψ for
any ψ .

Proof Indeed, we would have

M(2ψ ⊗ φ0) = 2ψ ⊗ 2ψ = 4ψ ⊗ ψ.

But because of linearity, we should have

M(2ψ ⊗ φ0) = 2M(ψ ⊗ φ0) = 2ψ ⊗ ψ.

This contradiction proves the claim. �

Now let us prove the no-cloning theorem.

Theorem 17.6 Let H and K be two Hilbert spaces, dim H ≥ 2. Let M be a linear
map (copy machine)

M : H ⊗ H ⊗ K → H ⊗ H ⊗ K
with the property

M(ψ ⊗ φ0 ⊗ ξ0) = ψ ⊗ ψ ⊗ ηψ

for any ψ ∈ H and some nonzero vectors φ0 ∈ H and ξ0 ∈ K where ηψ ∈ K can
depend on ψ . Then M is a trivial map, M = 0 (i.e., ηψ = 0 for any ψ ).

Proof Let {ei} be an orthonormal basis in H. We have

M(ei ⊗ φ0 ⊗ ξ0) = ei ⊗ ei ⊗ ηi

where ηi are some vectors in K. To prove the theorem, we prove that ηi = 0. If
i 
= j then (ei + ej )/

√
2 is a unit vector (here we use that dim H ≥ 2). We have the

equality

1√
2
(ei + ej ) ⊗ φ0 ⊗ ξ0 = 1√

2
ei ⊗ φ0 ⊗ ξ0 + 1√

2
ej ⊗ φ0 ⊗ ξ0.

Let us apply the map M to both sides of this equality. Then we get

1√
2
(ei + ej ) ⊗ 1√

2
(ei + ej ) ⊗ ηij = 1√

2
ei ⊗ 1√

2
ei ⊗ ηi + 1√

2
ej ⊗ 1√

2
ej ⊗ ηj

(17.11)
where ηij is a vector in K. We can rewrite (17.11) as

ei ⊗ ei ⊗ (ηij − ηi) + ei ⊗ ej ⊗ ηij + ej ⊗ ei ⊗ ηij + ej ⊗ ej ⊗ (ηij − ηj ) = 0.

Now taking into account that ei and ej belong to a basis in H, we get

ηij − ηi = 0, ηij = 0, ηij − ηj = 0.

Hence ηi = 0 for any i, and the theorem is proved. �
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Remark 17.7 If dim H = 1, i.e., H = C, then Theorem 17.6 is not valid. For φ0 = 1
and ψ ∈ C one can set M(ψξ0) = ψξ0 = ψ2ηψ where ηψ = ξ0/ψ for ψ 
= 0.

We proved that Eve cannot get a perfect quantum copy because perfect quantum
copy machines cannot exist. The possibility to copy classical information is one
of the most crucial features of information needed for eavesdropping. The quan-
tum no-cloning theorem prevents Eve from perfect eavesdropping, and hence makes
quantum cryptography potentially secure.

Note, however, that though there is no perfect quantum cloning machine, there
are cloning machines that achieve the optimal approximate cloning transformation
compatible with the no-cloning theorem, see [155, 287].

17.5 The BB84 Quantum Cryptographic Protocol

Quantum cryptographic protocols differ from the classical ones in that their security
is based on the laws of quantum mechanics, rather than the conjectured computa-
tional difficulty of certain functions. In this section, we will describe the Bennett
and Brassard (BB84) quantum cryptographic protocol [102].

17.5.1 The BB84 Protocol

First, let us describe the physical devices used by Alice and Bob.
Alice has a photon emitter—a device which is capable to emit single photons that

are linearly polarized in one of four directions. The polarizations are described by
the four unit vectors in C

2 here they are e1, e2, h1, h2 given in (17.9). We will call
the polarizations vertical, horizontal, diagonal, and anti-diagonal, and denote them
respectively ( | , — , � , � ). We have two bases in C

2. One basis, Gz = {e1, e2},
describes the vertical and horizontal polarizations. Another basis, Gx = {h1, h2},
describes the diagonal and anti-diagonal polarizations. Note that one has

∣
∣(ei, hj )

∣
∣ = 1/

√
2, i, j = 1,2. (17.12)

Bases with such a property are called conjugate. Note also that the vectors e1, e2

from the basis Gz and h1, h2 from the basis Gx are the eigenvectors of the Pauli
matrices σz and σx , respectively; see (17.8).

Bob has a photon detector—a device that detects single photons in one of the
two bases.

Alice can send photons emitted by the photon emitter to Bob, and Bob detects
the photons with the photon detector.
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The Protocol

1. Alice chooses a random polarization basis and prepares photons with a random
polarization that belongs to the chosen basis. She sends the photons to Bob.

2. For each photon, Bob chooses at random which polarization basis he will use,
and measures the polarization of the photon. (If Bob chooses the same basis as
Alice, he can identify the polarization of the photon for sure.)

3. Alice and Bob use the public channel to compare the polarization bases they
used. They keep only the polarization data for which the polarization bases are
the same. In the absence of errors and eavesdropping, these data should be the
same on both sides, it is called a raw key.

4. At the last step, Alice and Bob use methods of classical information theory to
check whether their raw keys are the same. For example, they choose a random
subset of the raw key and compare it using a public channel. They compute the
error rate D (that is, the fraction of data for which their values disagree). If the
error rate is unreasonably high—above, say, 10%—they abort the protocol and
maybe try it again later. If the error rate is not that high they could use error
correction codes.

As a result of the protocol Alice and Bob share the same random data. This data
could now be used as a private key in the symmetric cryptosystems.

Instead of polarized photons one can use any two-level quantum system. One can
consider also a generalized quantum key distribution protocol using a d-dimensional
Hilbert space with k bases, each basis having d states [88, 128, 141, 154].

17.5.2 The Security of BB84

In transmitting information, there are always some errors, and Alice and Bob must
apply some classical information processing protocols to improve their data. They
can use error correction to obtain identical keys and privacy amplification to obtain
a secret key. To solve the problem of eavesdropping, one has to find a protocol,
which assuming that Alice and Bob can only measure the error rate of the received
data, either provides Alice and Bob with a secure key, or aborts the protocol and
tells the parties that the key distribution has failed. There are various eavesdropping
problems, depending in particular on the technological power which Eve could have
and on the assumed fidelity of Alice and Bob’s devices, [155, 274, 288].

There is a simple eavesdropping strategy, called intercept–resend. Eve measures
each qubit in one of the two basis and resends to Bob a qubit in the state corre-
sponding to the result of her measurement. This attack belongs to the class of the
so-called individual attacks. In this way, Eve will get 50% information. However,
Alice and Bob can detect the actions of Eve because they will have 25% of errors in
their sifted key. But it would be not so easy to detect eavesdropping if Eve applies
the intercept–resend strategy to only a fraction of the Alice’s sending.
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In this case, one can use methods of classical cryptography. We suppose that once
Alice, Bob, and Eve have made their measurements, they will get classical random
variables α,β and ε respectively, with a joint probability distribution p(x, y, z). Let
I (α,β) be the mutual information of Alice and Bob, and I (α, ε) and I (β, ε) the
mutual information of Alice and Eve and Bob and Eve, respectively. Intuitively, it
is clear that only if Bob has more information on Alice’s bits than Eve then it could
be possible to establish a secret key between Alice and Bob. In fact, one can prove
(see [185, 288]) the following:

Theorem 17.8 Alice and Bob can establish a secret key (using error correction and
privacy amplification) if and only if

I (α,β) ≥ I (α, ε) or I (α,β) ≥ I (β, ε).

Let D be the error rate. Then one can prove that the BB84 protocol is secure
against individual attacks if one has the following bound

D < D0 ≡ 1 − 1/
√

2

2
≈ 15%.

More general coherent or joint attacks when Eve measures several qubits simulta-
neously have also been discussed. An important problem of the eavesdropping anal-
ysis is to find quantum cryptosystems for which one can prove its ultimate security.
Ultimate security means that the security is guaranteed against the whole class of
eavesdropping attacks, even if Eve uses any conceivable technology of the future.

We assume that Eve has perfect technology which is only limited by the laws of
quantum mechanics. This means she can use any unitary transformation between
any number of qubits and an arbitrary auxiliary system. But Eve is not allowed to
come to Alice’s lab and read all her data.

17.5.3 Ultimate Security Proofs

The main ideas of how to prove the security of the BB84 protocol were presented
by Mayers [515] in 1996. The security issues were considered in recent papers [117,
141, 488, 514, 515, 714, 835]. We describe here a simple and general method pro-
posed in [128, 154, 288]. The method is based on Theorem 17.8 from Sect. 17.5.2
on classical cryptography and on Theorem 17.3 from Sect. 17.3 on information un-
certainty relations.

The argument runs as follows. Suppose Alice sends out a large number of qubits
and Bob receives n of them in the correct basis. The relevant Hilbert space dimen-
sion is then 2n. Let us relabel the bases used for each of the n qubits in such a way
that Alice used n times the x-basis. Hence, Bob’s observable is the n-time tensor
product σx ⊗· · ·⊗ σx . Since Eve had no way to know the correct bases, her optimal
information on the correct ones is precisely the same as her optimal information on
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the incorrect ones. Hence one can bound her information assuming she measures
σz ⊗ · · · ⊗ σz. Therefore, c = 2−n/2 and Theorem 17.3 from Sect. 17.3 implies:

I (α, ε) + I (α,β) ≤ 2 log2
(
2n2−n/2) = n. (17.13)

Next, combining the bound (17.13) with Theorem 17.8 from Sect. 17.5.2, one de-
duces that a secret key is achievable if I (α,β) ≥ n/2. Using

I (α,β) = n
(
1 − D log2 D − (1 − D) log2(1 − D)

)
,

one obtains the sufficient condition on the error rate D:

−D log2 D − (1 − D) log2(1 − D) ≤ 1

2
,

which implies D ≤ 0.11. This bound was obtained in Mayers proof (after an im-
provement by Shor and Preskill [714]). It is compatible with the 15% bound found
for individual attacks.

One can argue, however, that previous arguments lead, in fact, to another result:
c = 2−n/4. Indeed, Bob’s observable is the n-time tensor product σx ⊗ · · · ⊗ σx .
Now, since Eve had no way to know the correct basis, it was assumed that she
measures σz ⊗ · · · ⊗ σz. However, it seems that if Eve does not know the correct
basis then her observables σi will be complementary observables to σx only in a
half of the cases. In the other half of cases, her observables σi will be the same as
Bob’s, i.e., σx . Therefore, one gets: c = (1/

√
2)n/2 = 2−n/4. This leads to a lower

error rate, instead of 11% one gets 4%.

17.6 The EPRBE Quantum Cryptographic Protocol

17.6.1 Quantum Nonlocality and Cryptography

Bell’s theorem [95] states that there are quantum correlation functions that cannot be
represented as classical correlation functions of separated random variables. It has
been interpreted as incompatibility of the requirement of locality with the statistical
predictions of quantum mechanics [95]. For a recent discussion of Bell’s theorem
see, for example, [48, 791] and references therein. It is now widely accepted, as
a result of Bell’s theorem and related experiments, that “local realism” must be
rejected.

Bell’s theorem constitutes an important part in quantum cryptography [219]. It is
now generally accepted that techniques of quantum cryptography can allow secure
communications between distant parties. The promise of some secure cryptographic
quantum key distribution schemes is based on the use of quantum entanglement in
the spin space and on quantum no-cloning theorem. An important contribution of
quantum cryptography is a mechanism for detecting eavesdropping.
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Let us stress that the very formulation of the problem of locality in quantum me-
chanics is based on ascribing a special role to the position in the ordinary three-
dimensional space. However, the space dependence of the wave function is ne-
glected in many discussions of the problem of locality in relation to Bell’s inequal-
ities. Actually, it is the space part of the wave function which is relevant to the
consideration of the problem of locality.

It was pointed out in [790] that the space part of the wave function leads to an
extra factor in quantum correlation which changes the Bell’s equation. A criterion
of locality (or nonlocality) of quantum theory in a realist model of hidden variables
was suggested. In particular, predictions of quantum mechanics can be consistent
with Bell’s inequalities for some Gaussian wave functions.

If one neglects the space part of the wave function in a cryptographic scheme
then such a scheme could be insecure in the real three-dimensional space.

We will discuss how one can try to improve the security of quantum cryptogra-
phy schemes in space by using a special preparation of the space part of the wave
function, see [791].

17.6.2 Bell’s Inequality and Localized Detectors

It was shown in the previous chapter that if one takes into account the space part
of the wave function then the quantum correlation in the simplest case will take the
form g cos(α − β) instead of just cos(α − β) where the parameter g describes the
location of the system in space and time. In this case, one can get the representation
[790]

g cos(α − β) = E(ξαηβ), (17.14)

if g is small enough (see below). The factor g gives a contribution to visibility or ef-
ficiency of detectors that are used in the phenomenological description of detectors.

In the previous section, the space part of the wave function of the particles was
neglected. However, exactly the space part is relevant to the discussion of locality.
The complete wave function is ψ = (ψαβ(r1, r2)) where α and β are spinor indices
and r1 and r2 are vectors in the three-dimensional space.

We suppose that Alice and Bob have detectors which are located within the two
localized regions OA and OB , respectively, well separated from one another.

Quantum correlation describing the measurements of spins by Alice and Bob at
their localized detectors is

G(a, OA,b, OB) = 〈ψ |σ · aPOA
⊗ σ · bPOB

|ψ〉, (17.15)

where PO is the projection operator onto the region O.
As we discussed in the previous chapter, consider the case when the wave

function has the form of the product of the spin function and the space function
ψ = ψspinφ(r1, r2). Then one has

G(a, OA,b, OB) = g(OA, OB)Dspin(a, b), (17.16)
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where the function

g(OA, OB) =
∫

OA×OB

∣
∣φ(r1, r2)

∣
∣2

dr1 dr2 (17.17)

describes the correlation of particles in space. It is the probability to find one particle
in the region OA and another particle in the region OB . One has

0 ≤ g(OA, OB) ≤ 1. (17.18)

Remark 17.9 In the relativistic quantum field theory, there is no nonzero strictly
localized projection operator that annihilates the vacuum. It is a consequence of the
Reeh–Schlieder theorem. Therefore, apparently, the function g(OA, OB) should be
always strictly smaller than 1.

Now one inquires whether one can write the representation

g(OA, OB)Dspin(a, b) =
∫

ξ(a, OA,λ)η(b, OB,λ)dρ(λ). (17.19)

Note that if we are interested in the conditional probability of finding the projec-
tion of spin along vector a for the particle 1 in the region OA and the projection of
spin along the vector b for the particle 2 in the region OB then we have to divide
both sides of (17.19) by g(OA, OB). The factor g was written as (see Chap. 15) for
0 ≤ g ≤ 1/2:

g cos(α − β) =
∫ 2π

0

√
2g cos(α − λ)

√
2g cos(β − λ)

dλ

2π
. (17.20)

Let us now apply these considerations to quantum cryptography.

17.6.3 The EPRBE Quantum Key Distribution

Ekert [219] showed that one can use the Einstein–Podolsky–Rosen correlations to
establish a secret random key between two parties (“Alice” and “Bob”). Bell’s in-
equalities are used to check the presence of an intermediate eavesdropper (“Eve”).
We will call this method the Einstein–Podolsky–Rosen–Bell–Ekert (EPRBE) quan-
tum cryptographic protocol. There are two stages to the EPRBE protocol: the first
stage over a quantum channel, the second over a public channel.

The quantum channel consists of a source that emits pairs of spin 1/2 parti-
cles in a singlet state. The particles fly apart towards Alice and Bob, who, after
the particles have separated, performs measurements on spin components along one
of three directions, given by unit vectors a and b. In the second stage, Alice and
Bob communicate over a public channel. They announce in public the orientation
of the detectors they have chosen for particular measurements. Then they divide the
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measurement results into two separate groups: the first group for which they used
different orientation of the detectors, and the second group for which they used the
same orientation of the detectors. Now Alice and Bob can reveal publicly the results
they obtained but within the first group of measurements only. This allows them,
by using Bell’s inequality, to establish the presence of an eavesdropper (Eve). The
results of the second group of measurements can be converted into a secret key. One
supposes that Eve has a detector which is located within the region OE and she is
described by hidden variables λ.

We will interpret Eve as a hidden variable in a realist theory and will study
whether the quantum correlation (17.16) can be represented in the form (17.15).
From (17.15), (17.18), and (17.19), one can see that if the following inequality

g(OA, OB) ≤ 1/
√

2, (17.21)

is valid for regions OA and OB which are well separated from one another then
there is no violation of the CHSH inequalities (17.10), and therefore Alice and Bob
cannot detect the presence of an eavesdropper. On the other side, if for a pair of well
separated regions OA and OB one has

g(OA, OB) > 1/
√

2, (17.22)

then it could be a violation of the realist locality in these regions for a given state.
Then, in principle, one can hope to detect an eavesdropper in these circumstances.

Note that if we set g(OA, OB) = 1 in (17.19) as it was done in the original proof
of Bell’s theorem, then it means we did a special preparation of the states of particles
to be completely localized inside of detectors. There exist such well localized states
(see, however, the previous remark) but there exist also another states, with the wave
functions which are not very well localized inside the detectors, and still particles in
such states are also observed in detectors. The fact that a particle is observed inside
the detector does not mean, of course, that its wave function is strictly localized
inside the detector before the measurement. Actually one has to perform a thorough
investigation of the preparation and the evolution of our entangled states in space
and time if one needs to estimate the function g(OA, OB).

17.6.4 Gaussian Wave Functions

Now let us consider the criterion of locality for Gaussian wave functions. We will
show that with a reasonable accuracy there is no violation of locality in this case.
Let us take the wave function φ of the form φ = ψ1(r1)ψ2(r2) where the individual
wave functions have the moduli

∣
∣ψ1(r)

∣
∣2 =

(
m2

2π

)3/2

e−m2r2/2,
∣
∣ψ2(r)

∣
∣2 =

(
m2

2π

)3/2

e−m2(r−l)2/2. (17.23)



456 17 Quantum Cryptography

We suppose that the length of the vector l is much larger than 1/m. We can make
measurements of POA

and POB
for any well separated regions OA and OB . Let

us suppose a rather unfavorable case for the criterion of locality when the wave
functions of the particles are almost localized inside the regions OA and OB , re-
spectively. In such a case, the function g(OA, OB) can take values near its maxi-
mum. We suppose that the region OA is given by |ri | < 1/m, r = (r1, r2, r3), and
the region OB is obtained from OA by translation on l. Hence ψ1(r1) is a Gaussian
function with modules appreciably different from zero only in OA, and similarly
ψ2(r2) is localized in the region OB . Then we have

g(OA, OB) =
(

1√
2π

∫ 1

−1
e−x2/2 dx

)6

. (17.24)

One can estimate (17.24) as

g(OA, OB) <

(
2

π

)3

, (17.25)

which is smaller than 1/2. Therefore, the locality criterion (17.21) is satisfied in this
case.

Let us remind that there is a well known effect of expansion of wave packets
due to the free time evolution. If ε is the characteristic length of the Gaussian wave
packet describing a particle of mass M at time t = 0 then at time t the characteristic
length εt will be

εt = ε

√

1 + �2t2

M2ε4 . (17.26)

It tends to (�/Mε)t as t → ∞. Therefore, the locality criterion is always satisfied
for nonrelativistic particles if regions OA and OB are far enough from each other.

In quantum cryptography there are many interesting open problems which re-
quire further investigations. In quantum cryptographic protocols with two entangled
photons (such as the EPRBE protocol) to detect the eavesdropper’s presence by
using Bell’s inequality, we have to estimate the function g(OA, OB). In order to in-
crease the detectability of the eavesdropper, one has to do a thorough investigation
of the process of preparation of the entangled state and then its evolution in space
and time towards Alice and Bob. One has to develop a proof of the security of such
a protocol.

In the previous section, Eve was interpreted as an abstract hidden variable. How-
ever, one can assume that more information about Eve is available. In particular, one
can assume that she is located somewhere in space in a region OE . It seems that one
has to study a generalization of the function g(OA, OB), which depends not only on
the Alice and Bob locations OA and OB but also on Eve’s location OE . Then one
can try to find a strategy which leads to an optimal value of this function.

In quantum cryptographic protocols with single photons (such as the BB84 pro-
tocol), further investigation of the security under various types of attacks, including
attacks from real space, would be desirable.
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17.7 Notes

Public key distribution was proposed by Diffie and Hellman in 1976 [202]. The
widely used public key distribution RSA was proposed in [661]. The no-cloning
theorem was discussed by Wootters and Zurek [821]. The idea of quantum cryptog-
raphy was proposed by Wiesner [818]. The BB84 protocol was proposed by Bennett
and Brassard [102]. Nambu et al. experimentally demonstrated the BB84 protocol
[542]. Ekert proposed the QKD protocol with EPR nonlocality [219]. Other proto-
cols of quantum key distribution were discussed in B92 [103], DPS-QKD (Differ-
ential Phase Shift-Quantum Key Distribution) [361, 362] and BBM92 [104]. Yuen
proposed a protocol of classical key distribution with a quantum state [827]. The
presentation of this chapter uses [792]. Quantum cryptography in real space was
considered by Volovich [791, 792]. A general mathematical approach to quantum
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Chapter 18
Quantum Teleportation

In quantum communication theory, one looks for the most efficient way to code
information and construct a physical device (channel) in order to send information
as completely as possible. There “quantum” means that we code information by
quantum states and send it through a properly designed quantum device. If one can
send any quantum state from an input system to an output system as it is, then it will
be an ultimate way of information transmission. Such an ultimate method is not only
ultimate for information transmission but also considered to enable sending matter
existing in real world to other place without destroying itself which was a dream as
in science fiction. In this chapter some protocols for quantum teleportation of states
are discussed.

Although it needs an assumption that quantum mechanics can describe all as-
pects of existence in our world, it is in quantum teleportation that we can discuss
such an ultimate communication system. More precisely, quantum teleportation is
to send a quantum state itself containing all information of a certain system from
one place to another. The problem of quantum teleportation is whether there exist
a physical device and a key (or a set of keys) by which a quantum state attached to
a sender (Alice) is completely transmitted, and a receiver (Bob) can reconstruct the
state sent by Alice. It has been considered that such a teleportation would not be re-
alistic because usual quantum state contains information which cannot be observed
simultaneously. Bennett, Brassard, Crepeau, Jozsa, Peres, and Wootters (BBCJPW)
showed that such a teleportation is possible by means of a device (channel) made
from proper entangled states (i.e., Einstein, Podolsky and Rosen (EPR), see Chap. 8)
of Bell’s basis. The basic idea behind their discussion is to divide the information
encoded in the state into two parts, classical and quantum, and send them through
different channels, a classical channel and an EPR channel. The classical channel is
nothing but a simple correspondence between the sender and the receiver, and the
EPR channel is constructed by using a certain entangled state. However, the EPR
channel is not so stable due to decoherence. Fichtner and Ohya studied the quantum
teleportation by means of general beam splitting processes so that it contains the
EPR channel, and they constructed a more stable teleportation process with coher-
ent entangled states.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_18, © Springer Science+Business Media B.V. 2011
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In Sect. 18.1 of this chapter, we discuss the channel expression of quantum tele-
portation. In Sect. 18.2, we explain original treatment of quantum teleportation done
by Bennett et al. within the channel expression. In Sect. 18.3, the weak type of quan-
tum teleportation and the uniqueness of the set of keys given to Bob are discussed.
In Sect. 18.4 and Sect. 18.5, we discuss a general treatment of quantum teleportation
process in bosonic Fock space with basic techniques of beam splitting processes, of-
ten used in usual quantum communication. In Sect. 18.6, we present a calculation of
fidelity with respect to the teleportation model using the beam splitter. In Sect. 18.7,
we discuss a continuous teleportation model based on a paper by Braunstein and
Kimble and some related mathematics. Finally, we close this chapter with a new
scheme of the quantum teleportation due to Kossakowski and Ohya [444], where
the teleportation channel is always linear, and perfect (complete) teleportation is
possible for non-maximally entangled states.

18.1 Channel Expression of Quantum Teleportation

As was discussed in Chap. 6, we have to prepare at least two dynamical systems,
input and output, for information transmission. Since every system can be described
by a state, it is important to know the relation between the input state and the output
state for the study of information transmission. Such a relation is described by a
channel bridging between two systems, namely, providing the state change in the
course of information transmission.

In the classical communication theory, a state of input or output system is de-
scribed by a probability distribution (or measure), so that a channel causes a change
of this probability distribution. On the other hand, in quantum communication
theory, a state of input or output system should be described by a certain non-
commutative state (quantum state) such as a density operator or a positive normal-
ized linear functional, more generally. Here we restrict our discussion to the former
case, the case of density operators.

We need three separable Hilbert spaces H1, H2, and H3. H1 and H2 are attached
to Alice, and H3 is attached to Bob. Let B(Hi ) (i = 1,2,3) be the set of all bounded
linear operators on Hi , and let S(Hi ) be the set of all states (density operators) on
the Hilbert spaces Hi .

The goal of quantum teleportation is to faithfully send a state from Alice to Bob,
the state being unknown to Alice. The quantum teleportation was studied by Bennett
et al. and its a bit more general scheme is expressed in the following steps: Alice
is provided with a device expressed by the set of projections {F(12)

k } in her Hilbert
space H1 ⊗ H2 and Bob is provided with a set of unitary keys {Uk}.
Step 0. Alice has an unknown to her quantum state ρ(1) (on the Hilbert space H1)

and she was asked to teleport it to Bob.
Step 1. Prearrange a state σ (23) ∈ S(H2 ⊗ H3) having a certain correlation be-

tween Alice and Bob, which is an entangled state between two systems H2
and H3.
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Step 2. Prepare the set of projections {F (12)
k } and an observable F(12) ≡∑k λkF

(12)
k

(k �= j ⇒ λk �= λj ) on a tensor product Hilbert space (system) H1 ⊗ H2.
Alice performs the joint measurement of the observable F(12), and she ob-
tains the outcome λk .

Step 3. After the measurement by Alice, Bob obtained a state ρ(3) due to the reduc-
tion of wave packet and he is informed which outcome λk was obtained by
Alice. This information is completely transmitted from Alice to Bob with-
out disturbance (for instance, by telephone).

Step 4. Bob reconstructs ρ(1) from ρ(3) by using the key Uk which corresponds to
the outcome λk Bob got from Alice in the above Step 3.

The above steps can be exhibited by a channel Λ∗
k : S(H1) → S(H3) con-

structed by the following three maps (channels):

1. γ ∗ : S(H1) → S(H1 ⊗ H2 ⊗ H3),

γ ∗(ρ(1)
)= ρ(1) ⊗ σ (23) ∀ρ(1) ∈ S(H1).

This channel γ expresses a coupling of an initial state ρ(1) with the entangled
state σ (23).

2. π∗
k : S(H1 ⊗ H2 ⊗ H3) → S(H1 ⊗ H2 ⊗ H3) is a state change describing the

nonclassical effect of the teleportation determined by such as Alice’s measure-
ment.

Since F
(12)
k is a projection (Alice’s measurement) on H1 ⊗ H2, that is, F (12)

k =
(F

(12)
k )∗ = (F

(12)
k )2, the map π∗

k : S(H1 ⊗ H2 ⊗ H3) → S(H1 ⊗ H2 ⊗ H3) is
given by

π∗
k

(
ρ(123)

)= 1

L

(
F

(12)
k ⊗ I (3)

)
ρ(123)

(
F

(12)
k ⊗ I (3)

)
,

∀ρ(123) ∈ S(H1 ⊗ H2 ⊗ H3).

Here L = tr123(F
(12)
k ⊗ I (3))ρ(123)(F

(12)
k ⊗ I (3)).

3. a∗ : S(H1 ⊗ H2 ⊗ H3) → S(H3),

ρ(3) = a∗(ρ(123)
)= tr12 ρ(123), ∀ρ(123) ∈ S(H1 ⊗ H2 ⊗ H3).

This channel a∗ represents a reduction from the state ρ(123) to Bob’s state ρ(3)

after the Alice’s measurement, where tr12 is the partial trace with respect to H1 ⊗
H2.

4. In the teleportation scheme, there exists a unitary channel u∗
k : S(H3) → S(H1),

u∗
k

(
ρ(3)
)= Ukρ

(3)U∗
k ∀ρ(3) ∈ S(H3).

u∗
k is Bob’s unitary operator (key) corresponding to Alice’s measurement F

(12)
k .

Therefore, we obtain the channel Λ∗
k : S(H1) → S(H3)

Λ∗
k = a∗ ◦ π∗

k ◦ γ ∗,
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or more concretely,

Λ∗
kρ

(1) = tr12 π∗
k

(
ρ(1) ⊗ σ (23)

)
, ∀ρ(1) ∈ S(H1),

where the subscript “k” means that the channel Λ∗
k depends on the choice of Alice’s

measurement F
(12)
k .

Thus, the whole teleportation channel Λ∗
k : S(H1) → S(H3) is written as

Λ∗
kρ

(1) ≡ tr12

[
(F

(12)
k ⊗ I (3))(ρ(1) ⊗ σ (23))(F

(12)
k ⊗ I (3))

tr123(F
(12)
k ⊗ I (3))(ρ(1) ⊗ σ (23))(F

(12)
k ⊗ I (3))

]

, ∀ρ(1) ∈ S(H1).

Note that this channel is sometimes called the von Neumann–Lüders projection pos-
tulate, and Λ∗

k is nonlinear unless the entangled state σ and the projection Pα are
maximally entangled (see Sect. 18.3).

The quantum teleportation is stated as follows:

Definition 18.1 Quantum teleportation is realized if there exist the set of operators
{F (12)

k } on H1 ⊗ H2, an entangled state σ (23) on H2 ⊗ H3, and the set of keys {Uk}
such that UkΛ

∗
kρ

(1)U∗
k = ρ(1) for any state ρ(1) in H1 and Λ∗

k above.

When such teleportation is realized, the state ρ(3) transferred to Bob from Alice
is unitarily equivalent to the original state ρ(1) sent by Alice, so that all information
stored in ρ(1) is completely transmitted to Bob; I (ρ(1);Λ∗

k) = S(ρ(1)) = S(ρ(3)) for
any k.

18.2 BBCJPW Model of Teleportation

In this section, we will notice that the original BBCJPW (Bennett, Brassard,
Crepeau, Jozsa, Peres and Wootters) scheme provides nice examples to the de-
scribed framework. Let the initial state given to Alice be ρ(1) = |ζ 〉〈ζ | where
|ζ 〉 = α|0(1)〉 + β|1(1)〉 with |α|2 + |β|2 = 1. In their scheme, σ (23) is given by
an EPR spin pair in a singlet state such as

σ (23) = |ξ 〉〈ξ |,
where

|ξ 〉 =
√

1

2

∣
∣0(2)

〉⊗ ∣∣1(3)
〉−
√

1

2

∣
∣1(2)

〉⊗ ∣∣0(3)
〉

with the spin-up vector |0〉 ≡ (10
)

and the spin-down vector |1〉 ≡ (01
)
. There, Alice’s

measurement F
(12)
k is one of the projections {F (12)

k ; k = 1,2,3,4},

F
(12)
1 = ∣∣ψ(−)

〉〈
ψ(−)

∣
∣, F

(12)
2 = ∣∣ψ(+)

〉 〈
ψ(+)

∣
∣,



18.3 Weak Teleportation and Uniqueness of Key 463

F
(12)
3 = ∣∣ϕ(−)

〉 〈
ϕ(−)

∣
∣, F

(12)
4 = ∣∣ϕ(+)

〉 〈
ϕ(+)

∣
∣

with the Bell’s CONS

∣
∣ψ(−)

〉 =
√

1

2

(∣
∣0(1)

〉⊗ ∣∣1(2)
〉− ∣∣1(1)

〉⊗ ∣∣0(2)
〉)
,

∣
∣ψ(+)

〉 =
√

1

2

(∣
∣0(1)

〉⊗ ∣∣1(2)
〉+ ∣∣1(1)

〉⊗ ∣∣0(2)
〉)
,

∣
∣ϕ(−)

〉 =
√

1

2

(∣
∣0(1)

〉⊗ ∣∣0(2)
〉− ∣∣1(1)

〉⊗ ∣∣1(2)
〉)
,

∣
∣ϕ(+)

〉 =
√

1

2

(∣
∣0(1)

〉⊗ ∣∣0(2)
〉+ ∣∣1(1)

〉⊗ ∣∣1(2)
〉)
.

The unitary (key) operators Uk (k = 1,2,3,4) are given as follows

U1 ≡ ∣∣0(1)
〉 〈

0(3)
∣
∣+ ∣∣1(1)

〉 〈
0(3)
∣
∣,

U2 ≡ ∣∣0(1)
〉 〈

0(3)
∣
∣− ∣∣1(1)

〉 〈
0(3)
∣
∣,

U3 ≡ ∣∣0(1)
〉 〈

1(3)
∣
∣+ ∣∣1(1)

〉 〈
1(3)
∣
∣,

U4 ≡ ∣∣0(1)
〉 〈

1(3)
∣
∣− ∣∣1(1)

〉 〈
1(3)
∣
∣.

If Alice measures F
(12)
k , then Bob uses Uk . The channels constructed by the above

states became linear, and the teleportation is done completely.

18.3 Weak Teleportation and Uniqueness of Key

As we discussed in Sect. 18.1, the teleportation problem is to find the following
objects 1–3:

1. An entangled state σ (23) on H2 ⊗ H3.
2. A family of mutually orthogonal projections {F(12)

k } acting on H1 ⊗ H2.
3. For each k, a unitary operator Uk such that the associated unitary channel satisfies

the identity Λ∗
kρ

(1) = U∗
k ρ(1)Uk for any k and for any state ρ(1) ∈ S(H1), or at

least for ρ(1) in a preassigned subset of S(H1).

If the above conditions are replaced by the weaker ones:

1’. An entangled state σ (23) acting on H1 ⊗ H2
2’. A single projection F(12) acting on H1 ⊗ H2
3’. A single unitary operator U such that the identity Λ∗ρ(1) = U∗ρ(1)U holds for

any state ρ(1) ∈ S(H1)

then we speak of the weak teleportation problem.
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The connection between the weak and the general teleportation problem is the
following.

Given a family {σ (23),F
(12)
k ,Uk} of solutions of the weak teleportation problem

for each k such that the projections F
(12)
k are mutually orthogonal, this family pro-

vides a solution of the general teleportation problem.
We shall solve the weak teleportation problem, and then we show the uniqueness

of the key.
In the notations above, we shall assume that

N = dim H1 < +∞.

Under this assumption we shall look for a solution of the weak teleportation problem
in which

N = dim H1 = dim H2 = dim H3,

σ = |ξ 〉〈ξ |, (18.1)

F ≡ |ψ〉〈ψ |,
where ξ ∈ H2 ⊗ H3 and ψ ∈ H1 ⊗ H2 are unit vectors. We look for a unitary
transformation U : H3 → H1 such that for any density matrix ρ ∈ S(H1) one has

U

{
1

L
tr12
(
F ⊗ I

(
ρ ⊗ |ξ 〉〈ξ |)F ⊗ I

)
}

U∗ = ρ.

Here L = tr(F ⊗ I (3)(ρ ⊗ |ξ 〉〈ξ |)F ⊗ I (3)).
Let us fix three arbitrary orthonormal bases: {|xl〉} of H1, {|x′

h〉} of H2, and {|x′′
k 〉}

of H3. Fix an arbitrary N × N complex unitary matrix (λhk) and let

|ξ 〉 ≡ 1√
N

∑
λhk|x ′

h〉 ⊗ |x′′
k 〉 ∈ H2 ⊗ H3,

|ψ〉 = 1√
N

∑
|xl〉 ⊗ |x′

l〉 ∈ H1 ⊗ H2.

Then we have [20]:

Theorem 18.2 Consider a unitary operator U : H3 → H1 such that
∑

h λhk|xh〉 =
U |x′′

k 〉, then the triple (|ξ 〉, |ψ〉,U) satisfies

1

L
tr12
(
F ⊗ I (ρ ⊗ σ)F ⊗ I

)= U∗ρU

for any density operator ρ ∈ S(H1).

Theorem 18.3 Let ρ =∑pγ Pγ be the spectral decomposition of ρ ∈ H1. If U1
and U2 satisfy condition 3 of a key with the above ρ, then there exists a unitary
operator V from H1 to H1 such that U2U

∗
1 =∑Vγ with Vγ ≡ Pγ V Pγ . Moreover,

the equality V
γ

′ V ∗
γ = δγ γ ′Pγ is satisfied.
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Proof Suppose U and V are two solutions of the equation in condition 3, then
U∗

1 ρU1 = U∗
2 ρU2, or equivalently, U2U

∗
1 ρ = ρU2U

∗
1 . This means that U2U

∗
1 ≡

W : H1 → H1 is in the commutant of ρ. Since V is a unitary operator commut-
ing with ρ, V Pγ = Pγ V is satisfied. Therefore, V =∑Pγ V Pγ =∑Vγ : Vγ Pγ =
Pγ Vγ = Vγ . The equalities 1 =∑γ γ ′ V ∗

γ Vγ ′ =∑γ γ ′ V ∗
γ Pγ Pγ ′Vγ =∑γ V ∗

γ Vγ im-
ply Vγ V ∗

γ ′ = δγ γ ′Pγ . �

In the notations and assumptions above, let us suppose that the normalized state
vectors |ξ 〉 and |ψ̃〉 have the form below for some constants {sk} and {tk}

|ξ 〉 =
∑

l

tl |xl〉 ⊗ |x′
l〉,

∣
∣ψ̃
〉 =
∑

k

sk
∑

h

λhk|x ′
h〉 ⊗ |x′′

k 〉,

and let us look for the conditions under which the teleportation map Λ∗ becomes
linear.

Theorem 18.4 Given |ξ 〉, |ψ̃〉 and U as above, the teleportation channel Λ∗,
tr123F ⊗ I (3)(ρ ⊗ |ψ̃〉〈ψ̃ |)F ⊗ I (3) is independent of ρ if and only if the coeffi-
cients tk have the following form sl = eiθl /

√
N, tk = eiθk /

√
N , which means that the

entangled state σ is maximal.

Proof One has

F ⊗ I
(
ρ ⊗ ∣∣ψ̃ 〉 〈ψ̃∣∣)F ⊗ I

=
∑

λhαλkβF ⊗ I
(
ρ ⊗ |x′

h〉〈x′
k |
)
F ⊗ I ⊗ |x′′

α〉〈x′′
β |

=
∑

λhαλkβtμtμ′ tν tν ′ |xμ〉〈xμ′, ρ, xν〉〈xν′ |
⊗ |x′

μ〉〈x′
μ′, x ′

h〉〈x′
k, x

′
ν〉〈x′

ν′ | ⊗ |x ′′
α〉〈x′′

β |
=
∑

λhαλkβtμthtktν〈xh,ρxk〉|xμ〉〈xν′ | ⊗ |x′
μ〉〈x′

ν ′ | ⊗ |x′′
α〉〈x′′

β |.
Tracing over H1 ⊗ H2, it becomes

∑
λhαλkβtμthtktμ〈xh,ρxk〉|x′′

α〉〈x′′
β |.

Since
∑

μ |tμ|2 = 1, this is equal to

∑
λhαλkβthtk〈xh,ρxk〉|x′′

α〉〈x′′
β |.

Taking the H3-trace, we find
∑

λhαλkαthtk〈xh,ρxk〉 = |th|2〈xh,ρxh〉
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because of the unitarity of (λα,β). It follows that the problem linearizes if and only
if
∑

k |tk|2|xk〉〈xk| = cI (c is a constant), and this is equivalent to: |tk|2 = c, ∀ k =
1, . . . ,N . Consequently, c = N , and (18.1) follows. �

18.4 Perfect Teleportation in Bose Fock Space

Bennett and others used EPR spin pair to construct a teleportation model as we
discussed in Sect. 18.2. In order to have a more handy model, in the subsequent
sections we use coherent states to construct a model based on the works by Fichtner
and Ohya. One of the main points for such a construction is how to prepare the
entangled state. The EPR entangled state used by Bennett et al. can be identified
with the splitting of a one-particle state, so that their teleportation model can be
described in terms of Fock spaces and the beam splittings, which makes it possible
for the whole teleportation process to work in a general beam splitting scheme.
Moreover, to work with beams having a fixed number of particles seems to be not
realistic, especially in the case of large distance between Alice and Bob because
we have to take into account that the beams will lose particles (or energy). For that
reason, one should use a class of beams being insensitive to this loss of particles.
That and other arguments lead to superpositions of coherent beams.

Before starting the discussion, we slightly generalize the teleportation scheme,
namely, the steps starting with Step 2 of the teleportation, described in the first
section. Remark that we drop the indices (1), (12), (23) for ρ(1), F

(12)
k , σ (23) and

others for notational simplicity.

Step 2. One then fixes a family of mutually orthogonal projections (Fnm)Nn,m=1
on the Hilbert space H1 ⊗ H2 corresponding to an observable F ≡∑

n,m znmFnm, and for a fixed pair of indices n,m, Alice performs a mea-
surement of the observable F , involving only the H1 ⊗ H2 part of the
system in the state ρ ⊗ σ . When Alice obtains an outcome znm, the state
becomes

ρ(123)
nm ≡ 1

L
(Fnm ⊗ I )ρ ⊗ σ(Fnm ⊗ I ),

where L ≡ tr123(Fnm ⊗ I )ρ ⊗ σ(Fnm ⊗ I ). Note that in the first section
we used the notation Fk instead of Fnm above, but in the sequel we use
Fnm with the double indices n, m because one can easily discuss the beam-
splitters, and so on.

Step 3. Bob is informed about which outcome was obtained by Alice. This is equiv-
alent to transmitting the information that the eigenvalue znm was detected.
This information is transmitted from Alice to Bob without disturbance and
by means of classical tools.

Step 4. Making only partial measurements on the third part on the system in the
state ρ

(123)
nm means that Bob will control a state Λ∗

nm(ρ) on H3 given by the
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partial trace on H1 ⊗ H2 of the state ρ
(123)
nm (after Alice’s measurement)

Λ∗
nm(ρ) = tr12 ρ(123)

nm

= tr12
1

L
(Fnm ⊗ I )ρ ⊗ σ(Fnm ⊗ I ).

Thus the whole teleportation scheme given by the family (Fnm) and the entangled
state σ can be characterized by the family (Λ∗

nm) of channels from the set of states
on H1 into the set of states on H3, and the family (pnm) given by

pnm(ρ) ≡ tr123(Fnm ⊗ I )ρ ⊗ σ(Fnm ⊗ I )

of the probabilities that Alice’s measurement according to the observable F will
show the value znm.

The teleportation scheme works perfectly with respect to a certain class S of
states ρ on H1 if the following conditions are fulfilled.

(E1) For each n, m there exists a unitary operator Unm : H3 → H1 such that

UnmΛ∗
nm(ρ)U∗

nm = ρ, ∀ρ ∈ S.

(E2)
∑

n,m

pnm(ρ) = 1, ∀ρ ∈ S.

Condition (E1) means that Bob can reconstruct the original state ρ by unitary
keys {Unm} provided to him. Condition (E2) means that Bob will succeed in finding
a proper key with certainty.

In this section, we construct a teleportation model being perfect in the sense of
conditions 1 and 2 above, where we take the Bose Fock space Γ (L2(G)) ≡ H1 =
H2 = H3 over a configuration space G with a certain class ρ of states on this Fock
space. Before stating the main results on perfect teleportation, we review basic no-
tations and facts on Bose Fock space.

18.4.1 Basic Notations and Facts

We collect some basic facts concerning the (symmetric) Fock space.

Symmetric (Bose) Fock Space

Let us recall the definition of the symmetric Fock space (see Chap. 4) Let L1 be
a Hilbert space, which is called a one-particle Hilbert space. Then the n-particle
Hilbert space is defined by

Ln ≡ S+L⊗n

1 ,
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where S+ is the symmetrizing operator on n-tuple tensor product Hilbert space L⊗n

1 ;

S+ ≡ 1

n!
∑

P

SP ,

SP (f1 ⊗ · · · ⊗ fn) = fP(1) ⊗ · · · ⊗ fP(n).

The above P indicates a permutation of indices, and note that L0 ≡ C describes
the zero-particle Hilbert space. Indistinguishable Bose particles are described in the
symmetric (Boson) Fock space

Γ (L1) ≡
∞⊕

n=0

Ln.

Let Ω be the vacuum vector in Γ (L1); Ω = (1,0,0, . . . ). Note that we have an
important equality Γ (L1 ⊕ L′

1) = Γ (L1)⊗Γ (L′
1) for two Hilbert spaces L1 and L′

1.

Fichtner–Freudenberg Expression of Fock Space

We discuss Fichtner–Freudenberg expression of Fock space in a way adapted to the
language of counting measures. Their expression looks difficult, but it is very useful
to prove some statements.

Let G be an arbitrary complete separable metric space. Further, let μ be a locally
finite diffuse measure on G, i.e., μ(B) < +∞ for bounded measurable subsets of
G and μ({x}) = 0 for all singletons x ∈ G. In order to describe the teleportation
of states on a finite-dimensional Hilbert space through the k-dimensional space R

k ,
especially we are concerned with the case

G = R
k × {1, . . . ,N},

μ = l × #,

where l is the k-dimensional Lebesgue measure and # denotes the counting mea-
sure on {1, . . . ,N}, we denote the set of all finite counting measures on G by
M = M(G). Since ϕ ∈ M can be written in the form ϕ = ∑n

j=1 δxj
for some

n = 0,1,2, . . . and xj ∈ G with the Dirac measure δx corresponding to x ∈ G, the
elements of M can be interpreted as finite (symmetric) point configurations in G.
We equip M with its canonical σ -algebra M and we consider the σ -finite measure
F by setting

F(Y ) ≡ 1Y (O) +
∑

n≥1

1

n!
∫

G

1Y

(
n∑

j=1

δxj

)

μn
(
d[x1, . . . , xn]

)
, Y ∈ M,

where 1Y denotes the indicator function of a set Y , and O represents the empty
configuration, i.e., O(G) = 0.
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Since μ was assumed to be diffuse, one easily checks that F is concentrated on
the set of a simple configurations (i.e., without multiple points)

M̂ ≡ {ϕ ∈ M;ϕ({x})≤ 1 for all x ∈ G
}
.

Definition 18.5 M = M(G) ≡ L2(M,M,F ) is called the (symmetric) Fock space
over G.

It was proved by Fichtner and Freudenberg [242, 243] that M and the Boson
Fock space Γ+(L2(G)) in the usual definition are isomorphic.

Basic Facts in Symmetric Fock Space

For each vector Φ in the symmetric Fock space M with Φ �= 0, we denote by |Φ〉
the corresponding normalized vector

|Φ〉 ≡ Φ

‖Φ‖ .

Further, |Φ〉〈Φ| denotes the corresponding one-dimensional projection describing
a pure state given by the normalized vector |Φ〉. Now, for each n ≥ 1 let M⊗n

be the n-fold tensor product of the Hilbert space M, which can be identified with
L2(Mn,Fn).

Definition 18.6 For a given function g : G → C the function exp(g) : M → C de-
fined by

exp(g)(ϕ) ≡
{

1, if ϕ = 0,
∏

x∈G,ϕ({x})>0 g(x), otherwise

is called the exponential vector generated by g.

Those not familiar with the above expression of a coherent vector have only to
understand the following definition.

Definition 18.7 For any g ∈ L1 (one-particle state vector), the coherent vector with
g is defined by

exp(g) ≡
∞⊕

n=0

1√
n!g

⊗n ∈ Γ+(L1).

Observe that exp(g) ∈ M if and only if g ∈ L2(G), and one has in this case
‖exp(g)‖2 = e‖g‖2

, where ‖ · ‖ is the norm deduced from the inner product (·, ·) of

L2(G), so that the normalized vector is | exp(g)〉 = exp(g)
‖ exp(g)‖ = e− 1

2 ‖g‖2
exp(g). The
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projection |exp(g)〉〈exp(g)| is called the coherent state corresponding to g ∈ L2(G).
In the special case g ≡ 0, we get the vacuum state

∣
∣exp(0)

〉= 1{0} = Φ0.

The linear span of the exponential vectors of M is dense in M, so that bounded
operators and certain unbounded operators can be characterized by their actions on
exponential vectors.

Definition 18.8 The operator D : dom(D) → M⊗2 on a dense domain dom(D) ⊂
M containing the exponential vectors from M given by

(Dψ)(ϕ1, ϕ2) ≡ ψ(ϕ1 + ϕ2)
(
ψ ∈ dom(D), ϕ1, ϕ2 ∈ M

)

is called the compound Hida–Malliavin derivative.

On exponential vectors exp(g) with g ∈ L2(G), one gets immediately

D exp(g) = exp(g) ⊗ exp(g).

Definition 18.9 The operator S : dom(S) → M on a dense domain dom(S) ⊂
M⊗2 containing tensor products of exponential vectors given by

SΦ(ϕ) ≡
∑

ϕ̃≤ϕ

Φ(ϕ̃, ϕ − ϕ̃)
(
Φ ∈ dom(S),ϕ ∈ M

)

is called the compound Skorohod integral.

After some calculations, one gets

〈Dψ,Φ〉M⊗2 = 〈ψ,SΦ〉M
(
ψ ∈ dom(D),Φ ∈ dom(S)

)
,

S
(
exp(g) ⊗ exp(h)

)= exp(g + h)
(
g,h ∈ L2(G)

)
.

Definition 18.10 Let T be a linear operator on L2(G) with ‖T ‖ ≤ 1. Then the
operator Γ (T ) called the second quantization of T is the (uniquely determined)
bounded operator on M fulfilling

Γ (T ) exp(g) = exp(T g)
(
g ∈ L2(G)

)
.

Clearly,

Γ (T1)Γ (T2) = Γ (T1T2),

Γ (T ∗) = Γ (T )∗.
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It follows that Γ (T ) is a unitary operator on M if T is a unitary operator on L2(G).
This second quantization is expressed as a unitary operator

Γ (T ) ≡
⊕

n

T ⊗n

.

The following lemma is useful.

Lemma 18.11 Let K1,K2 be linear operators on L2(G) with the property

K∗
1 K1 + K∗

2 K2 = 1. (18.2)

Then there exists exactly one isometry νK1,K2 from M to M⊗2 ≡ M ⊗ M
with νK1,K2 exp(g) = exp(K1g) ⊗ exp(K2g) (g ∈ L2(G)). Thus defined isometry
νK1,K2 is called the generalized beamsplitting. Furthermore, νK1,K2 = (Γ (K1) ⊗
Γ (K2))D.

Proof First, we define an operator B on M as

B ≡ S
(
Γ (K∗

1 ) ⊗ Γ (K∗
2 )
)(

Γ (K1) ⊗ Γ (K2)
)
D.

This operator is well defined and its domain is dense. For any g ∈ L2(G) and the
vector exp(g), we calculate

B exp(g)

= S
(
Γ (K∗

1 ) ⊗ Γ (K∗
2 )
)(

Γ (K1) ⊗ Γ (K2)
)
D exp(g)

= S
(
Γ (K∗

1 ) ⊗ Γ (K∗
2 )
)(

exp(K1g) ⊗ exp(K2g)
)

= S
(
exp(K∗

1 K1g) ⊗ exp(K∗
2 K2g)

)

= exp
(
(K∗

1 K1 + K∗
2 K2)g

)= exp(g).

Therefore, we can see

B = I.

Here, one has an operator νK1,K2 from M to M⊗2 defined as

νK1,K2 ≡ Γ (K1) ⊗ Γ (K2)D.

Then, we obtain

‖νK1,K2ψ‖2 = 〈νK1,K2ψ,νK1,K2ψ〉
= 〈(Γ (K1) ⊗ Γ (K2)

)
Dψ,

(
Γ (K1) ⊗ Γ (K2)

)
Dψ
〉
.
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By Definitions 18.8 and 18.9, it becomes

〈(
Γ (K1) ⊗ Γ (K2)

)
Dψ,

(
Γ (K1) ⊗ Γ (K2)

)
Dψ
〉

= 〈ψ,S
(
Γ (K∗

1 ) ⊗ Γ (K∗
2 )
)
(Γ (K1) ⊗ Γ (K2))Dψ

〉

= 〈ψ,Bψ〉 = 〈ψ,ψ〉 = ‖ψ‖2,

so that νK1,K2 is an isometry. Note that νK1,K2 can be expanded into a bounded
operator on M such that

‖νK1,K2ψ‖ = ‖ψ‖.
Moreover, it holds

νK1,K2 exp(g) = (Γ (K1) ⊗ Γ (K2)
)
D exp(g)

= (Γ (K1) ⊗ Γ (K2)
)(

exp(g) ⊗ exp(g)
)

= Γ (K1) exp(g) ⊗ Γ (K2) exp(g)

= exp(K1g) ⊗ exp(K2g). �

Remark 18.12 vK1,K2 is one of the liftings (see Chap. 7).

Above we defined the generalized beam splitting. Here we explain that the or-
dinary scheme of beam splitting is an example of the generalized splitting. Let
K1 ≡ αI and K2 ≡ βI with |α|2 + |β|2 = 1. Then we obtain

νK1,K2 exp(g) = exp(αg) ⊗ exp(βg),

which is the well-known beam splitting often used in optical communication and
quantum measurements.

Example 18.13 (α = β = 1/
√

2 above) Let K1 = K2 be the following operator of
multiplication on L2(G)

K1g = 1√
2
g = K2g

(
g ∈ L2(G)

)
.

We put

ν ≡ νK1,K2 ,

and obtain

ν exp(g) = exp

(
1√
2
g

)

⊗ exp

(
1√
2
g

)
(
g ∈ L2(G)

)
.

Example 18.14 Let L2(G) = H1 ⊕ H2 be the orthogonal sum of the subspaces
H1, H2. K1 and K2 denote the corresponding projections.
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We use the above example in order to describe a teleportation model where Bob
performs his experiments on the same ensemble of the systems as Alice.

Remark 18.15 The property (18.2) implies

‖K1g‖2 + ‖K2g‖2 = ‖g‖2 (
g ∈ L2(G)

)
.

Remark 18.16 Let U , V be unitary operators on L2(G). If operators K1,K2 sat-
isfy the equality of (18.2), then the pair K̂1 = UK1, K̂2 = V K2 fulfills the same
equalities.

18.4.2 A Perfect Teleportation

The state of Alice asked to teleport is of the type

ρ =
N∑

s=1

λs|Φs〉〈Φs |, (18.3)

where |Φs〉 is constructed as

|Φs〉 =
N∑

j=1

csj

∣
∣exp(aK1gj ) − exp(0)

〉
,
∑

j

|csj |2 = 1; s = 1, . . . ,N, (18.4)

with an ONS {gj }j=1,2,...,N (i.e., 〈gi, gj 〉 = δij holds) of the one-particle space L1

and a = √
d . One easily checks that (|exp(aK1gj ) − exp(0)〉)Nj=1 and (|expa ×

K2gj ) − exp(0)〉)N
j=1 are ONS in M. The set {Φs; s = 1, . . . ,N} makes the

N -dimensional Hilbert space H1 defining an input state teleported by Alice. Al-
though we may include the vacuum state |exp(0)〉 to define H1, here we take the
N -dimensional Hilbert space H1 as above because of computational simplicity.

In order to achieve that (|Φs〉)Ns=1 is still an ONS in M, we assume

N∑

j=1

c̄sj ckj = 0 (j �= k; j, k = 1, . . . ,N). (18.5)

Denote cs = [cs1, . . . , csN ] ∈ C
N , then (cs)

N
s=1 is a CONS in C

N .
Let (bn)

N
n=1 be a sequence in C

N ,

bn = [bn1, . . . , bnN ]
with properties

|bnk | = 1 (n, k = 1, . . . ,N), (18.6)
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〈bn, bj 〉 = 0 (n �= j ;n, j = 1, . . . ,N). (18.7)

Now, for each m,n (= 1, . . . ,N), we have unitary operators Um, Bn on M given
by

Bn

∣
∣exp(aK1gj ) − exp(0)

〉 = bnj

∣
∣exp(aK1gj ) − exp(0)

〉
(j = 1, . . . ,N),

(18.8)
Um

∣
∣exp(aK1gj ) − exp(0)〉 = ∣∣exp(aK1gj⊕m) − exp(0)

〉
(j = 1, . . . ,N),

where j ⊕ m ≡ j + m (mod N).
Then Alice’s measurements are performed using the projection

Fnm = |ξnm〉〈ξnm| (n,m = 1, . . . ,N)

given by

|ξnm〉 = 1√
N

N∑

j=1

bnj

∣
∣exp(aK1gj ) − exp(0)

〉⊗ ∣∣exp(aK1gj⊕m) − exp(0)
〉
.

One easily checks that (|ξnm〉)Nn,m=1 is an ONS in M⊗2. Further, the state vector
|ξ 〉 of the entangled state σ = |ξ 〉〈ξ | is given by

|ξ 〉 = 1√
N

∑

k

∣
∣exp(aK1gk) − exp(0)

〉⊗ ∣∣exp(aK2gk) − exp(0)
〉
.

By using the above facts, it can be easily seen that the model is unitary equivalent
with the original perfect teleportation model proposed by Bennett et al. Thus the
following theorem is proved.

Theorem 18.17 For each n,m = 1, . . . ,N , define a channel Λ∗
nm by

Λ∗
nm(ρ) ≡ tr12

(Fnm ⊗ 1)(ρ ⊗ σ)(Fnm ⊗ 1)

tr123(Fnm ⊗ 1)(ρ ⊗ σ)(Fnm ⊗ 1)
(ρ normal state on M).

(18.9)
Then we have for all states ρ on M

Λ∗
nm(ρ) = (Γ (T )UmB∗

n

)
ρ
(
Γ (T )UmB∗

n

)∗
.

If Alice performs a measurement according to the following self-adjoint operator

F =
N∑

n,m=1

znmFnm

with {znm|n,m = 1, . . . ,N} ⊆ R − {0}, then she will obtain the value znm with
probability 1/N2. The sum over all this probabilities is 1, so that the teleportation
model works perfectly.
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Before stating some fundamental results for the non-perfect case, we note that
our perfect teleportation is obviously treated in general finite-dimensional Hilbert
spaces Hk (k = 1,2,3) in the same way as the usual one. Moreover, our telepor-
tation scheme can be a bit generalized by introducing the entangled state σ12 on
H1 ⊗ H2 defining the projections {Fnm} by the unitary operators Bn,Um. We here
discuss the perfect teleportation on general Hilbert spaces Hk (k = 1,2,3). Let
{ξk

j ; j = 1, . . . ,N} be a CONS of the Hilbert space Hk (k = 1,2,3). Define the
entangled states σ12 and σ23 on H1 ⊗ H2 and H2 ⊗ H3, respectively, by

σ12 = |ξ12〉〈ξ12|, σ23 = |ξ23〉〈ξ23|
with ξ12 ≡ 1√

N

∑N
j=1 ξ 1

j ⊗ ξ2
j and ξ23 ≡ 1√

N

∑N
j=1 ξ2

j ⊗ ξ 3
j . Using a sequence {bn =

[bn1, . . . , bnN ];n = 1, . . . ,N} in C
N with the properties (18.6) and (18.7), we define

the unitary operators Bn and Um such as

Bnξ
1
j ≡ bnj ξ

1
j (n, j = 1, . . . ,N) and Umξ 2

j ≡ ξ2
j⊕m (n, j = 1, . . . ,N)

with j ⊕ m ≡ j + m (mod N). Then the set {Fnm;n,m = 1, . . . ,N} of the projec-
tions of Alice is given by

Fnm = (Bn ⊗ Um)σ12(Bn ⊗ Um)∗,

and the teleportation channels {Λ∗;n,m = 1, . . . ,N} are defined as

Λ∗
nm(ρ) ≡ tr12

(Fnm ⊗ 1)(ρ ⊗ σ23)(Fnm ⊗ 1)

tr123(Fnm ⊗ 1)(ρ ⊗ σ23)(Fnm ⊗ 1)
.

Finally, the unitary keys {Wnm;n,m = 1, . . . ,N} of Bob are given as

Wnmξ1
j = bnj ξ

3
j⊕m (n,m = 1, . . . ,N),

by which we obtain the perfect teleportation

Λ∗
nm(ρ) = WnmρW ∗

nm.

The above perfect teleportation is unique in the sense of unitary equivalence.

18.5 Non-perfect Teleportation in Bose Fock Space

In this section, we consider a teleportation model where the entangled state σ is
given by the splitting of a superposition of certain coherent states instead of subtract-
ing the vacuum. Unfortunately, this model does not work perfectly, that is, neither
condition (E2) nor condition (E1) holds. However, this model is more realistic than
that in the previous section, and we show that this model provides a nice approxima-
tion of the perfect case. To estimate the difference between the perfect teleportation
and non-perfect teleportation, we add a further step in the teleportation scheme:
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Step 5. Bob will perform a measurement on his part of the system according to the
projection

F+ ≡ I − ∣∣exp(0)
〉 〈

exp(0)
∣
∣,

where | exp(0)〉〈exp(0)| denotes the vacuum state (the coherent state with
density 0).

Then our new teleportation channels (we denote them again by Λ∗) have the
form

Λ∗(ρ) ≡ tr12
(Fnm ⊗ F+)ρ ⊗ σ(Fnm ⊗ F+)

tr123(Fnm ⊗ F+)ρ ⊗ σ(Fnm ⊗ F+)
,

and the corresponding probabilities are

pnm(ρ) ≡ tr123(Fnm ⊗ F+) ρ ⊗ σ(Fnm ⊗ F+).

For this teleportation scheme, condition (E1) is fulfilled. Furthermore, we get

∑

n,m

pnm(ρ) = (1 − e− d
2 )2

1 + (N − 1)e−d

(→ 1 (d → +∞)
)
,

in which the probability of teleporting the state from Alice to Bob is less than 1,
and it depends on the density parameter d (may be the energy of the beams) of the
coherent vector. Here N denotes the dimension of the Hilbert space and d is the
expectation value of the total number of particles (or energy) of the beam, so that
in the case of high density (or energy) “d → +∞” of the beam the model works
perfectly. Thus the model can be considered as asymptotically perfect.

We discuss the above facts and explain that such a teleportation scheme can be
understood as “quantum teleportation with a test”.

Take the normalized vector which is a superposition of coherent states,

|η〉 ≡ γ√
N

N∑

k=1

∣
∣exp(agk)

〉

with γ ≡
(

1

1 + (N − 1)e−d

) 1
2 =

(
1

1 + (N − 1)e−a2

) 1
2

,

and we employ it as the input of the beam splitter to obtain the entangled state

ξ̃ ≡ νK1,K2(η) = γ√
N

N∑

k=1

∣
∣exp(aK1gk)

〉⊗ ∣∣exp(aK2gk)
〉
.

We hence replace in the entangled state σ of the perfect teleportation by

σ̃ ≡ |ξ̃ 〉〈ξ̃ |.
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Then for each n,m = 1, . . . ,N , we get the channels on any normal state ρ on M by
setting

Λ∗
nm(ρ) ≡ tr12

(Fnm ⊗ 1)(ρ ⊗ σ̃ )(Fnm ⊗ 1)

tr123(Fnm ⊗ 1)(ρ ⊗ σ̃ )(Fnm ⊗ 1)
,

(18.10)

Θ∗
nm(ρ) ≡ tr12

(Fnm ⊗ F+)(ρ ⊗ σ̃ )(Fnm ⊗ F+)

tr123(Fnm ⊗ F+)(ρ ⊗ σ̃ )(Fnm ⊗ F+)
,

where F+ = I − |exp(0)〉〈exp(0)|, i.e., F+ is the projection onto the space M+ of
configurations having no vacuum part,

M+ ≡ {ψ ∈ M|∥∥∣∣exp(0)
〉 〈

exp(0)
∣
∣ψ
∥
∥= 0

}
.

One easily checks that

Θ∗
nm(ρ) = F+Λ∗

nm(ρ)F+
tr(F+Λ∗

nm(ρ)F+)
,

that is, after receiving the state Λ∗
nm(ρ) from Alice, Bob has to omit the vacuum.

From Theorem 18.17, it follows that for all ρ with (18.3) and (18.4)

Λ∗
nm(ρ) = F+Λ∗

nm(ρ)F+
tr (F+Λ∗

nm(ρ)F+)
.

This is not true if we replace Λ∗
nm by Λ∗

nm, namely, in general it does not hold that

Θ∗
nm(ρ) = Λ∗

nm(ρ).

The following theorem is true.

Theorem 18.18 For all states ρ on M with (18.3) and (18.4) and each pair n,m

(= 1, . . . ,N), we have

Θ∗
nm(ρ) = (Γ (T )UmB∗

n

)
ρ
(
Γ (T )UmB∗

n

)∗
or Θ∗

nm(ρ) = Λ∗
nm(ρ) (18.11)

and

∑

n,m

pnm(ρ) =
∑

n,m

tr123(Fnm ⊗ F+)(ρ ⊗ σ̃ )(Fnm ⊗ F+) = (1 − e− d
2 )2

1 + (N − 1)e−d
.

(18.12)

That is, the model works only asymptotically perfectly in the sense of condi-
tion (E2). In other words, the model works perfectly for the case of high density (or
energy) of the considered beams. In order to prove Theorem 18.18, we fix ρ with
(18.3) and (18.4) and start with a lemma.
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Lemma 18.19 For each n,m, s (= 1, . . . ,N),

(Fnm ⊗ I )
(|Φs〉 ⊗ |ξ̃〉) = γ

N

(
1 − e− d

2
)|ξnm〉 ⊗ (Γ (T )UmB∗

n |Φs〉
)

+ γ

N

(
e

d
2 − 1

ed

) 1
2 〈bn, cs〉CN ξnm ⊗ ∣∣exp(0)

〉
.

Proof For all k, j, r = 1, . . . ,N , we get

αk,j,r ≡ 〈∣∣exp(aK1gr) − exp(0)
〉⊗ ∣∣exp (aK1gr⊕m) − exp(0)

〉
,

∣
∣exp(aK1gj ) − exp(0)

〉⊗ ∣∣exp(aK1gk)
〉〉

=
⎧
⎨

⎩
( e

a2
2 −1

e
a2
2

), if r = j and k = r ⊕ m,

0, otherwise

and

∣
∣exp(aK2gj⊕m)

〉= e− a2
2
(
e

a2
2 − 1

) 1
2
∣
∣exp(aK2gj⊕m) − exp(0)

〉+ e− a2
2
∣
∣exp(0)

〉
.

On the other hand, we have

(Fnm ⊗ I )
(|Φs〉 ⊗ |ξ̃ 〉)= γ

N

∑

k

∑

j

∑

r

csj b̄nrαk,j,r ξnm ⊗ ∣∣exp(aK2gk)
〉
.

It follows with a2 = d

(Fnm ⊗ I )(Φs ⊗ ξ̃ )

= γ

N

(
e

d
2 − 1

)
e− d

2 ξnm ⊗
(∑

j

csj b̄nj

∣
∣exp(aK2gj⊕m) − exp(0)

〉
)

+ γ

N

(
e

d
2 − 1

) 1
2 e− d

2
∑

j

csj b̄nj ξnm ⊗ ∣∣exp(0)
〉

= γ

N

(
1 − e− d

2
)
ξnm ⊗ (Γ (T )UmB∗

nΦs

)

+ γ

N

(
e

d
2 − 1

ed

) 1
2 〈bn, cs〉CN ξnm ⊗ ∣∣exp(0)

〉
. �

If ρ is a pure state,

ρ = |Φs〉〈Φs |,
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then we obtain from Lemma 18.19

tr123(Fnm ⊗ I )(ρ ⊗ σ̃ )(Fnm ⊗ I )

= γ 2

N2

(
(
1 − e− d

2
)2 + e

d
2 − 1

ed

∣
∣〈bn, cs〉

∣
∣2
)

= 1

N2(1 + (N − 1)e−d)

(
(
1 − e− d

2
)2 + e

d
2 − 1

ed

∣
∣〈bn, cs〉

∣
∣2
)

and

Λ∗
nm(ρ) �= (Γ (T )UmB∗

n

)
ρ
(
Γ (T )UmB∗

n

)∗
.

Now we have

Γ (T )UmB∗
nΦs ∈ M+,

∣
∣exp(0)

〉 ∈ M⊥+.

Hence, Lemma 18.19 implies

(I ⊗ I ⊗ F+)(Fnm ⊗ I )(Φs ⊗ ξ̃ ) = γ

N

(
1 − e− d

2
)
ξnm ⊗ (Γ (T )UmB∗

nΦs

)
,

that is, we have the following lemma

Lemma 18.20 For each n,m, s = 1, . . . ,N ,

(Fnm ⊗ F+)(Φs ⊗ ξ̃ ) = γ

N

(
1 − e− d

2
)
ξnm ⊗ (Γ (T )UmB∗

nΦs

)
. (18.13)

Remark 18.21 Let K2 be a projection of the type

K2h = h1X; h ∈ L2(G),

where X ⊆ G is measurable. Then (18.13) also holds if we replace F+ by the pro-
jection F+,X onto the subspace M+,X of M given by

M+,X ≡ {ψ ∈ M | ψ(ϕ) = 0 if ϕ(X) = 0
}
.

Observe that M+,G = M+.

Proof of Theorem 18.18 We have assumed that (|Φs〉)Ns=1 is an ONS in M, which
implies that (|ξnm〉 ⊗ (Γ (T )UmB∗

n |Φs〉))Ns=1 is an ONS in M⊗3. Hence we obtain
(18.11) and (18.12) by Lemma 18.20. This proves Theorem 18.18. �

We can further generalize the above teleportation schemes, namely, replacing the
projectors Fnm by projectors F̃nm defined as follows:

F̃nm ≡ (Bn ⊗ UmΓ (T )∗
)
σ̃
(
Bn ⊗ UmΓ (T )∗

)∗
.
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In order to make this definition precise, we assume, in addition to (18.8), that

Um

∣
∣exp(0)

〉= ∣∣exp(0)
〉

(m = 1, . . . ,N).

Together with (18.11) this implies

Um

∣
∣exp(aK1gj )

〉= ∣∣exp(aK1gj⊕m)
〉

(m, j = 1, . . . ,N).

Formally, we have the same relation between σ̃ and F̃nm like the relation between
σ and Fnm (cf. Remark 18.21). Further for each pair n,m = 1, . . . ,N we define
channels on normal states on M by

Θ̃∗
nm(ρ) ≡ tr12

(F̃nm ⊗ F+)(ρ ⊗ σ̃ )(F̃nm ⊗ F+)

p̃nm(ρ)
,

where

p̃nm(ρ) ≡ tr123(F̃nm ⊗ F+)(ρ ⊗ σ̃ )(F̃nm ⊗ F+).

The following theorem can be proved.

Theorem 18.22 For each state ρ on M satisfying (18.3), and (18.4), each pair
n,m (= 1, . . . ,N), and each bounded operator A on M,

∣
∣tr
(
Θ̃∗

nm(ρ)A
)− tr

(
Λ∗

nm(ρ)A
)∣
∣≤ 2e− d

2

(1 − e− d
2 )

(
N2 + N

√
N + N

)‖A‖,
∣
∣
∣
∣p̃nm(ρ) − 1

N2

∣
∣
∣
∣≤ e− d

2

(
14

N2 + 2 + 2√
N

)

.

The theorem is proved in [248]. (We omit the proof.)

From the earlier theorem and the fact that e− d
2 → 0 (d → +∞), the above the-

orem means that our modified teleportation model works asymptotically perfectly
(the case of high density or energy) in the sense of conditions (E1) and (E2).

The non-perfect teleportation scheme can be understood as the perfect teleporta-
tion with a “test” of Alice and Bob in the following sense: When Alice performs a
measurement of the observable F , there is a possibility to obtain an outcome 0, that
is, none of {znm} is obtained. In such a case, Alice quits the experiment and tries
again from the first procedure. And at the final step, Bob performs a measurement
with F+ = I − | exp (0)〉〈exp (0)|. If his result =0, then he asks Alice to try again,
and if his result =1, then he continues. The state he obtained is

Θ∗
nm(ρ) ≡ tr12(Fnm ⊗ F+)(ρ ⊗ σ̃ )(Fnm ⊗ F+)

tr123[(Fnm ⊗ F+)(ρ ⊗ σ̃ )(Fnm ⊗ F+)] ,

on which he applies the proper key provided to get the state sent by Alice.
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18.6 Fidelity in Teleportation

In this section, we investigate the imperfect teleportation model without test but
with natural entangled state constructed by the beam splitting. To discuss the (non-)
perfectness of channels, we need some proper quantity to measure how close two
states are. We explain the fidelity of the non-perfect teleportation model. The notion
of fidelity is frequently used in the context of quantum information and quantum
optics. The fidelity of a state ρ with respect to another state σ is defined in Chap. 15
as

F(ρ,σ ) ≡ tr
√

σ 1/2ρσ 1/2,

which possesses some nice properties (Theorem 13.11, in Chap. 13).

0 ≤ F(ρ,σ ) ≤ 1,

F (ρ,σ ) = 1 ⇐⇒ ρ = σ,

F (ρ,σ ) = F(σ,ρ).

Thus we can say that two states ρ and σ are close when the fidelity between them
is close to unity. Moreover, it satisfies a kind of concavity relation:

F

(∑

i

piρi,
∑

i

qiσi

)

≥
∑

i

√
piqiF (ρi, σi),

where ρi and σi are states, and pi and qi are nonnegative numbers satisfying∑
i pi =∑i qi = 1. In particular, by putting pj = 1, one obtains

F

(

ρ,
∑

i

qiσ

)

≥ √
qjF (ρ,σj )

for j = 1,2, . . . .
Now let us begin with the teleportation model having the entangled state σ̃ . Since

in this section Bob is not allowed to subtract the vacuum, put

Ξ∗
nm(ρ) ≡ tr12[(Fnm ⊗ Wnm)(ρ ⊗ σ̃ )(Fnm ⊗ W ∗

nm)]
tr123[(Fnm ⊗ 1)(ρ ⊗ σ̃ )(Fnm ⊗ 1)] ,

which takes place with probability pnm ≡ tr123[(Fnm ⊗ 1)(ρ ⊗ σ̃ )(Fnm ⊗ 1)].
In this section, we do not perform any tests, and therefore even if the outcome

of Alice’s measurement is 0, the procedure is not stopped. We put the key of Bob
corresponding to the outcome 0 as W0. Then the nonlinear channel with the result 0
is

Ξ∗
0 (ρ) = tr12[(F0 ⊗ W0)(ρ ⊗ σ̃ )(F0 ⊗ W ∗

0 )]
tr123[(F0 ⊗ 1)(ρ ⊗ σ̃ )(F0 ⊗ 1)] ,
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which takes place with probability

p0 ≡ tr123
[
(F0 ⊗ 1)(ρ ⊗ σ̃ )(F0 ⊗ 1)

]
.

Without knowing the result, the expected state is due to a linear channel (=unital
completely positive map)

Λ∗(ρ) ≡
∑

n,m

pnmΞ ∗
nm(ρ) + p0Ξ

∗
0 (ρ)

=
∑

n,m

tr12
[
(Fnm ⊗ Wnm)(ρ ⊗ σ̃ )(Fnm ⊗ W ∗

nm)
]

+ tr12
[
(F0 ⊗ W0)(ρ ⊗ σ̃ )(F0 ⊗ W ∗

0 )
]
.

Note that {Fnm ⊗ Wnm}nm and F0 ⊗ W0 form a partition of unity.
To estimate F(ρ,Ξ ∗(ρ)), one needs to begin with a calculation of Ξ∗(ρ) =∑
nm Ξ∗

nm(ρ) + Ξ∗
0 (ρ), for which we need a lemma:

Lemma 18.23 For a general state ρ =∑s λs |Φs〉〈Φs |,

Ξ ∗
nm(ρ) = γ 2

N2

(
1 − e−d/2)2ρ + γ 2

N2

(
ed/2 − 1

ed

)∑

s

λs

∣
∣〈bn, cs〉

∣
∣2
∣
∣exp(0)

〉 〈
exp(0)

∣
∣

+ γ 2

N2

(
ed/2 − 1

ed

)1/2(
1 − e−d/2)

×
(∑

s

〈bn, cs〉∗λs |Φs〉
〈
exp(0)

∣
∣+
∑

s

〈bn, cs〉λs

∣
∣exp(0)

〉〈Φs |
)

.

Proof It is a direct consequence of Lemma 18.19. �

Next we will obtain an expression of Ξ∗
0 (ρ).

Lemma 18.24 For a general state ρ =∑s λs |Φs〉〈Φs |,

Ξ∗
0 (ρ) = e−|a|2/2 γ 2

N

N∑

k=1

N∑

l=1

W0
∣
∣exp(aK2gk)

〉 〈
exp(aK2gl)

∣
∣W ∗

0 .

Proof Let L be a subspace spanned by an ONS {|exp(aK1gk) − exp(0)〉} (k =
1, . . . ,N), and suppose

∑
nm Fnm is a projection onto L ⊗ L. Then, we obtain

(F0 ⊗ I )(Φs ⊗ ξ̃ ) = (I ⊗ ∣∣exp(0)
〉 〈

exp(0)
∣
∣⊗ I

)
(Φs ⊗ ξ̃ ).
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Here we used the fact that |exp(0)〉 is orthogonal to the set {| exp(aK1gk)−exp(0)〉}.
Hence we easily see that the following holds

(F0 ⊗ I )
(|Φs〉 ⊗ |ξ̃ 〉)= |Φs〉 ⊗ ∣∣exp(0)

〉⊗ e−|a|2/4 γ√
N

N∑

k=1

∣
∣exp(aK2gk)

〉
.

Taking convex combinations of them yields the lemma. �

Hence we obtained the formula for Ξ ∗(ρ). Now let us estimate the fidelity be-
tween Ξ∗(ρ) and ρ.

Theorem 18.25 For any input state ρ of type (18.3) and (18.4),

F
(
ρ,Ξ∗(ρ)

)≥
√

(1 − e−d/2)2

1 + (N − 1)e−d
.

Proof We must first compute

ρ1/2Ξ∗(ρ)ρ1/2 =
∑

nm

ρ1/2Ξ∗
nm(ρ)ρ1/2 + ρ1/2Ξ0ρ

1/2

= γ 2(1 − e−d/2)2ρ1/2ρρ1/2 + ρ1/2e−|a|2/2

× γ 2

N

N∑

k=1

N∑

l=1

W0
∣
∣exp(aK2gk)

〉 〈
exp(aK2gl)

∣
∣W∗

0 ρ1/2,

where we used the relation 〈exp(0)|Φs〉 = 0. Because Ξ∗
0 (ρ) is positive operator,

Ξ∗
0 (ρ)/tr[Ξ∗

0 (ρ)] becomes a state and we can rearrange the expression of fidelity as

F
(
ρ,Ξ∗(ρ)

)= F
(
ρ,γ 2(1 − e−d/2)2ρ + tr

[
Ξ∗

0 (ρ)
]
Ξ∗

0 (ρ)/tr
[
Ξ∗

0 (ρ)
])

.

Thanks to the concavity property of fidelity, we obtain

F
(
ρ,Ξ∗(ρ)

)≥ γ
(
1 − e−d/2)F(ρ,ρ) = γ

(
1 − e−d/2). �

Therefore, the teleportation protocol approaches the perfect one as the parameter
|a| goes to infinity.

With some additional condition, one can strengthen the above estimate to an
equality.

Proposition 18.26 Let L2(G) = H1 ⊕ H2 be the orthogonal sum of the subspaces
H1, H2. Let K1 and K2 denote the corresponding projections, and W0 = I . Then

F
(
ρ,Ξ∗(ρ)

)=
√

(1 − e−d/2)2

1 + (N − 1)e−d

holds for any input state ρ.
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Proof Because 〈exp(aK1gk) − exp(0)|exp(aK2gl)〉 = 0 holds, ρ1/2Ξ∗(ρ)ρ1/2 =
γ 2(1 − e−d/2)2ρ2 follows. �

We have considered the fidelity of a teleportation scheme with beam splittings.
We showed that as the parameter |a| goes to infinity, the fidelity approaches unity,
and the teleportation scheme also approaches the perfect scheme as does the tele-
portation scheme with tests. In fact, the fidelity can be bounded from below by the
square root of the probability to complete a successful teleportation with tests.

The above result can be extended to the case of general inputs for the beam
splitter which produces an entangled state. To get an insight for the generalization,
it is instructive to consider the following simple splitting model. Here we put Hj �
C

N for all j = 1,2,3 and take {e(j)
n }Nn=1 as its basis. In addition, we put the input

system of the splitter as H0 which has {en}Nn=1 as its basis. Now we define a simple

splitting isometry J : H0 → H2 ⊗ H3 by ek �→ e
(2)
k ⊗ e

(3)
k for all k. Then if the input

of the simple splitting is |ξ0〉 ≡ 1√
N

∑
k ek , the resulted state is perfectly entangled,

otherwise not. We put a general input state for the splitter as τ hereafter, and the
ideal one as τ0 ≡ |ξ0〉〈ξ0|. Let us consider the following teleportation scheme:

Step 0. Alice has an unknown quantum state ρ(1) (on Hilbert space H1) and she
was asked to teleport it to Bob.

Step 1. For this purpose, we need three additional Hilbert spaces H0, H2, and H3.
H2 is attached to Alice, and H3 is given to Bob. Prearrange a state JτJ ∗ ∈
S(H2 ⊗ H3) having a certain correlation between Alice and Bob by use of
the input τ ∈ S(H0) for the simple splitter.

Step 2. Prepare the set of projections {F(12)
nm } and an observable F (12) ≡

∑
nm znmF

(12)
nm on a tensor product Hilbert space (system) H1 ⊗ H2 defined

by F
(12)
nm ≡ |ξnm〉〈ξnm| with

∣
∣ξnm

(12)
〉≡ 1√

N

N∑

j=1

bnj e
(1)
j ⊗ e

(2)
j⊕m

(
N∑

j=1

b∗
njblj = δnl, |bnj | = 1

)

.

Alice performs the joint measurement of the observable F (12).
Step 3. Bob obtained a state ρ(3) due to the reduction of wave packet, and he is

informed which outcome was obtained by Alice. This information is com-
pletely transmitted from Alice to Bob without disturbance (for instance, by
telephone).

Step 4. ρ(1) is reconstructed from ρ(3) by using the key which corresponds to the
outcome Bob got from Alice in the above Step 3. That is, for znm, the oper-
ation Wnm, Wnme

(3)
j⊕m ≡ b∗

nj e
(1)
j , is employed.

In the above scheme, Alice and Bob believe that the teleportation setting (entan-
gled state between them) is perfect and do their own jobs; however, if the prepared
entangled state is not an ideal one (τ �= τ0), the experiment yields error. Now the
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expected state obtained by Bob is written as

Λ̃∗
τ (ρ) =

∑

nm

tr12
((

F (12)
nm ⊗ Wnm

)
(ρ ⊗ JτJ ∗)

(
F (12)

nm ⊗ W ∗
nm

))
.

Let us estimate the fidelity. We obtain the following theorem.

Theorem 18.27 The following inequality for the fidelity holds:

(1 ≥)F
(
ρ, Λ̃∗

τ (ρ)
)≥ F(τ0, τ ),

where τ = τ0 = |ξ0〉〈ξ0| with |ξ0〉 ≡ 1√
N

∑N
k=1 ek ∈ H0 represents the ideal input

state for the splitter to produce a perfect entangled state. In addition, the inequality
is strict, that is, there exists an unknown state to be sent which makes the inequality
into an equality.

Proof For simplicity, for the unknown state of Alice, we assume pure state ρ =
|Φ〉〈Φ|. The fidelity is written as

F
(
ρ, Λ̃∗

τ (ρ)
)2 = 〈Φ|Λ̃∗

τ

(|Φ〉〈Φ|)|Φ〉.

For τ = ∑
k λk|ϕk〉〈ϕk|, it is expressed in a simple form by using f k , g ∈

L2({1,2, . . .N}) defined by

f k(j) ≡
∑

t

〈et⊕j , ϕk
〉∣∣〈et ,Φ〉∣∣2,

g(j) ≡ 1√
N

(j = 1,2, . . . ,N).

We obtain

F
(
ρ, Λ̃∗

τ (ρ)
)2 =

∑

k

λk‖fk‖2‖g‖2.

Thanks to the Cauchy–Schwarz inequality, it is estimated as

F
(
ρ, Λ̃∗

τ (ρ)
)2 ≥

∑

k

λk

∣
∣(f k, g)

∣
∣2

= F(τ0, τ )2.

For the general mixed input case, the proof goes similarly. Since we have just only
used Cauchy-Schwarz inequality, the equality is attained with the choice |Φ〉 =
∑

k
eiθk√

N
|e(1)

k 〉. Thus the proof is completed. �

The theorem shows that the closer the input state for the splitter to the perfect
one, the closer the fidelity to one.
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Finally, we present the generalized result to the generalized beam splitting case:

Theorem 18.28 For an arbitrary input τ of the generalized beam splitter, the fi-
delity is bounded by

F
(
ρ,Λ∗(ρ)

)≥ 1 − e−a2/2
√

1 + e−a2
F(τ0, τ ),

where τ0 ≡ |ξ0〉〈ξ0| with

|ξ0〉 ≡ 1√
N

N∑

k=1

∣
∣exp(agk) − exp(0)

〉
.

The theorem is proved by combining the above two theorems. (We omit the
proof.) It is seen that when τ is close to τ0 and |a| is large, the fidelity becomes
close to one.

18.7 Spatially Separated Teleportation

Specializing this model, we consider the teleportation of all states on a finite-
dimensional Hilbert space (through the space R

k). Further specialization leads to
a teleportation model where Alice and Bob are spatially separated, that is, we have
to teleport the information given by the state of our finite-dimensional Hilbert space
from one region X1 ⊆ R

k into another region X2 ⊆ R
k with X1 ∩X2 = ∅, and Alice

can only perform local measurements (inside of region X1) as well as Bob (inside
of X2).

To discuss these, we start by discussing the teleportation inside the Euclidean
space R

k .

18.7.1 Teleportation of States Inside R
k

Let H be a finite-dimensional Hilbert space. We consider the case H = C
N =

L2({1, . . . ,N},#), without loss of generality, where # denotes the counting measure
on the set {1, . . . ,N}. We want to teleport states on H with the aid of the constructed
channels (Λ∗

nm)Nn,m=1 or (Θ∗
nm)Nn,m=1. We fix

– A CONS (|j〉)N
j=1 of H,

– f ∈ L2(Rk), ‖f ‖ = 1,
– d = a2 > 0,
– K̂1, K̂2 linear operators on L2(Rk),
– T̂ unitary operator on L2(Rk)
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with two properties

K̂∗
1 K̂1f + K̂∗

2 K̂2f = f,

T̂ K̂1f = K̂2f.

We put

G = R
k × {1, . . . ,N}, μ = l × #,

where l is the Lebesgue measure on R
k . Then L2(G) = L2(G,μ) = L2(Rk) ⊗ H.

Further, put

gj ≡ f ⊗ |j〉 (j = 1, . . . ,N).

Then (gj )
N
j=1 is an ONS in L2(G). We consider linear operators K1,K2 on L2(G)

with K∗
1 K1 + K∗

2 K2 = 1 and

Krgj = (K̂rf ) ⊗ |j〉 (j = 1, . . . ,N; r = 1,2),

which determine operators K1, K2 on the subspace of M spanned by the ONS
(gj )

N
j=1. On the orthogonal complement, one can put, for instance,

Krψ = 1√
2
ψ.

Then K1, K2 are well defined and fulfill K∗
1 K1 + K∗

2 K2 = 1. Further, one checks
that 〈Kigk,Kigj 〉 = 0 (i = 1,2; k �= j = 1, . . . ,N) hold.

Now let T be a unitary operator on L2(G) with

T (K1gj ) = (T̂ K̂2f ) ⊗ |j〉.
From 〈Kigk,Kigj 〉 = 0 one can prove the existence of T . Further, we get T K1gk =
K2gk from T̂ K̂1f = K̂2f .

Summarizing, we obtain that {g1, . . . , gN }, K1, K2, T fulfill all the assumptions
required in Sect. 18.5. Thus we have the corresponding channels Λ∗

n,m and Θ∗
nm. It

follows that we are able to teleport a state ρ on M = M(G) the same as before.
In order to teleport states on H through the space R

k using the above channels,
we have to consider:

First a “lifting” E ∗ of the states on H into the set of states on the bigger state
space on M such that ρ = E ∗(ρ̂) can be described by (18.3), (18.4), and
(18.5).

Second a “reduction” R of (normal) states on M to states on H such that for all
states ρ̂ on H

R
((

Γ (T )UmB∗
n

)
E ∗(ρ̂)

(
Γ (T )UmB∗

n

)∗)

= Vnmρ̂V ∗
nm (n,m = 1, . . . ,N), (18.14)

where (Vnm)Nn,m=1 are unitary operators on H.
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This we can obtain as follows: We have already stated in Sect. 18.2 that

(∣
∣exp
(
aK1(gj )

)− exp(0)
〉)N

j=1 (r = 1,2)

are ONS in M. We denote by Mr (r = 1,2) the corresponding N -dimensional
subspaces of M. Then for each r = 1,2, there exists exactly one unitary operator
Wr from H onto Mr ⊆ M with

Wr |j〉 = ∣∣exp(aKrgj ) − exp(0)
〉

(j = 1, . . . ,N). (18.15)

We put

E ∗(ρ̂) ≡ W1ρ̂W ∗
1 ΠM1 (ρ̂ state on H), (18.16)

where ΠMr
denotes the projection onto Mr (r = 1,2). Describing the state ρ̂ on

H by

ρ̂ =
N∑

s=1

λs |Φ̂s〉〈Φ̂s | (18.17)

with

|Φ̂s〉 =
N∑

j=1

csj |j〉,

where (csj )
N
s,j=1 fulfills (18.5), we obtain that ρ = E ∗(ρ̂) is given by (18.3) and

(18.4).
Now, for each state ρ on M we put

R∗(ρ) ≡ W ∗
2 ΠM2ρW2

trMW ∗
2 ΠM2ρW2

. (18.18)

Since

ΠM2Γ (T )UmB∗
n E ∗(ρ̂)

(
Γ (T )UmB∗

n

)∗ = Γ (t)UmB∗
n E ∗(ρ̂)

(
Γ (T )UmB∗

n

)∗

we get

trMW ∗
2 ΠM2Γ (t)UmB∗

n E ∗(ρ̂)
(
Γ (T )UmB∗

n

)∗ = 1,

and

R∗(Γ (T )UmB∗
n E ∗(ρ̂)

(
Γ (T )UmB∗

n

)∗)

= W ∗
2 Γ (T )UmB∗

nW1ρ̂W ∗
1 ΠM1

(
Γ (T )UmB∗

n

)∗
W2.

So we have the equality

ΠM1

(
Γ (T )UmB∗

n

)∗
W2 = (Γ (T )UmB∗

n

)∗
W2
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which implies

R∗(Γ (T )UmB∗
n E ∗(ρ̂)

(
Γ (T )UmB∗

n

)∗)

= W ∗
2 Γ (T )UmB∗

nW1ρ̂W ∗
1

(
Γ (T )UmB∗

n

)∗
W2.

Put

Vnm ≡ W ∗
2 Γ (T )VmB∗

nW1 (n,m = 1, . . . ,N), (18.19)

then Vnm (n,m = 1, . . . ,N) is a unitary operator on H and (18.14) holds. One easily
checks

Vnm|j〉 = b̄nj |j ⊗ m〉 (j,m,n = 1, . . . ,N).

Summarizing the above, we have the following theorem:

Theorem 18.29 Consider the channels on the set of states on H

Λ̂∗
nm ≡ R∗ ◦ Λ∗

nm ◦ E ∗ (n,m = 1, . . . ,N), (18.20)

Θ̂∗
nm ≡ R∗ ◦ Θ∗

nm ◦ E ∗ (n,m = 1, . . . ,N), (18.21)

where R∗, E ∗,Λ∗
nm,Θ∗

nm are given by (18.18), (18.16), (18.9), and (18.10), respec-
tively. Then for all states ρ̂ on H,

Λ̂∗
nm(ρ̂) = Vnmρ̂V ∗

nm = Θ̂∗
nm(ρ̂) (n,m = 1, . . . ,N), (18.22)

where Vnm (n,m = 1, . . . ,N) are the unitary operators on H given by (18.19).

Remark 18.30 Remember that the teleportation model according to (Λ∗
nm)Nn,m=1

works perfectly in the sense described before, and the model dealing with
(Θ∗

nm)Nn,m=1 was only asymptotically perfect for large d (i.e., high density or high

energy of the beams). They can transfer to (Λ̂∗
n,m), (Θ̂∗

nm).

Example 18.31 We specialize

K̂1h = K̂2h = 1√
2
h
(
h ∈ L2(

R
k
))

, T̂ = I.

Realizing the teleportation in this case means that Alice has to perform measure-
ments (Fnm) in the whole space R

k and so does Bob (concerning F+).

18.7.2 Alice and Bob Are Spatially Separated

We specialize the situation in the previous section as follows:

– We fix a t ∈ R
k .
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– Take X1,X2,X3 ⊆ R
k to be a measurable decomposition of R

k such that
l(X1) �= 0 and

X2 = X1 + t ≡ {x + t | x ∈ X1}.
Put

T̂ h(x) ≡ h(x − t)
(
x ∈ R

k, h ∈ L2(
R

k
))

,

K̂rh ≡ h1Xr

(
r = 1,2, h ∈ L2(

R
k
))

,

and assume that the function f ∈ L2(Rd) has the properties

f 1X2 = T̂ (f 1X1), f 1X3 ≡ 0.

Then T̂ is a unitary operator on L2(Rk). Using the assumption that X1,X2,X3 form
a measurable decomposition of R

k , we get immediately that

Gs ≡ Xs × {1, . . . ,N} (s = 1,2,3)

is a measurable decomposition of G. It follows that M = M(G) is decomposed
into the tensor product

M(G) = M(G1) ⊗ M(G2) ⊗ M(G3).

According to this representation, the local algebras A(Xs) corresponding to regions
Xs ⊆ R

d (s = 1,2,3) are given by

A(X1) ≡ {A ⊗ 1 ⊗ 1;A bounded operator on M(G1)
}
,

A(X2) ≡ {1 ⊗ A ⊗ 1;A bounded operator on M(G2)
}
.

One easily checks in our special case that

Fnm ∈ A(X1) ⊗ A(X1) (n,m = 1, . . . ,N),

and E ∗(ρ̂) gives a state on A(X1) (the number of particles outside of G1 is 0 with
probability 1). That is, Alice has to perform only local measurements inside of the
region X1 in order to realize the teleportation processes described in Sect. 18.4 or
measure the state E ∗(ρ̂). On the other hand, Λ∗

nm(E ∗(ρ̂)) and Θnm(E ∗(ρ̂)) give local
states on A(X2) such that by measuring these states Bob has to perform only local
measurements inside of the region X2. The only problem could be that, according
to the definition of the channels Θnm, Bob has to perform the measurement by F+
which is not local. However, as we have already stated, this problem can be avoided
if we replace F+ by F+,X2 ∈ A(X2).

Therefore, we can describe the special teleportation process as follows: We have
a beam in the pure state |η〉〈η| (|η〉 ≡ γ√

N

∑N
k=1 |exp(agk)〉). After splitting, one part

of the beam is located in the region X1 or will go to X1, and the other part is located
in the region X2 or will go to X2. Further, there is a state E ∗(ρ̂) localized in the
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region X1. Now Alice will perform the local measurement inside of X1 according
to F =∑n,m znmFnm involving the first part of the beam and the state E ∗(ρ). This
leads to a preparation of the second part of the beam located in the region X2 which
can be controlled by Bob, and the second part of the beam will show the behavior of
the state Λ∗

nm(E ∗(ρ̂)) = Θnm(E ∗(ρ̂)) if Alice’s measurement shows the value znm.
Thus we have teleported the state ρ̂ on H from the region X1 into the region X2.

18.8 Model of Continuous Teleportation

In this section, we discuss another model of teleportation, namely continuous vari-
able teleportation.

18.8.1 Scheme of Continuous Variable Teleportation

Braunstein and Kimble proposed a model of teleportation which uses continuous
variable measurement with respect to a photon. As discussed above, what is impor-
tant to realize in a teleportation scheme is to produce a well-entangled state and per-
form a well-controlled measurement which distinguishes the entangled basis used.
Braunstein and Kimble proposed a slightly modified model from the original one.
They employed the measurement of the continuous instead of discrete spectrum.

To simplify we explain the one-mode version of their model. Thus each sys-
tem attached with Alice and Bob is a one-mode electromagnetic field which can be
identified with a one-particle quantum harmonic oscillator. We write the “position”
operator of the system as x̂ and the “momentum” as ŷ. The ordinary commutation
relation [x̂, ŷ] = i holds. (We put the Planck constant � = 1.) We put for simplicity
the angular velocity of all oscillators as ω = 1, that is, we assume all oscillators have
a same angular velocity. For each system, the energy eigenvector can be written as
|n〉, which has n + 1

2 as its energy eigenvalue. (Since what we indeed treat is a pho-
ton and not harmonic oscillator, the renormalization constant 1

2 can be subtracted,
but it does not matter at all.) It may be instructive to mention the same thing in
Fock-space language. The “one-particle” Hilbert space L1 is one-dimensional with
a normalized vector |1〉. Then the “n-particle” Hilbert space has one-dimensional
structure whose basis is written as |n〉. We have a natural definition of the creation
and anihilation operators given by

a|n〉 = √
n|n − 1〉,

a∗|n〉 = √
n + 1|n + 1〉.

One can easily see that they satisfy the commutation relation

[a, a∗] = 1,
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and the position and momentum operators are represented by

x̂ =
√

1

2
(a + a∗),

ŷ =
√−i

2
(a − a∗).

Three systems of Alice and Bob are specified with the indices (1), (2) and (3):
(1) and (2) are attached to Alice, and (3) corresponds to Bob. For instance, we
write the nth eigenstate of the system (1) as |n〉(1). The entangled state over (2)
and (3) is given by the so-called two-mode squeezed state which can be real-
ized by nondegenerate optical parametric amplifier. The state is specified by a
parameter r > 0 and constructed by applying the two-mode squeezed operator,
S(23)(r) ≡ exp(r(a(2)a(3) − a∗

(2)a
∗
(3))), to the vacuum. That is, the state is

|r〉(23) ≡ S(23)(r)|0〉(2) ⊗ |0〉(3).

It is difficult to see in the above expression how strongly the state is entangled, so
the following Fock basis representation is useful:

|r〉(23) = 1

cosh(r)

∞∑

n=0

(
tanh(r)

)n|n〉(2) ⊗ |n〉(3)

=
√

1 − q2
∞∑

n=0

qn|n〉(2) ⊗ |n〉(3). (18.23)

Here we put q ≡ tanh(r) to simplify the notation. Thus the states are parameterized
by a positive number q ∈ (0,1). When the parameter q is closer to 1, it represents
more perfectly entangled state. According to the experiment, the value q = 0.33 has
already been realized. To understand how strongly the state (18.23) is entangled,
it should be noted how qn behaves as n becomes large. qn can be estimated to
have sufficiently large nonzero value for 0 ≤ n ≤ 1

1−q2 . Therefore, the effectively

entangled subspace has 1
(1−q2)2 dimension in the tensor product Hilbert space of (2)

and (3).
Another way to characterize the state is to redefine the creation and anihilation

operators using a squeezing operator:

b(2) ≡ S(23)(r)
∗a(2)S(23) = cosh(r)a(2) − sinh(r)a∗

(3),

b(3) ≡ S(23)(r)
∗a(3)S(23) = cosh(r)a(3) − sinh(r)a∗

(2).

The state |r〉(23) is the vacuum state for these new operators b(2) and b(3). In the
position representation, the wave function is written by means of the Gaussian one
as

Ψq(x2, x3) = 1

π
exp

(

− 1 − q

4(1 + q)
(x2 − x3)

2 − 1 + q

4(1 − q)
(x2 + x3)

2
)

.
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In the next subsection, we will discuss the state obtained by letting the parameter q

to 1, which reveals a mathematically interesting structure.
Now let us see what kind of measurements Alice performs. Alice mixes her input

state with the reference EPR beam by a 50% beam-splitter and she performs an
entanglement measurement of the complex field value β̂ = x̂− + iŷ+, where

x̂− = x̂1 − x̂2,

ŷ+ = ŷ1 + ŷ2.

An important point is that the commutativity of x̂− and x̂+ yields the measurement
of two different observables at the same time. It is easily seen that both of them
have continuous spectrum. The measurement of an observable with a continuous
spectrum cannot be done precisely, but can be done approximately depending on
one’s resolution ability. The unnormalized “eigenvector” of the operator β̂ is written
as

|β〉(12) = 1√
π

∞∑

n=0

D̂(1)(β)|n〉(1) ⊗ |n〉(2),

where D̂(1)(β) is a displacement operator acting on the mode (1) with a displace-
ment amplitude of β ∈ C, that is, it is defined by

D(1)(β) ≡ exp(βa∗
(1) − β∗a(1)).

When Alice obtains an outcome β , the resulted state is not |β〉A,R but the smeared
normalized state

|β,Δ〉(12) ≡
∫

d2β ′fΔ(β ′ − β)|β ′〉(12),

where fΔ is a function whose support is only around the origin with the width
Δ (resolution ability) and it satisfies

∫
d2β ′|fΔ(β ′)|2 = 1. Thus the state of (3) is

changed into

ρ(β) ≡ |ψ(β)〉(3)(3)〈ψ(β)|
(3)〈ψ(β)|ψ(β)〉(3)

with

∣
∣ψ(β)

〉(3) = ((1,2)〈β,Δ| ⊗ I (3)
)(|ψ〉(1) ⊗ I (23)

)(
I (1) ⊗ |q〉(23)

)

= ((1,2)〈β,Δ| ⊗ I (3)
)(|ψ〉(1) ⊗ |q〉(23)

)

=
∫

d ′β

√

1 − q2

π

∞∑

n=0

qn|n〉(3)f ∗
Δ(β ′ − β)〈n|D̂(1)(−β ′)|ψ〉(1).

The probability obtaining the field measurement value β is given by Pq(β) =
(3)〈ψ(β)|ψ(β)〉(3).
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After Bob gets information about the field measurement value β from Alice,
Bob applies a corresponding displacement unitary operator to the output state by
mixing the coherent field of a local oscillator with the output EPR beam B . Thus
the output state is |ψout(β)〉(3) = D̂(3)(β)|ψ(β)〉(3). The above mentioned scheme is
called the continuous teleportation, which is proposed by Kimble et al. After some
calculations, one can show that by letting q → 1 and Δ → 0 the scheme approaches
the perfect one, that is, it teleports exactly all the states of one-mode photons.

18.8.2 Entangled State Employed by Continuous Teleportation

Let us go back to the entangled state employed by the above scheme and close this
section by a comment on its mathematical property. As we mentioned, each system
attached to Alice and Bob is identified with a one-particle system. The observable
algebra of a one-particle system is a so-called CCR algebra defined as follows. Al-
though ordinary quantum mechanics textbooks begin with commutation relation (we
put � = 1)

[x, y] = i,

here note that the momentum is written as y, this equation is somewhat singular
since the operators x and y cannot be realized by bounded operators but can be
realized by unbounded ones. To treat it more soundly, it is nice to begin with uni-
tary operators whose generators are x and y. Thus we consider the unitary objects,
W(k, k′), ((k, k′) ∈ R

2) with CCR relation,

W(k, k′)W(p,p′) = W(k + p,k′ + p′)e− i
2 k∧p,

where k∧p ≡ kp′ −k′p represents a wedge product. Intuitively, W(k, k′) represents
exp[i(kx + k′y)]. A C∗-algebra A generated by {W(k, k′)}’s is called CCR algebra.
The well-known von Neumann uniqueness theorem says that the representation π

of CCR yielding continuous unitary group of π(W(k, k′)) with respect to (k, k′) is
essentially unique. Almost all standard textbooks treat things in the so-defined reg-
ular representation, Shrödinger representation. The above discussion of continuous
teleportation scheme also can be written in this representation. The Hilbert space is
spanned by a complete orthonormal system {|n〉}. The observable algebra of com-
posite system attached to Alice and Bob, (2) and (3), is written by a tensor product
of two such CCR systems. There exists subtle problems when one treats the tensor
product of C∗-algebras since the norm on it is not uniquely defined; however, we
can here define the norm in a natural way. We obtain the observable algebra of the
composite system A2 ⊗ A3, in which the situation is not changed from the one-
particle case above and the von Neumann uniqueness theorem still holds here. Thus
we can play the same game in the regular representation Hilbert space H2 ⊗ H3.

Let us now consider the entangled state 〈q| · |q〉. As long as q < 1 holds, the
vector |q〉 is well-defined in H2 ⊗ H3, but we have a question “how it behaves as
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q → 1”. The vector becomes closer and closer to the basis |n〉(2) ⊗ |n〉(3), and it
does not converge to any vector in H2 ⊗ H3. However, this fact does not mean that
the limiting state is a mathematically illegal one. Let us remind the algebraic formu-
lation of the quantum theory. We have a C∗-algebra and states over it. A state ω is
nothing but a normalized positive linear functional over the algebra. In our CCR al-
gebra case, a state is exactly defined by specifying a so-called generating functional
ω(W(k2, k

′
2)⊗W(k3, k

′
3)). Before considering the entangled state, let us begin with

an exercise with respect to one mode CCR. For instance, let us see the generat-
ing functional ω0(·) = 〈0| · |0〉, the ground state. In Shrödinger representation, the
representation and the creation–anihilation a, a∗ operators are related by

π
(
W(k, k′)

)= e− 1
4 (k2+k′2)e

i 1√
2
(k+ik′)a∗

e
i 1√

2
(k−ik′)a

,

and by using the relation a|0〉 = 0, we obtain

ω0
(
W(k, k′)

)= e− 1
4 (k2+k′2).

Now let us consider the entangled state employed in continuous teleportation model,
ωq(·) ≡ 〈q| · |q〉 over the tensored observable algebra. By a long calculation, one
obtains generating functional:

ωq

(
W(k2, k

′
2) ⊗ W(k3, k

′
3)
)

= exp

(

− 1 + q

8(1 − q)

{
(k2 − k3)

2 + (k′
2 + k′

3)
2}
)

× exp

(

− 1 − q

8(1 + q)

{
(k2 + k3)

2 + (k′
2 − k′

3)
2}
)

.

By letting q to 1 in the above equation, as the weak limit we obtain a state over CCR
tensored algebra such that

ωq=1
(
W(k2, k

′
2) ⊗ W(k3, k

′
3)
)=
{

1, if k2 = k3, k′
2 = −k′

3,

0, otherwise

for which one can easily verify that it indeed satisfies the requirement for a state
(positivity, normality, etc.). It is nothing but the state that Einstein, Podolsky and
Rosen originally considered. The state does not stay in the regular representation
space anymore, but it is a state over the CCR C∗-algebra. One can show that this
state maximally violates Bell’s inequality and has a strong entanglement property.

18.9 Quantum Teleportation with Non-maximally Entangled
States

In some models [20, 105, 246] perfect teleportation is possible if the entangled state
σ used for the teleportation and the projection Pα are maximally entangled.
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18.9.1 Basic Setting

Let H = C
n be a finite-dimensional complex Hilbert space in which the scalar prod-

uct 〈·, ·〉 is defined as usual. Let en (n = 1, . . . , n) be a fixed orthonormal basis
(ONB) in H, and let B(H) be the set of all bounded linear operators on H, which is
simply denoted by Mn. In Mn, the scalar product (·, ·) is defined by

(A,B) ≡ trA∗B =
n∑

i=1

〈Aei,Bei〉.

Note that eij ≡ |ei〉〈ej | (i, j = 1, . . . , n) is an ONB in Mn with respect to the above
scalar product. The mappings

A ∈ Mn → AL ≡
n∑

i=1

Aei ⊗ ei ∈ H ⊗ H,

A ∈ Mn → AR ≡
n∑

i=1

ei ⊗ Aei ∈ H ⊗ H

define the inner product isomorphisms from Mn into H ⊗ H such that

(A,B) = 〈〈AL,BL
〉〉= 〈〈AR,BR

〉〉
,

where the inner products in H ⊗ H is denoted by 〈〈·, ·〉〉.
Let L(Mn,Mn) be the vector space of all linear maps Φ : Mn → Mn. Mn ⊗ Mn

is the set of all linear maps from H ⊗ H to H ⊗ H. By analogy between Mn and
H ⊗ H, one can construct the inner product isomorphisms between L(Mn,Mn) and
Mn ⊗ Mn such as

Φ ∈ L(Mn,Mn) → ΦL ≡
n∑

i,j=1

Φeij ⊗ eij ∈ Mn ⊗ Mn,

Φ ∈ L(Mn,Mn) → ΦR ≡
n∑

i,j=1

eij ⊗ Φeij ∈ Mn ⊗ Mn.

The inner products in L(Mn,Mn) is defined as follows:

(
(Φ,Ψ )

)≡ trΦ∗Ψ =
n∑

i,j=1

(Φeij ,Ψ eij ).

One can easily verify that it is equal to

tr12 ΦL∗Ψ L = tr12 ΦR∗Ψ R,

where tr12 is the trace over the space Mn ⊗ Mn, whose ONB is {eij ⊗ ekl}.
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Let {fα;α = 1, . . . , n2} be another ONB in Mn so that one has trf ∗
α fβ = δαβ .

It is easy to check that the maps Φαβ ∈ L(Mn,Mn) defined by Φαβ(A) ≡ fαAf ∗
β

for any A ∈ Mn can be written as Φαβ = |fα〉〈fβ | and the set {Φαβ} is a ONB of
Mn ⊗Mn. Moreover, the corresponding elements ΦL

αβ,ΦR
αβ ∈ Mn ⊗Mn form ONBs

of Mn ⊗ Mn. The explicit expressions of ΦL
αβ and ΦR

αβ are

ΦL
αβ ≡

n∑

i,j=1

fαeij f
∗
β ⊗ eij and ΦR

αβ ≡
n∑

i,j=1

eij ⊗ fαeij f
∗
β .

There exist some important consequences for the above isomorphisms:

1. Any map Φ ∈ L(Mn,Mn) is uniquely written as

Φ(A) =
∑

cαβΦαβ(A) =
∑

cαβfαAf ∗
β with some cαβ ∈ C.

2. If Φ(A∗) = Φ(A)∗, then cαβ = cαβ ∈ R and ΦL, ΦR are self-adjoint in H ⊗ H.
3. If Φ(A) = Φ(A)∗, that is, the matrix C ≡ (cαβ) is Hermitian, then Φ and ΦL,

ΦR can be written in the following canonical forms:

Φ(A) =
∑

α

cαgαAg∗
α,

ΦL =
∑

α,i,j

cαgαeij g
∗
α ⊗ eij ,

ΦR =
∑

α,i,j

cαeij ⊗ gαeij g
∗
α,

where {gα;α = 1, . . . , n2} is some ONB in Mn and cα ∈ R.
4. From part 3, it follows that for any ONB {fα}

Pα ≡ ΦL
αα =

n∑

i,j=1

fαeij f
∗
α ⊗ eij , Qα ≡ ΦR

αα =
n∑

i,j=1

eij ⊗ fαeij f
∗
α

are mutually orthogonal projections in H ⊗ H satisfying

n2
∑

α=1

Pα =
n2
∑

α=1

Qα = I ⊗ I (I is the unity of Mn).

5. A any state (density operator) σ12 on H ⊗ H can be written in the form

σ12 =
n2
∑

α=1

λαQα =
n2
∑

α=1

λα

n∑

i,j=1

eij ⊗ fαeij f
∗
α
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with
∑n2

α=1 λα = 1 and λα ≥ 0. Put

Θ∗(A) ≡
n2
∑

α=1

λαfαAf ∗
α

for any A ∈ Mn. Then Θ∗ is a completely positive (CP) map on Mn, and σ12 is
written as

σ12 =
n∑

i,j=1

eij ⊗ Θ∗(eij ).

Let us take A ∈ Mn with trA∗A = 1, then AL (AR) is a normalized vector in H ⊗ H,
and it defines a state σ in H ⊗ H as σ ≡ |AL〉〈AL|.

Definition 18.32 The above state σ is maximally entangled if A∗A = AA∗ = I
n

,
equivalently, A = 1√

n
U for some unitary operator U in H.

Remark 18.33 One can construct an ONB {fα = Uα/
√

n;α = 1, . . . , n2} with uni-
tary Uα . Then the corresponding projections P and Q given above in part 4 are
maximally entangled states.

Definition 18.34 The map Φ ∈ L(Mn,Mn) is said to be normalized if Φ(I) = I ,
base-preserving if trΦ(A) = trA for all A ∈ Mn, self-adjoint if Φ(A)∗ = Φ(A∗)
for all A ∈ Mn, positive if Φ(A∗A) ≥ 0 for all A ∈ Mn, and completely posi-
tive if

∑n
i,j=1〈xi,Φ(A∗

i Aj )xj 〉 ≥ 0 for any xi (i = 1, . . . , n) ∈ H and any Ai

(i = 1, . . . , n) ∈ Mn. Note that the canonical form of completely positive map is
given by Θ∗ above.

18.9.2 New Scheme of Teleportation

We propose a new protocol for quantum teleportation. Let us take the conditions
that all three Hilbert spaces H1, H2, and H3 are C

n. Let the state σ in H2 ⊗ H3 =
C

n ⊗ C
n be

σ =
n∑

i,j=1

eij ⊗ Θ∗(eij ).

Here eij ,Θ
∗ are those given in the previous subsection with an ONB {fα;α =

1, . . . , n2}, but are defined on H2 and H3. We set an observable F in H1 ⊗ H2
to be measured by Alice as follows:

F =
∑

α

zαPα ≡
∑

α

zα

n∑

i,j=1

g∗
αeij gα ⊗ eij ,
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where {gα;α = 1, . . . , n2} is another ONB of Mn. Then we define the unnormalized
teleportation map for an input state ρ in H1 and the measured value zα of Alice by

T ∗
α (ρ) ≡ tr12(Pα ⊗ I )ρ ⊗ σ(Pα ⊗ I ).

Lemma 18.35 The teleportation map T ∗
α has the form T ∗

α (ρ) = Θ∗(gαρg∗
α) for any

ρ in H1.

Proof One can write T ∗
α (ρ) as

T ∗
α (ρ) =

n∑

i,j=1

n∑

k,l=1

n∑

t,s=1

tr (g∗
αeij gαρg∗

αetsgα)tr (eij eklets)Θ
∗(ekl)

=
n∑

i,j,s=1

tr (g∗
αeij gαρg∗

αetigα)Θ∗(ejt )

=
n∑

i=1

〈g∗
αei, gαei〉

n∑

j,t=1

〈ej , gαρg∗
αet 〉Θ∗(ejt )

=
n∑

j,t=1

tr (gαρg∗
αejt )Θ

∗(ejt )

= Θ∗(gαρg∗
α). �

It is easily seen that T ∗
α is completely positive but not trace-preserving. In order

to consider the trace-preserving map from T ∗
α , let us consider the dual map Tα of

T ∗
α , i.e., trAT ∗

α (ρ) =: trTα(A)ρ. Indeed, it is

Tα(A) = g∗
αΘ(A)gα, A ∈ Mn,

where Θ is the dual to Θ∗:

Θ(A) =
n2
∑

α=1

λαf ∗
α Afα.

The map Tα is normalizable iff rankTα(I ) = n, that is, the operator Tα(I ) is invert-
ible. Put

κα ≡ Tα(I ).

In this case, the dual teleportation map Tα is normalized as

Υα ≡ κ
− 1

2
α Tακ

− 1
2

α .
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The dual map Υ ∗
α of Υα is trace-preserving and it has the form

Υ ∗
α (ρ) = Θ∗(gακ

− 1
2

α ρκ
− 1

2
α g∗

α

)=
n2
∑

β=1

λβfβgακ
− 1

2
α ρκ

− 1
2

α (fβgα)∗.

Definition 18.36 We call the map Υ ∗
α a quantum teleportation channel.

It is important to note that this teleportation channel Υ ∗
α is linear with respect to

all initial states ρ.
Let us consider a special case of σ such that

σ =
n∑

i,j=1

eij ⊗ Θ∗(eij ) with Θ∗(·) ≡ f · f ∗ and trf ∗f = 1.

That is, σ is a pure state. In this case, one has

T ∗
α (ρ) = (gαf )ρ(gαf )∗

and

κα = (gαf )∗(gαf ).

Remark 18.37 If gα = Uα/
√

n and f = V/
√

n, where Uα and V are unitary opera-
tors, then κα = 1/n2, which corresponds to the usual discussion.

Further, it follows that the teleportation Υ ∗
α is trace-preserving iff rank(gα) =

rank(f ) = n, and in such a case one has

Υ ∗
α (ρ) = (fgα)κ

− 1
2

α ρκ
− 1

2
α (fgα)∗.

Put

Wα ≡ fgακ
− 1

2
α ,

which is easily seen to be unitary. Thus we proved the following theorem.

Theorem 18.38 Given an ONB {gα;α = 1, . . . , n2} and a vector f in Mn on the
n-dimensional Hilbert space, if rank(gα) = rank(f ) = n is satisfied, then one can
construct an entangled state σ and the set of keys {Wα} such that the teleportation
channel is linear, and perfect teleportation occurs.

That is, our teleportation protocol does not require that the entangled state be
maximal for the linear perfect teleportation. In other protocols, teleportation chan-
nel becomes nonlinear if the entangled state is not maximal; moreover, perfect tele-
portation can occur if the entangled state is maximal.

We will give examples of our teleportation scheme with non-maximally entan-
gled states in the next subsection.
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18.9.3 Examples

Let us construct an example. That is, we construct an entangled state given in the
form: σ =∑n

i,j=1 eij ⊗Θ∗(eij ) with Θ∗(·) ≡ f ·f ∗ and trf ∗f = 1. Then it is pos-
sible in our protocol to teleport completely by means of a non-maximally entangled
state σ . The above state σ is pure, so that σ is maximally entangled iff f = U/

√
n

with some unitary operator u. Therefore, if rank(f ) = n and f �= U/
√

n, then σ is
not maximally entangled.

We will consider a bit more general question: For an ONB {fα} (α = 1, . . . , n2)

in Mn, can we construct n2 projections Qα =∑n
i,j=1 eij ⊗ fαeij f

∗
α such that all

Qα are mutually orthogonal and not maximally entangled? This question is reduced
to finding the basis {fα} such that rank(fα) = n for any α and fα �= U√

n
with uni-

tary U .

1. A positive answer for the above question is given in the case n = 2, that is, M2.
Let Sα (α = 0,1,2,3) be spin matrices,

S0 = I, S1 =
(

0 1
1 0

)

, S2 =
(

0 −i
i 0

)

, S3 =
(

1 0
0 −1

)

,

and put

ωα ≡ Sα√
2

(α = 0,1,2,3).

Now we consider an orthogonal transformation C : R
4 → R

4. In terms of C ≡
(Cαβ) one defines a new basis {fα} in M2:

fα =
3∑

β=0

Cαβωβ. (18.24)

Since Cαβ is real and ωα = ω∗
α , it implies that fα = f ∗

α and the equality

detfα = 1

2

(

C2
α0 −

3∑

β=1

C2
αβ

)

,

so that all fα have rank 2 iff detfα �= 0. Such fα (α = 0,1,2,3) generate the
corresponding projection Qα =∑n

i,j=1 eij ⊗ fαeij f
∗
α on mutually orthogonal

subspaces of C
2 ⊗C

2 such that Qα (α = 0,1,2,3) are non-maximally entangled
states iff the transformation {ωα} to {fα} cannot be generated by unitary U such
as UωαU∗ = fα .

From the orthogonality relation to C, it follows that

C2
α0 +

3∑

β=1

C2
αβ = 1 and

3∑

α=0

C2
α0 = 1.
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These relations tell us that detfα �= 0 iff C2
α0 �= 1

2 . Thus the relation
∑3

α=0 C2
α0 =

1 implies that detfα �= 0 iff C2
α0 > 1

2 .
As an example, let us take the matrix C of the form

C ≡ R01(θ1)R02(θ2)R03(θ3),

where Rab(θ) is the rotation in (a, b)-plane with the angle θ . Then one finds

C =

⎛

⎜
⎜
⎝

c1c2c3 −s1 −c1s2 −c1c2s3
s1c2c3 c1 −s1s2 −s1c2s3
s2c3 0 c2 −s2s3
s3 0 0 c3

⎞

⎟
⎟
⎠ ,

where ci ≡ cos θi and si ≡ sin θi . It is easy to check that fα generate the projec-
tions Qα , whose corresponding states are non-maximally entangled if |s3| > 1

2 .
This inequality can be realized by taking θ3 properly, e.g., π

6 < θ3 < 5π
6 .

2. We can construct even simpler ONB {fα;α = 0,1,2,3} generating non-
maximally entangled states such as

f0 =
(

cos θ1 0
0 sin θ1

)

, f1 =
(− sin θ1 0

0 cos θ1

)

,

f2 =
(

0 cos θ2
sin θ2 0

)

, f3 =
(

0 − sin θ2
cos θ2 0

)

.

These are the matrices with rank = 2 for 0 < θ1, θ2 < π/2, and they generate a
non-maximally entangled state when θ1, θ2 �= π/4.

18.9.4 Perfect Teleportation for Non-maximally Entangled State

In this subsection, we briefly explain the physical model of the Kossakowski–Ohya
teleportation scheme. The details are given in [743].

This model is dependent on an entangled state generated by a photon number
state with N photons through the half beamsplitter. The entangled state is written
on H2 ⊗ H3 as

|ξ 〉 =
N∑

n=0

dn|n〉 ⊗ |N − n〉,

where |n〉 is the n-photon number state and

dn = (−1)N−ne−iφ(N−n)

√

2−N

(
N

n

)

.

The above φ is the phase difference between the reflected beam and the transmitted
beam [427]. Remark that the |ξ 〉 is a non-maximally entangled state, in general.
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In the model, we take a superposition |ψ〉 of Schrödinger’s cat state vectors
|αeven〉 and |αodd〉 as an input state vector being sent from Alice to Bob which is
written as

|ψ〉 = c1|αeven〉 + c2|αodd〉.
Here, |αeven〉 and |αodd〉 are defined by

|αeven〉 = 1√
C+

∞∑

n=0

αn + (−α)n√
n! |n〉,

|αodd〉 = 1√
C−

∞∑

n=0

αn − (−α)n√
n! |n〉,

where C± ≡ 2 exp(|α|2) ± 2 exp(−|α|2) [384].
Alice measures the phase difference of beams and the sum of photon number on

H1 ⊗ H2 [491]. The operator expressing the sum of photon number is

N̂+ = N̂1 + N̂2

≡
∞∑

q=0

q

(
q∑

t=0

|q − t〉〈q − t | ⊗ |t〉〈t |
)

,

where N̂1 (resp., N̂2) is the number operator on H1 (resp., H2). The operator ex-
pressing the phase difference of beam is

Φ̂− =
q∑

m=0

φ−
m

(
q∑

t=0

∣
∣φ(1)

t+m

〉 〈
φ

(1)
t+m

∣
∣⊗ ∣∣φ(2)

t

〉 〈
φ

(2)
t

∣
∣

)

where

∣
∣φ(k)

m

〉=
q∑

n=0

exp(inφ
(k)
m )√

q + 1
|n〉,

φ(k)
m = φ

(k)
0 + 2πm

q + 1

are Pegg–Barnett phase state vectors on Hk , and φ−
m = φ

(1)
0 −φ

(2)
0 + 2πm

q+1 [549, 640].

There exist common eigenvectors of both N̂+ and Φ̂−, which are given by

|q,φ−
m〉 =

q∑

n=0

exp(−inφ−
m)√

q + 1
|q − n〉 ⊗ |n〉

for the eigenvalue q of N̂+ and that φ−
m of Φ̂−.
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Let us rewrite |ξ 〉 and |q,φ−
m〉 with the Kossakowski–Ohya formalism as

|ξ 〉 =
N∑

n=0

|n〉 ⊗ f |n〉,

|q,φ−
m〉 =

q∑

n=0

g∗
q,m|n〉 ⊗ |n〉,

where

f =
N∑

n=0

dn|N − n〉〈n|,

g∗
q,m =

q∑

n=0

exp(−inφ−
m)√

q + 1
|q − n〉〈n|.

Obviously, the gq,m satisfy tr(g∗
q,mgq ′,m′) = δq,q ′δm,m′ .

In the same way discussed above, we can construct Bob’s key by f and gq,m

through which complete teleportation is achieved when |α|2 = N
2 .

18.10 Notes

The first model of quantum teleportation was given by Bennett et al. [105, 107],
whose model is discussed in Sect. 18.2. The channel expression of the teleportation
process is studied in [363]. Weak teleportation was considered in [20], in which the
uniqueness of keys and the maximality of entanglement are proved. Similar discus-
sion was given in [348, 813]. A teleportation model in Fock space was given by
Fichtner and Ohya [246, 248], in which incomplete teleportation is rigorously dis-
cussed and its importance is pointed out. A model using squeezed states was consid-
ered in [134]. The fidelity [392, 759] of teleportation process has been computed in
[247]. The Fichtner–Freutenberg expression of Fock space was given in [242–244,
486]. Mathematically rigorous study of beam splitting was given in [20, 244]. Spa-
tially separated teleportation discussed here is taken from [246]. The mathematical
structure of Einstein–Podolsky–Rosen state using C∗-algebra is presented in [315,
813]. The complete teleportation is realized mostly for maximally entangled states,
Kossakowski and Ohya found [444] a new teleportation scheme so that the complete
teleportation is possible for non-maximally entangled states.

Almost all discussions of quantum teleportation have been based on finite dimen-
sionality of the Hilbert spaces attached to Alice and Bob. As is well-known, success
of quantum mechanics is due to the discovery that nature is described by infinite-
dimensional Hilbert spaces, so that it is desirable to demonstrate the quantum tele-
portation process in a certain infinite-dimensional Hilbert space. A recent paper
[251] was an attempt to describe the teleportation process in an infinite-dimensional
Hilbert space by giving simple examples.



Chapter 19
Physical Nanosystems

In this chapter, certain experimental realizations of quantum information schemes
are briefly discussed. Some nanosystems used for experimental implementation of
quantum computation such as quantum dots, ion traps, and nuclear magnetic reso-
nance are considered. Parametric down-conversion for producing entangled photons
is described. Full exposition of recent experimental works is beyond the scope of
this book, so we will discuss only some fundamental topics.

19.1 Quantum Dots

19.1.1 Quantum Wells, Quantum Wires, Quantum Dots

A quantum dot is a semiconductor whose excitons are confined in all three spa-
tial dimensions ranging from 2–10 nanometers (10–50 atoms) in diameter. They
have properties that are between those of bulk semiconductors and those of discrete
molecules. They were discovered at the beginning of the 1980s by Ekimov in a glass
matrix and by Brus in colloidal solutions.

Quantum dots are quasi-zero-dimensional systems that contain a small and con-
trollable number of electrons, see [385]. One has the possibility of controlling their
properties, for example, their shape, dimensions, and the number of confined elec-
trons.

Quantum dots are similar to atoms and often referred to as the artificial atoms.
However, quantum dots do not have nuclei, and the potential of a quantum dot differs
from the Coulomb potential binding electrons in an atom. In a good approximation,
an electron has the Fock–Darwin energy levels.

From the 1970s, the electronic structures of quasi-two-dimensional structures,
quantum wells, are explored. A quantum well is a very thin, of a few nanometer
thick, flat layer of semiconductor sandwiched between two layers of another semi-
conductor with a higher conduction-band energy. The material used commonly for
creating quantum wells is gallium arsenide, GaAs. Remarkable physical properties

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_19, © Springer Science+Business Media B.V. 2011
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of quantum wells such as the integer and fractional quantum Hall effects were ob-
served. Quantum wells are implemented in numerous devices, for example, laser
diodes used in CD players.

Quasi-one-dimensional structures, quantum wires, were produced at the begin-
ning of the 1980s in the form of miniature strips, etched in a sample containing a
quantum well.

Quantum dots were first created at the end of 1980s by etching them in quantum
wells by means of lithography.

Quantum dots are also created by using modulated electric field from miniature
electrodes over the surface of a quantum well by means of lithographic techniques,
through the self-crystallization, and by using other methods. Both single quantum
dots and large arrays (matrices) of dots were produced.

19.1.2 Fock–Darwin Hamiltonian and Interacting Electrons
in Quantum Dot

The energy of an electron in quantum dot is quantized as a result of the confinement
in a small area. Quantum dots are created usually through producing the potential
V (x, y) restricting the motion of the electrons, which are confined in a very narrow
quantum well. Therefore, they have the shape of flat discs. In a good approximation,
one can use the parabolic well V (r) ∼ r2, r = (x, y). The Hamiltonian operator of
an electron in the parabolic well in a perpendicular magnetic field has the form:

H = 1

2m

(

p − e

c
A

)2

+ m

2
ω2

0r2

= p2

2m
+ m

2

(

ω2
0 + ω2

c

4

)

r2 − 1

2
ωclz

where c is the speed of light in vacuum. Here m is the effective mass, r = (x, y) is
the position, p = (px,py) = (−i∂x,−i∂y) is the momentum, lz = xpy − ypx is the
projection of the angular momentum onto the field direction. Here note that

p2 ≡ p · p = p2
x + p2

y = −∂2
x − ∂2

y .

A is the vector potential of the magnetic field, A = 1
2B(y,−x) (see Sect. 16.1.1),

and ωc = eB/mc is the cyclotron frequency. The eigenstates and the energy levels of
the Hamiltonian were determined by Fock and Darwin by using the transformation
to a pair of harmonic oscillators.

Using the complex variables z = x + iy, z = x − iy and differential operators
∂ = (∂x − i∂y)/2, ∂ = (∂x + i∂y)/2, we define two pairs of annihilation–creation
operators:

a = 1√
2

(
1

2l0
z + 2l0∂

)

, a∗ = 1√
2

(
1

2l0
z + 2l0∂

)
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and

b = 1√
2

(
1

2l0
z + 2l0∂

)

, b∗ = 1√
2

(
1

2l0
z − 2l0∂

)

where

l0 = lB

4
√

1 + 4ω2
0/ω

2
c

, lB =
√

�c

eB
.

The operators satisfy the following commutation relations

[a, a∗] = [b, b∗] = 1, [a, b] = [a, b∗] = 0.

The Hamiltonian above takes the form

H = �ω+
(

a∗a + 1

2

)

+ �ω−
(

b∗b + 1

2

)

i.e., represents a pair of independent harmonic oscillators, where

ω± =
√

ω2
0 + 1

4
ω2

c ± 1

2
ωc.

Therefore, the eigenstates of the Hamiltonian have the form

|n+, n−〉 = 1
√

n+!n−!a
∗n+b∗n−|0,0〉, n+, n− = 0,1,2, . . . ,

where |0,0〉 is the vacuum state, a|0,0〉 = b|0,0〉 = 0. The eigenenergies are

E(n+, n−) = �ω+
(

n+ + 1

2

)

+ �ω−
(

n− + 1

2

)

.

They are called the Fock–Darwin energy levels. In the strong magnetic field when
ωc � ω0, one can take ω0 � 0 and one gets the Landau energy levels:

En = �ωc

(

n + 1

2

)

.

The Hamiltonian describing an N -electron quantum dot is

H =
N∑

i=1

[
1

2m

(

pi − e

c
A(ri)

)2

+ V (ri ) + αLi · σ i − gμBσ i · B
]

+ 1

2

∑

i 	=j

e2

|ri−rj | .

Here Li = ri × pi is the orbital angular momentum and σ i is the spin (one of Pauli
matrices) of the ith electron. The term αLi · σ i describes the spin–orbit interaction
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with the coupling constant α, and the Zeeman coupling gμBσ i · B describes the
coupling with the magnetic field, where g is the effective g-factor and μB the Bohr
magneton.

The potential V (r) in a good approximation can be taken to be a Gaussian or
a parabolic well. For applications to quantum computing, the potential was taken
to be a quartic polynomial which was used to model the coupling of two quantum
dots. The Hamiltonian was studied by using known quantum mechanical methods
and numerical simulation.

19.1.3 Properties of Quantum Dots

Many interesting properties of quantum dots have been investigated theoretically
and in experiments. For the single particle states, the use of strong magnetic fields
enables a transition for the regime of spatial quantization of the Fock–Darwin energy
levels to the regime of magnetic field Landau quantization.

In a quantum dot, not only the conduction-band electrons but also the another
type of carriers, the valence-band holes, can be bound. The basic tool for the in-
vestigation of discrete energy levels of quantum dots are the photoluminescence
measurements. Electron–hole pairs (excitons) can be created by means of a laser
beam.

In large quantum dots, the Coulomb interaction between electrons is important,
in particular, it determines the ground state of the system. It leads to the formation of
the so-called incompressive magic states of a few electron systems. The magic states
of strongly interacting electrons were described as some states of weakly interacting
composite fermions, i.e., free fermions with attached fluxes of a magnetic field.

There are considerations of possible applications of quantum dots in the con-
struction of new quantum-dot-based lasers and in quantum computers.

19.1.4 Quantum Computation with Quantum Dots

There are several proposals of how to use quantum dots for quantum computation.
Loss and DiVincenzo [490] proposed to consider the spin of the electron on a single-
electron quantum dot as the qubit and coupled quantum dots as quantum gates.
In this model, the two-qubit quantum gate operates by an electrical gating of the
tunneling barrier between neighboring quantum dots.

The exchange coupling between two spins σ 1 and σ 2 is described by the Heisen-
berg Hamiltonian

H(t) = J (t)σ 1 · σ 2.

Here J (t) is the time-dependent exchange coupling that is produced by turning on
and off of the tunneling matrix elements by using, for example, a split-gate tech-
nique.
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If the coupling is pulsed such that
∫

J (t) dt = J0τ0 = π (mod 2π ), then for the
specific duration τ0 the unitary evolution operator U(t) corresponds to the swap op-
erator Usw which exchanges the quantum states of qubit 1 and 2, U(τ0) = Usw. The
quantum XOR operation UXOR can be obtained by applying a sequence of square-
roots of swap and single-qubit operations:

UXOR = exp

[
iπ

4
σ z

1

]

exp

[

− iπ

4
σ z

2

]

U
1/2
sw exp

[
iπ

2
σ z

1

]

U
1/2
sw .

It is known that UXOR is a universal quantum gate if it is combined with single
qubit rotations. Therefore, the described quantum dot model can, in principle, be
used to implement any quantum algorithm.

Also the decoherence in this model was considered by using the spin-boson
Hamiltonian.

19.2 Quantum Communication Experiments

19.2.1 Quantum Cryptography and Teleportation

There are several quantum communication experiments. In a demonstration of
entanglement-based key distribution, the sources uses type II parametric down-
conversion in β-barium borate (β − BaB2O4; we call it BBO), pumped with an
argon laser. The photons, with a wavelength of 702 nm, are each coupled into 500 m
long optical fibers and transmitted to Alice and Bob, who are separated by 400 m.
Quantum key distribution is started by a single light pulse from the source to Alice
and Bob. After a run of about 5 s duration has been completed, and Alice and Bob
compare their lists of detections to extract the coincidences. After a measurement
run, the quantum keys are established by Alice and Bob through classical commu-
nication over a standard computer network. The system has a measured rate of total
coincidence of about 1700 per second, and the collection efficiency of each photon
path of 5%. For more recent experiments on quantum cryptography, see [751, 822].

In experiments on quantum teleportation, polarization-entangled photons were
produced by type II down-conversion in a nonlinear BBO crystal. Here the UV
beam was pulsed, the pulses had a duration of about 200 fs (1 fs = 10−15 s) and
λ = 294 nm.

The entangled pair of photons 2 and 3 is produced in a Bell state in the first pas-
sage of the UV pulses through the crystal which is distributed to Alice and Bob. The
pulse is reflected at a mirror back through the crystal and produces another pair of
photons, one of which is prepared in the initial state to be teleported (photon 1), and
the other one (photon 4) serves as a trigger indicating that a photon to be teleported
is on its way. Alice then looks for coincidences behind her beam splitter, where the
initial photon and one of the ancillaries are superposed. Bob, after receiving the clas-
sical information that Alice has obtained a coincidence count identifying the Bell
state, knows that his photon 3 is in the initial state of photon 1, which then can be
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verified using polarization analysis e.g., [129]. Therefore, the initial state of photon
1 is teleported onto the state of photon 3.

For more recent experiments on quantum teleportation including teleportation of
continuous variables, see [135, 613, 824, 834].

Here we mention that there exists a serious question of where the photon number
states exist so that we can control them for a special purpose. Fichtner and Ohya
proposed a mathematical model by means of coherent states as was discussed in
Chap. 18 with a new concept “non-perfect teleportation”.

19.3 Experimental Realizations of Quantum Computations

Several experiments demonstrating the basic properties of quantum computations
were performed. These experiments showed that small-scale quantum logic oper-
ations are conceivable. However, whether or not it is possible to scale them up to
practical quantum computation remains to be seen. Experimental methods based on
trapped ions, cavity quantum electrodynamics (cavity QED), nuclear magnetic res-
onances (NMR), single atoms, and solid state devices were proposed among others
to implement quantum computations.

Here we briefly discuss some of these experiments and proposals. To implement
quantum computations, we need to encode the information then to process it by
means of quantum gates, and finally to read out the result. We will discuss how
these steps could be implemented in various proposed methods.

19.3.1 Ion Traps

In the realization of a quantum computer with trapped ions, each qubit can be im-
plemented as a superposition of the ground electronic state and the excited state of
an ion. It is shown that a set of ions interacting with laser light and moving in a
linear trap provides a physical system to realize a quantum computer.

Consider N ions which are confined in a linear Paul trap by means of a time
dependent inhomogeneous electric field. The ions basically move only in one di-
mension and interact with laser fields. Let us assume that the ions have been laser
cooled in all three dimensions so that they undergo very small oscillations around
the equilibrium positions. To implement a quantum computer, one has to imple-
ment single and two-qubit gates. Single qubit gates can be implemented by using
the Rabi flopping between the internal states of the qubit. To implement two-qubit
gates, one uses the external degree of freedom associated with the string of ions and,
in particular, the center-of-mass motion which is the lowest quantized mode.

The Hamiltonian describing the interaction of a given ion i with a standing laser
wave in the Lamb–Dicke limit and when the laser beam acts on one of the ions is
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given by H = Hex + Hint + Hlas, where

Hex =
N∑

k=1

νka
∗
k ak, Hint = −δi

2
σ i

z ,

Hlas = Ωa
i

2

(
σ+

i + σ−
i

) + Ωb
i

2

ηcm√
N

(
aσ+

i + a∗σ−
i

)
.

Here νk is the frequency of the laser normal modes, δi is the laser detuning, Ωa
i and

Ωb
i are Rabi frequencies not modifying, or modifying the motion of the ions, ηcm

is the Lamb–Dicke parameter associated with the center of mass (CM) mode and
a, a∗ are annihilation and creation operators of the CM mode and σ± ≡ σx ± iσy .

A suitable light field can couple two internal electronic levels of the ions, the
ground state |g〉 giving the minimum energy and the excited state |e〉 to the external
vibrational motion.

Quantum gates between one or two qubits can be realized by using this inter-
action as follows. Single-qubit quantum gates imply only individual rotations of a
single ion. They can be realized using a laser at resonance with the internal tran-
sition frequency δi = 0 with the ion localized at the antinode of the standing wave
laser beam. The evolution in this case is given by the Hamiltonian

Hi
a = Ωa

i

2

(
σ+

i + σ−
i

)

inducing the rotations

|g〉i → cos(kLπ/2)|g〉i − ieiφ sin(kLπ/2)|e〉i ,
|e〉i → cos(kLπ/2)|e〉i − ie−iφ sin(kLπ/2)|g〉i .

To implement two-qubit gates first chose the laser frequency in such a way that
δi = −νz, i.e., it excites only the CM mode and the ion localized at the node of
the standing wave laser beam. Then the interaction with the laser is given by the
Hamiltonian

Hi
b = Ωb

i

2

ηcm√
N

(
aσ+

i + a∗σ−
i

)
.

If one applies the laser for a fixed time t = kπ/(Ωb
i ηz/

√
N) (a kπ pulse) the states

will evolve as

|g〉i |1〉 → cos(kLπ/2)|g〉i |1〉 − ieiφ sin(kLπ/2)|e′〉i |0〉,
|e′〉i |0〉 → cos(kLπ/2)|e′〉i |0〉 − ie−iφ sin(kLπ/2)|g〉i |1〉,
|g〉|0〉 → |g〉|0〉.

We note that the tensor product |x〉 ⊗ |y〉 is denoted by |x〉|y〉 in this chapter.
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Here |0〉 (|1〉) denotes the CM mode with zero (one) phonon, φ is the phase of
the laser and |e′〉 can be either the state |1〉 of the qubit considered (denoted |e〉) or
an auxiliary state selectively excited. Now a two-qubit quantum logic gate can be
implemented as follows:

(i) Swap the internal state of the first ion to the motional state of the CM mode by
using a π pulse focused on the first ion.

(ii) Introduce a conditional sign flip by means of a 2π pulse on the second ion
using the auxiliary level |e′〉i .

(iii) Swap back the quantum state of CM mode to the internal state of the first ion
by using a π pulse.

We assume that before and after the gate the CM mode is in the vacuum state |0〉.
The complete evolution will be

|g〉1|g〉2|0〉 → |g〉1|g〉2|0〉,
|g〉1|e〉2|0〉 → |g〉1|e〉2|0〉,
|e〉1|g〉2|0〉 → |e〉1|g〉2|0〉,
|e〉1|e〉2|0〉 → −|e〉1|e〉2|0〉.

The net effect of the interaction is a sign flip only when both ions are in the internal
excited state.

Dynamical trapping of charged particles was first experimentally verified by
W. Paul in 1958 [634]. A radiofrequency (rf) electric field, generated by an electrode
structure, creates a pseudo-potential confining a charged particle. For the trapping
of single atomic ions, the electrodes have typical dimensions of a few millimeters
down to about 100 µm. The rf fields are in the 10–300 MHz range. The motion
of a particle confined in such a field involves a fast component synchronous to the
applied driving frequency and the slow secular motion in the dynamically created
pseudo-potential. For a quadrupole field geometry, the pseudo-potential is harmonic,
and the quantized secular motion of the trapped ion is very accurately described by
quantum harmonic oscillator.

To prepare the initial state, one cools ions into their motional ground state and
hyperfine ground state. To readout the results of computations, one measures popu-
lations of hyperfine states.

Some quantum logical gates have been experimentally demonstrated in ion traps
in [167, 312, 533, 619].

19.3.2 Nuclear Magnetic Resonance

Nuclear magnetic resonance (NMR) studies transitions between the Zeeman levels
of an atomic nucleus in a magnetic field. It is one of important spectroscopic tech-
niques available in the molecular sciences, and moreover commercial spectrometers
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are widely available. There are well developed techniques of manipulation and de-
tection of nuclear spin states using radio-frequency electromagnetic waves. A pulsed
NMR system which is used for implementing quantum computation consists of a
liquid sample and an NMR spectrometer. A molecule which might be used contains
N protons which have spin 1/2. The molecules are dissolved in a solvent giving an
ensemble of N qubit quantum computers.

Let us describe the theory of NMR for a model of one and two spins. First, we
consider the single spin dynamics. The Hamiltonian describing the interaction of a
classical magnetic field with a two-state spin has the form

H = H(t) = ω0

2
σz + g(σx cosωt + σy sinωt).

Here ω0 is related to the strength of the static magnetic field, and g is related to the
strength of the alternating magnetic field. The solution to the Schrödinger equation

i∂t

∣
∣ϕ(t)

〉 = H
∣
∣ϕ(t)

〉

is
∣
∣ϕ(t)

〉 = e−i ω
2 σzt ei[ ω0−ω

2 σz+gσx ]t ∣∣ϕ(0)
〉
.

The solution can be understood as a single qubit rotation about the axis

m = nz + 2g
ω0−ω

nx
√

1 + (
2g

ω0−ω
)2

by an angle

t

√
(

ω0 − ω

2

)2

+ g2.

Here nx = (1,0,0), ny = (0,1,0), and nz = (0,0,1). When ω is far from ω0, the
axis of the rotation of the spin is nearly parallel with z, and its time evolution is
nearly exactly that of the static Hamiltonian. On the other hand, when ω0 ≈ ω, i.e.,
if there is a resonance, then even a small alternating field can cause large changes in
the state.

The spin–spin coupling in a good approximation can be described by the Hamil-
tonian

H = Jσ (1)
z ⊗ σ (2)

z

where J is the coupling constant.
Now let us show how one can build the controlled-NOT operation UCNOT by using

the one and two spin coupling Hamiltonians. One has the representation

UCNOT = (I ⊗ H)K(I ⊗ H)
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where

UCNOT =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞

⎟
⎟
⎠ , K =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎞

⎟
⎟
⎠ ,

and H is the Hadamard gate,

H = 1√
2

(
1 1
1 −1

)

.

One can check that

K = √
ieiσ (1)

z ⊗σ
(2)
z π/4(e−iσ (1)

z π/4 ⊗ e−iσ (2)
z π/4)

giving a controlled-NOT operation from one evolution period of time π/4 together
with several single qubit operations.

Grover’s algorithm and various other quantum algorithms have been realized on
small molecules by using NMR approach [772].

19.3.3 Atomic Quantum Computer

Quantum computers [98, 197, 220, 240, 487] have an information processing capa-
bility much greater than that of the classical computers. Considerable progress in
quantum computing has been made in recent years.

The proposed technologies for realization of a quantum computer have serious
intrinsic limitations [655]. In particular, NMR devices suffer from an exponential
attenuation of signal to noise as the number of qubits increases, and an ion trap
computer is limited by the frequencies of the vibrational modes in the trap. Here
we discuss a possible realization of a quantum computer which perhaps can help to
avoid these limitations.

Basic elements of a quantum computer are qubits and logic elements (quantum
gates). A qubit is a two-state quantum system with a prescribed computational basis.
The current proposals for the experimental realization of a quantum computer are
based on the implementation of the qubit as a two-state atom or an ion. A quantum
computer in these schemes is a molecular machine because it is built up from a
number of coupled atoms or quantum dots. In [788], it was proposed to do quantum
computations using a single atom. In that scheme, the atomic quantum computer is
a single atom. It is interesting to study such an atomic machine theoretically, but
it could have also some advantages for the practical realization with respect to the
molecular machines.

It is well known that in atomic physics the concept of the individual state of
an electron in an atom is accepted and one proceeds from the self-consistent field
approximation; see, for example, [727]. The state of an atom is determined by the set
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of the states of the electrons. Each state of an electron is characterized by a definite
value of its orbital angular momentum l, by the principal quantum number n, and
by the values of the projections of the orbital angular momentum ml and of the spin
ms on the z-axis. In the Hartree–Fock central field approximation, the energy of an
atom is completely determined by the assignment of the electron configuration, i.e.,
by the assignment of the values of n and l for all the electrons.

One can implement a single qubit in an atom as a one-particle electron state in
the self-consistent field approximation, and multi-qubit states as the corresponding
multi-particle states represented by the Slater determinant.

Almost all real spectra can be systematized with respect to LS or JJ coupling
schemes. Every stationary state of the atom in the LS coupling approximation is
characterized by a definite value of the orbital angular momentum L and the total
spin S of the electrons. Under the action of the relativistic effects, a degenerate level
with given L and S is split into a number of distinct levels (the fine structure of the
level), which differ in the value of the total angular momentum J . The relativistic
terms in the Hamiltonian of an atom include the spin–orbit and spin–spin interac-
tion. There is also the further splitting of atomic energy levels as a result of the
interaction of electrons with the spin of the nucleus. This is the hyperfine structure
of the levels.

One can use these interactions to build quantum logic gates.
As a simple example let us discuss how the hyperfine splitting can be used to

do quantum computations on a single atom. Let us consider the Hamiltonian which
includes both nucleus and electron for a case of quenched orbital angular momen-
tum. If one assumes that the electron spin Zeeman energy is much bigger than the
hyperfine coupling energy then one gets an approximate Hamiltonian [725]

H = gβBSz − γn�BIz + ASzIz.

Here Sz and Iz are the electron and nuclear spin operators, B is the magnetic field
which is parallel to the z-axis, β is the Bohr magneton, γn is the nuclear gyromag-
netic ratio, A is the hyperfine coupling energy, and g is the g-factor.

Let us consider the simplest case of nuclear and electron spins of 1/2. Then a
single qubit is a nuclear spin |mI 〉 and electron spin |mS〉 function, where mI and mS

stand for the eigenvalues of Iz and Sz. The two-qubit states are the eigenfunctions
of the Hamiltonian H , and they are given by the product of the nuclear spin and
electron spin functions

|mI ,mS〉 = |mI 〉|mS〉.
The coupling used to produce magnetic resonances is an alternating magnetic field
applied perpendicularly to the static field. The possible transitions produced by an
alternating field are found by considering a perturbing term in the Hamiltonian

Hm(t) = (γe�Sx − γn�Ix)Bx cosωt.

Many of the basic principles of nuclear magnetic resonance apply to electromagnetic
spin resonance (ESR). However, there are some special features of spin echoes that
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arise for electron spin resonance which are not encountered in nuclear magnetic
resonance. This is because in many cases the nuclear quantization direction depends
on the electron spin orientation.

As was explained in Chaps. 1 and 11, any quantum algorithm can be imple-
mented with one-qubit rotations and two-qubit controlled-NOT gate. The implemen-
tation of the controlled-NOT gate by using pulse sequences is well known in NMR
[179, 281, 391]. For example, it can be represented as a network which includes
one-qubit Hadamard gates and a 4 × 4 matrix which can be implemented as the
following pulse sequence

(

R

(
π

2

)

Iz

)(

R

(
π

2

)

Sz

)(

R

(

−π

2

)

2IzSz

)

.

Two-qubit realizations of the Deutsch–Jozsa algorithm and the Grover algorithm
have been accomplished using NMR spectroscopy of spin 1/2 nuclei of appropriate
molecules in solution [179, 281, 391]. One can use the similar technique in the case
of ESR.

If computers are to become much smaller in the future, the miniaturization might
lead to the atomic quantum computer. One of advantages of the atomic quantum
computer is that quantum state of a single atom can be stable against decoherence;
for a discussion of the decoherence problem in quantum computing, see [487, 655,
787] and references therein. Recent experimental and theoretical advances on quan-
tum state engineering with a natural and artificial (quantum dots) atoms [617, 665,
690, 771, 825] and the development of methods for completely determining the
quantum state of an atom [775] show that quantum computations with a single atom
should be possible.

Thus Volovich proposed using a single atom to do quantum computations. Such
an atom can be also used, of course, as a part of a computational network. He dis-
cussed the simple realization of the two-qubit atomic quantum computer based on
ESR and hyperfine splitting. However, the idea of an atomic quantum computer is
more general. To build a multi-qubit atomic quantum computer one has to use the
fine and hyperfine splitting of energy levels to process the information encoded in
the multi-electron states. In principle, one can build an atomic quantum computer
based on a natural or artificial (quantum dot) atom.

19.4 Parametric Down Conversion

Entanglement between two photons was first observed in measurements of the po-
larization correlation between photon emitted in positron annihilation and then in
experiments with a two-photon cascade emission from calcium.

Current experiments are performed by using the spontaneous parametric down-
conversion in nonlinear crystals [75, 201, 532]. In an optically nonlinear medium,
a light quantum from the incident pump Ep can convert into a pair of photons in
the “signal” Es and “idler” Ei modes. The three-wave mixing requires an appropri-
ately anisotropic medium. In an anisotropic medium, light propagates as ordinary
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or as extraordinary waves with opposite polarizations. There are two types of down-
converters. In a type I down-converter, the modes Es and Ei are both ordinary or
extraordinary waves. In a type II down-converter, Es and Ei have opposite polar-
izations. Also the pump has the extraordinary polarization and the down-converted
photons are emitted into two cones, one with the ordinary polarization and the other
with the extraordinary polarization. One has the conservation of energy and conser-
vation of the wave vectors

ωp = ωs + ωi, kp = ks + ki ,

where kp , ks , and ki are three-dimensional wave vectors explained below. The two
cones intersect along two lines, and along the lines the light is in an entangled state
with a relative phase arising from the crystal birefringence.

Let us present some details of the formalism of entangled-photon state generated
via type II spontaneous down conversion (for more details, see [75]). Due to the
weak interaction in the nonlinear crystal, we can restrict ourselves to the two-photon
state generated within the first-order time dependent perturbation theory:

∣
∣Ψ (2)

〉 ∼ i

�

∫ t1

t0

dtHint(t)|0〉.

Here Hint(t) is the interaction Hamiltonian, [t0, t1] is the duration of the interaction,
and |0〉 is the initial vacuum state. The interaction Hamiltonian is

Hint(t) ∼ χ(2)

∫

V

drE(+)
p (r, t)E(−)

o (r, t)E(−)
e (r, t) + h.c.

where χ(2) is the second-order susceptibility, and V is the volume of the nonlinear
medium in which the interaction takes place. The operator E

(±)
j (r, t) represents the

positive-(negative) frequency portion of the j th electric field operator at position
r and time t , with the subscript j representing the pump (p), ordinary (o), and
extraordinary (e) waves, and h.c. stands for Hermitian conjugate.

We decompose the three-dimensional wave-vector k into a two-dimensional
transverse wave-vector q and frequency ω, and write the pump field in the form

E(+)
p (r, t) =

∫

dqp dωpẼ(+)(qp;ωp)eiκpzeiqpxe−iωpt

where x spans the transverse plane perpendicular to the propagation direction z.
Similarly, the ordinary and extraordinary fields can be expressed in terms of the
quantum-mechanical creation operators as

E
(+)
j (r, t) =

∫

dqj dωja
∗
j (qj ,ωj )e

−iκj ze−iqj xeiωj t

where j = o, e. The longitudinal component of k, denoted κ , is

κ =
√

(
n(ω, θ)ω/c

)2 − |q|2
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where n(ω, θ) is the index of refraction in the nonlinear medium, θ is the angle
between k and the optical axis of the nonlinear crystal, and c is the speed of light in
vacuum.

The quantum state at the output of the crystal will have the form

∣
∣Ψ (2)

〉 ∼
∫

dqo dqe dωo dωeΦ(qo,qe;ωo,ωe)a
∗
o (qo,ωo)a

∗
e (qe,ωe)|0〉

with the function

Φ(qo,qe;ωo,ωe) = Ẽ(+)(qo + qe;ωo + ωe)Lsinc

(
LΔ

2

)

e−iLΔ/2.

Here L is the thickness of the crystal, Δ = κp − κo − κe, and sinc(x) = sin(x)/x.
The quantum state |Ψ (2)〉 is entangled for nonseparable function Φ(qo,qe;ωo,ωe).

The joint probability amplitude of detecting the photon pair at the space–time
coordinates (xA, tA) and (xB, tB) is given by

A(xA, tA;xB, tB) = 〈0|E(+)
A (xA, tA)E

(+)
B (xB, tB)

∣
∣Ψ (2)

〉

where E
(+)
A and E

(+)
B are the positive-frequency components of the electric fields at

points A and B:

E
(+)
A (xA, tA) =

∑

j=o,e

∫

dqdωe−iωtA HAj (xA,q,ω)a∗
j (q,ω),

E
(+)
B (xB, tB) =

∑

j=o,e

∫

dqdωe−iωtB HBj (xB,q,ω)a∗
j (q,ω).

Here the transfer functions Hij (xi ,q,ω) (i = A,B and j = o, e) describe the prop-
agation of a mode (q,ω) through the optical system from the output plane of the
nonlinear medium to the detection plane. An example of the transfer functions in
the paraxial approximation is given by [75],

Hij (xi ,q,ω) = (ei · ej )e
−iωτδej H(xi ,q,ω).

The unit vector ei describes the orientation of the polarization analyzers, ej is the
unit vector that describes the polarization of the down-converted photons, and δej is
the Kronecker delta (δee = 1, δeo = 0). The function H has the form

H(xi ,q,ω) = P

(
ω

cf
x − q

)

F(ω)

× exp

{

i

[
ω

c
(d1 + d2 + f ) − ω|x|2

2cf

(
d2

f
− 1

)

− d1c

2ω
|q|2

]}

where F(ω) is a spectral filter profile, P is the Fourier transform of the aperture
function, and parameters d1, d2, and f characterize the optical system.
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The formulation of the detection process depends on the scheme of detection
apparatus. Slow detectors, for example, impart temporal integration while detectors
of finite area impart spatial integration. If the temporal response of a point detec-
tor is spread negligibly with respect to the characteristic time scale of spontaneous
parametric down conversion then the coincidence rate R reduces to

R = ∣
∣A(xA, tA;xB, tB)

∣
∣2

.

The more general coincidence rate is given by

R = lim
T →∞

ζAζB

T

∫ T

−T

dtA

∫ T

−T

dtBW(tA − tB)
∣
∣A(xA, tA;xB, tB)

∣
∣2

where W(tA − tB) is a coincidence window function and ζA and ζB describe the
efficiency of detectors.

Working with the β-barium borate (BBO) crystal and by using two extra birefrin-
gent elements, it was possible to produce each of the four orthogonal Bell’s states
and observe violations of Bell’s inequalities. Note, however, that the violation of
Bell’s inequalities was obtained only under some auxiliary assumptions. Therefore,
up to now the local realism was not refuted without auxiliary assumption.

As another remark note that the conversion process in the parametric down con-
version is random and there is no control or prior knowledge of when the event will
occur. Moreover, there is a possibility of producing more than one pair at a time.
Therefore, as currently implemented, single-photon sources cannot produce single
photons on demand.

Note also that not only one has the limited efficiency of detectors, but for geo-
metrical reasons most of created pairs do not reach the detectors. This means that
the detected photons in all Bell’s inequalities tests were actually in a highly mixed
states.

19.4.1 Notes

Quantum dots were discovered by Ekimov and Onushchenko [221] and by Brus.
Quantum dots in life sciences are discussed in [522]. For a further discussion,
see [191, 211]. Experimental realization of quantum algorithms are discussed
in [165, 166]. Atomic quantum computer using a single atom was discussed by
Volovich [788].





Chapter 20
Miscellaneous in Quantum Theory
and Information

This chapter is devoted to miscellaneous topics related to quantum information and
quantum probability. They haven’t been either completed or used much for quan-
tum information, yet, but they will be important for the future development in these
fields. Topics discussed in this chapter are more or less conceptual, so that we will
not always provide complete proofs to some of the statements, but we will indicate
where each proof can be found. In particular such topics as lifting, possible de-
creasing of entropy, stochastic limit, Janes–Cummings model, Kolmogorov–Sinai
complexities, decoherence, chaos degree, and quantum baker’s map are discussed.

20.1 Lifting and Conditional Expectation

As we pointed out, the conditional probability is not suitable for the purposes of
quantum probability. In order to obtain a more useful generalization, a more general
point of view should be adopted and this naturally leads to the notion of “lifting”,
which was introduced in Sect. 7.8. We are going to discuss more about the lifting
here.

20.1.1 Lifting

The probabilistic and physical meaning of “conditioning” is that one acquires new
information on a system and one would like to know how the probabilities of other
events related to the system should be changed.

In the classical probability, the set of all the events is represented by a σ -algebra
F and the acquired information by a sub σ -algebra F0 ⊆ F . The classical condi-
tional probability from F to F0 is a way of “lifting” probability measures on F0 to
probability measures on F .

Since this is an important notion, we again discuss it in great detail in the sim-
plest case, when F0 is generated by a finite partition E1, . . . ,En of Ω such that

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_20, © Springer Science+Business Media B.V. 2011
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Ei ∩Ej = ∅;
⋃n

j=1 Ej =Ω . Then the conditional probability from F to F0, asso-
ciated to a probability measure μ on F , uniquely determines n probability measures
on F , indexed by the sets Ej such that

P(·|Ej ), j = 1, . . . , n (20.1)

by the Bayes formula

P(A|Ej )= μ(A∩Ej )

μ(Ej )
. (20.2)

Conversely, the assignment of any kernel (20.1) allows “lifting” any probability
measure μ0 on F0 to a probability measure, denoted E∗μ0, on F by the formula

(E∗μ0)(A)=
n∑

j=1

μ0(Ej )P (A|Ej), A⊆Ω;A ∈ F . (20.3)

This lifting E∗ is called a “nondemolition for μ0” when the restriction of the lifted
measure E∗μ0 to F0 is μ0 itself

μ0(Ek)= (E∗μ0)(Ek)=
n∑

j=1

μ0(Ej )P (Ek|Ej), ∀k = 1, . . . , n.

If E∗ is a nondemolition for every initial measure μ0 on F0, then it is called a
“nondemolition lifting”.

If the kernel P(·|Ej ) does not depend on the measure μ0, then the lifting E∗ is
“linear”. It is clear that for any linear map

E∗ : P (F0)→ P (F ), (20.4)

where P (F ) is the set of all probability measures on F , there exists a kernel
P(·|Ej), in the sense of Chap. 6, of the form (20.3) such that E∗ has the form (20.2).

In general, a map as in (20.3) shall be called a “lifting” (linear lifting if E∗ is
linear) as introduced by Accardi and Ohya [19].

20.1.2 Conditional Probability

Thus the notion of a “lifting” is a natural generalization of that of “conditional prob-
ability”, whose special dual linear map is the transition expectation of Accardi [4]
and is linked to the conditional expectation by Umegaki [761] and Takesaki [748].
The definitions of these expectations are given and their relations are discussed be-
low.

Notice that the integral defines a natural duality between a (probability) measure
μ and a bounded measurable function f as

〈μ,f 〉(= μ(f )
)=
∫

Ω

f (ω)μ(dω)=
∫

Ω

f dμ.

This duality can be used to define the “dual of a linear lifting” of (20.4).
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Definition 20.1 Denote L∞(Ω, F ) (resp., L∞(Ω, F0)) the algebra (by the point-
wise operations) of complex-valued bounded measurable functions on (Ω, F )

(resp., (Ω, F0)). A linear map

E : L∞(Ω, F )→ L∞(Ω, F0) (20.5)

shall be called a “transition expectation” if there exists a linear lifting E∗ of the form
(20.4) such that for any probability measure μ0 on F0 and any bounded measurable
function f on (Ω, F ) one has

〈E∗μ0, f 〉 =
〈
μ0, E (f )

〉
. (20.6)

Proposition 20.2 The following statements are equivalent:

(i) E is a transition expectation of the form (20.5).
(ii) E is positive and normalized, i.e.,

f ≥ 0 =⇒ E (f )≥ 0, (20.7)

E (1)= 1. (20.8)

Proof (i)⇒(ii) Using (20.6), we see that if f ≥ 0 then for any probability measure
μ0 on F0 one has

〈
μ0, E (f )

〉= 〈E∗μ0, f 〉 ≥ 0,

and this implies (20.7). If f = 1, then for any μ0

〈
μ0, E (1)

〉= 〈E∗μ0,1〉 = 1,

and this implies (20.8).
(ii)⇒(i) If (ii) is satisfied, then for any probability measure μ0 on F0 the map

A⊆Ω, A ∈ F �→ (E∗μ0)(A)≡ μ0
(

E (1A)
)

is a probability measure on F . It is clear that E∗μ0 linearly depends on μ0. Hence
E∗ is a linear lifting of (20.5). Notice that, by construction, condition (20.6) is satis-
fied. �

It is now natural to ask the following question: Which liftings come from a con-
ditional probability?

This is answered by the following theorem:

Theorem 20.3 Let E∗ be a lifting of the form (20.4). Then the following statements
are equivalent:

(i) E∗ is linear and nondemolition.
(ii) E∗ is linear, and the associated transition expectation E∗ satisfies the condition

E (f0)= f0, ∀f0 ∈L∞(Ω, F0). (20.9)
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(iii) E∗ is linear, and the kernel associated to it by (20.3) satisfies the condition

P(Ek|Ej )= δk,j , k, j = 1, . . . , n. (20.10)

(iv) E∗ is linear, and there exists a probability measure μ on F such that the kernel
associated to E∗ by (20.3) satisfies the Bayes formula (20.2).

Proof (iv)⇒(iii) is obvious by choosing A=Ek in (20.2).
(iii)⇒(ii) For any Ek ∈ F0 and any probability measure μ0 on F0, one has

〈
μ0, E (1Ek

)
〉 = 〈E∗μ0,1Ek

〉

= (E∗μ0)(Ek)=
n∑

j=1

μ0(Ej )P (Ek|Ej )

= μ0(Ek)= 〈μ0,1Ek
〉.

Since this is true for any probability measure μ0 on F0, it follows that for any
k = 1, . . . , n

E (1Ek
)= 1Ek

,

and this implies (20.9).
(ii)⇒(i) For any f0 ∈ L∞(Ω, F0), one has

〈E∗μ0, f0〉 =
〈
μ0, E (f )

〉= 〈μ0, f0〉.
Since f0 ∈ L∞(Ω, F0) is arbitrary, this implies

E∗μ0 = μ0, ∀μ0 ∈ P (F0).

So E∗ is a nondemolition.
(i)⇒(iv) If E∗ is linear, then it has an associated kernel P(·|Ej ) (cf. (20.2)). If

E∗ is a nondemolition, it follows that for any probability measures μ0 on F0 one
has, for any k = 1, . . . , n,

μ0(Ek)= (E∗μ0)(Ek)=
n∑

j=1

μ0(Ej )P (Ek|Ej ).

Since μ0 is arbitrary, it follows that (20.10) must hold. Now fix μ0 ∈ P (F0) arbi-
trarily and define

μ≡ E∗μ0.

Then for any j = 1, . . . , n and A⊂Ω,A ∈ F ,

μ(A∩Ej )

μ(Ej )
= 1

(E∗μ0)(Ej )
(E∗μ0)(A∩Ej) (20.11)
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by the nondemolition assumption and the definition of P(·|Ek). The right hand side
of (20.11) is equal to

1

μ0(Ej )

n∑

k=1

μ0(Ek)P (A∩Ej |Ek). (20.12)

But because of (20.10), it follows that P(A∩Ej |Ek) = 0, if k �= j . Therefore,
(20.12) is equal to

1

μ0(Ej )
μ0(Ej )P (A∩Ej |Ej )= P(A∩Ej |Ej ).

Finally, again by (20.10), one has

P(A∩Ej |Ej)= P(A|Ej ),

and therefore (20.2) holds. �

20.1.3 Various Liftings

The passage from classical to quantum probability is accomplished by replacing the
algebra L∞(Ω, F ) by a general ∗-algebra A and the algebra L∞(Ω, F0) by a ∗-
subalgebra B ⊂ A. Correspondingly, the probability measures on (Ω, F ) (resp., on
(Ω, F0)) are replaced by the “states” on A (resp., B). An important case is obtained
when

A = B ⊗ C

for some other ∗-algebra C .

Definition 20.4

(i) In the case when A = B ⊗ C , a map E∗: S(B) → S(A) is called a lifting,
where S(B) is the set of all states on B.

(ii) In the case when A = B ⊗ C , a completely positive map E : A → B, E (1)= 1
is called a transition expectation.

(iii) Let B ⊂ A. A lifting E∗ : S(B) → S(A) is called a nondemolition for ϕ ∈
S(B) if

E∗ϕ � B = ϕ. (20.13)

(iv) E∗ is called a nondemolition if (20.13) holds for any ϕ ∈S(B). When E∗ is a
linear nondemolition, its dual E : A → B is called a conditional expectation in
the sense of Umegaki.

The analogue of the previous theorem holds.
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Theorem 20.5 Let B ⊂ A and consider a linear lifting E∗ :S(B)→S(A). Then
for the transition expectation E : A → B the following statements are equivalent:

(i) E is a conditional expectation.
(ii) E (B)= B,∀B ∈ B.

(iii) E (AB)= E (A)B,∀A ∈ A,∀B ∈ B.

Proof The equivalence (i)⇔(ii) is clear. The equivalence (ii)⇔(iii) is a Tomiyama’s
theorem [748]. �

Example 20.6 (The trivial liftings) Let A = B ⊗ C . A class of (trivial) liftings is
obtained as follows: Fix a state ψ ∈S(C) and define

E∗ : ϕ ∈S(B)→ E∗ϕ ≡ ϕ ⊗ψ.

Then E∗ is a lifting, called a “product (or trivial) lifting”.

The notion of a nondemolition linear lifting is too strong for the applications to
a model in the quantum theory of measurement. This is shown by the following
proposition.

Proposition 20.7 Let B =M(n;C) be set of the n× n complex matrices. Then any
linear nondemolition lifting E∗ :S(B)→S(B ⊗ B) is trivial.

Proof By Theorem 20.5, the dual of E∗ is a conditional expectation E : B ⊗ B →
B ∼ B ⊗ I . Let B,B ′ ∈ B. Then

(B ⊗ I )E (I ⊗B ′) = E (B ⊗B ′)

= E
(
(I ⊗B ′)(B ⊗ I )

)

= E (I ⊗B ′)(B ⊗ I ),

i.e., E (I ⊗ B)⊂ I ⊗ B.
By definition, one also has E (I ⊗ B)⊂ B ⊗ I . Therefore,

E (I ⊗ B)⊂ (B ⊗ I )∩ (I ⊗ B)=C(I ⊗ I ).

So there exists a state ψ ∈S(B) such that

E (I ⊗B)=ψ(B)I ⊗ I, ∀B ∈ B.

It follows that, for any B,B ′ ∈ B, one has

(E∗ϕ)(B ′ ⊗B) = ϕ
(

E (B ′ ⊗B)
)

= ϕ
(
B ′E (I ⊗B)

)= ϕ(B ′)ψ(B).
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This means that

E∗ϕ = ϕ ⊗ψ,

i.e., E∗ is a trivial lifting. �

For this reason, it was proposed in [12] that the appropriate generalization of the
notion of conditional expectation is not that of a universally nondemolition lifting,
but more generally of a “lifting”, connection with POM, operations effects, etc. (see
Chap. 5).

Let E∗ : S(B) → S(B ⊗ C) be a linear lifting and let E : B ⊗ C → B be the
associated transition expectation.

We suppose that for some separable Hilbert spaces H and K one has

B = B(H), C = B(K).

If C0 is an abelian von Neumann subalgebra of C , we can realize C0 as the algebra
L∞(Ω, F ,μ) for some probability space (Ω, F ,μ). Then, if E ⊆Ω,E ∈ F , 1E ∈
L∞(Ω, F ,μ)⊂ C , and we can consider the map

M(E) : B ∈ F ∈ B →M(E)(B)≡ E (B ⊗ 1E).

If B ∈ B+ (the set of all positive operators of B) then the map

E ⊂Ω, E ∈ F →M(E)(B)

is a positive operator-valued measure.

Example 20.8 Let {Fi}i∈Z be a partition of the identity by orthogonal projections
in B and define B0 the (atomic) algebra generated by the {Fi} and

E : A → B0
′(= commutant of B0)

by

E (A)=
∑

i∈Z

FiAFi, A ∈ A.

Then E is a conditional expectation, and we can define, for each A ∈ A+, the POM

M(Δ)(A)= FΔE (A)=
∑

i∈Δ

FiAFi, Δ⊂Z

where

FΔ ≡
∑

j∈Δ

Fj .

This is an example of Theorem 20.5.
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Example 20.9 E (B ⊗ 1E) is the conditional expectation of B ∈ B given that the
result of a measurement of A is a number in the interval E.

Before closing this section, we mention a generalized Markov chain by Accardi
and Frigerio [6, 8].

For two C∗-algebras A, B and a transition expectation E from A⊗B to A, when
a state ϕ on A satisfies ϕ ◦E (A⊗ I )= ϕ(A),A ∈ N , (ϕ, E ) is called a Markov pair.
If {En} is a sequence of transition expectations from A ⊗ B to A, then there exists a
unique complete positive unital map E0] :⊗N A → B such that

En](A0 ⊗A1 ⊗ · · · ⊗An ⊗ I ⊗ I ⊗ · · · )= E0
(
A0 ⊗ E1

(
A1 ⊗ · · · ⊗ En(An ⊗ I )

))
.

Let ϕ0 be a state on A and take ϕ ≡ ϕ0 ◦En]. Then ϕ satisfies

ϕ(A0 ⊗A1 ⊗ · · · ⊗An ⊗ I ⊗ · · · )= ϕ0
(

E0
(
A0 ⊗ E1

(
A1 ⊗ · · · ⊗ En(A⊗ I )

)))
.

This state ϕ is called a generalized Markov chain associated to the pair (ϕ0, {En}).

20.2 Various Topics on Entropies

20.2.1 Boltzmann’s Entropy

Entropy in thermodynamics, introduced by Clausius, is a measure of the unavail-
ability of a system’s energy to do work due to inevitable loss of some energy in the
form of irretrievable heat.

Boltzmann gave a definition of the entropy of a macroscopic system in terms
of its macro and microstates. If Γ is the phase space of the system and Γm is the
region in Γ corresponding to the value m of a macroscopic observables M then the
Boltzmann entropy is

SB(m)= k log |Γm|,
where |Γm| is the volume of Γm and k is the Boltzmann constant. The macroscopic
observable M is a function on the phase space Γ which gives a crude, coarse grained
description of Γ . There are many microstates X ∈ Γ which correspond to the same
value of the macroscopic observable, M(X)=m. One says that all such X form the
macrostate m. For example, the average number of particles, or the average energy
or momentum in a given cell of the system provide macroscopic observables.

20.2.2 Entropy Increase

If the evolution of microstates is given by the curve Xt in Γ , then one gets the
induced evolution of the macroscopic observables M(Xt) = mt . One assumes the
Hamiltonian dynamics with a Hamiltonian function H(X), so one considers the
time evolution on the energy surface ΩE = {X ∈ Γ |H(X) = E} corresponding to
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the value E of the energy of the system. There is a special value meq of the macro-
scopic observable M on the energy surface ΩE , which is called the equilibrium
state. It is characterized, in particular, by the property |Γmeq | � |ΩE|.

Boltzmann has argued that if one starts in a nonequilibrium microstate X then,
typically, the entropy SB(mt ) will increase, in accordance with the second law of
thermodynamics, up to some time shorter than the Poincaré recurrence time. The ar-
gument is the following. Since ΩE has many more points from the equilibrium state
Γmeq than from nonequilibrium microstates, it is expected that for a generic dynam-
ics with a very high probability the evolution Xt arising from a general nonequilib-
rium microstate X should rather quickly carry out Xt into Γmeq and keep it there for
a very long time. In this argument, the initial conditions play an important role.

Example 20.10 Consider a gas consisting of a large number N of identical
particles in a box V with a volume |V | with positions ri ∈ V and momenta
pi ∈ R

3, i = 1,2, . . . ,N . The microstate of the system is given by a point X =
(r1, . . . , rN ,p1, . . . , pN) in the phase space Γ = V N ×R

3N . In this case,

|Γm| = 1

N !h3N

∫

Γm

dX,

where dX =∏N
i=1 dri dpi and h is the Planck constant.

As a famous example consider the gas that initially (at time t = t0) is compressed
by a piston in the left half of a box; then at time t1 the piston is released so that the
gas expands into the whole box. Let the macrostate of the gas be given by M(X)=
NL/N , the fraction of particles in the left half of V (within a given accuracy). The
macrostate at time t0 is m0 = 1. The phase space region, available to the gas for
t > t1, contains many microstates, corresponding to various fractions of particles in
the left half of the box, with phase space volumes being very large when compared
to the initial phase space volume. Therefore, it is expected that as a generic phase
point X evolves, it will with a very high probability enter new macrostates mt for
which |Γmt | is increasing, until it is contained in Γmeq . Here meq is an equilibrium
macroscopic state, in this case meq = 1/2.

20.2.3 Gibbs Entropy

The Gibbs entropy SG is defined for the ensemble density ρ(X) by

SG(ρ)=−k

∫

ρ(X) logρ(X)dX.

One can establish the relation with the Boltzmann entropy as follows. If one takes
ρ(X) to be the microcanonical ensemble associated with a macrostate m,

ρm(X)=
{ |Γm|−1, if X ∈ Γm,

0, otherwise
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then

SG(ρm)= k log |Γm| = SB(m).

There is an important difference between the Bolztmann and the Gibbs entropies:
the Gibbs entropy is an integral of motion, so it is not immediately related with the
second law of thermodynamics.

20.2.4 Boltzmann Entropy in Quantum Mechanics

In quantum mechanics, the entropy is a quantity which describes the density of
levels in the energy spectrum of a macroscopic system.

Let us consider a macroscopic closed system in a box of volume V with the
energy E, and let ΔΓ be the number of states corresponding to the interval ΔE of
energy, where ΔE is equal in the order of magnitude to the mean fluctuation of the
energy. The quantity ΔΓ is called the statistical weight of the macroscopical state
of the system, characterized by E and V , and its logarithm

S = S(E,V )= k logΔΓ

is called the (Boltzmann) entropy of the system.

Thermodynamic Quantities

If one has the entropy S = S(E,V ) then one derives the temperature T and the
pressure p as follows:

1

T
= ∂S

∂E
, p =− ∂S

∂V
,

and one gets the important relation

dS = 1

T
dS + p

T
dV.

One can express the thermodynamic quantities in terms of any two variables:
(E,V ), (T ,V ), (S,V ), etc. The Helmholtz free energy F = F(T ,V ) is defined by

F =E − T S.

One gets

dF =−S dT − p dV

in a Hilbert space. We can compute the free energy by using the formula

F =−kT log tr e−H/kT
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where H is the Hamiltonian operator.
One has the following inequalities:

S ≥ 0, Cv = T

(
∂S

∂T

)

V

> 0,

(
∂p

∂V

)

T

< 0,

and the Nernst’s theorem: S|T=0 = 0.

20.2.5 von Neumann Microscopic and Macroscopic Entropies

As we extensively discussed in Chap. 7, von Neumann introduced the well known
microscopic entropy for the density operator ρ in a Hilbert space H:

S(ρ)=−k trρ logρ.

This entropy, like the classical Gibbs entropy, does not change in time under
the unitary evolution. von Neumann also introduced what he calls the macroscopic
entropy of the system. Let M̂ be an operator in the Hilbert space H describing a
macroscopic observable with the projection operators {Ei} and eigenvalues mi . Let

Hi =Ei H. The von Neumann macroscopic entropy of a system is

Smac
(
ρ, {Ei}

)= k
∑

i

pi log dim Hi − k
∑

i

pi logpi =−k trρE logρE.

Here

pi = tr(Eiρ)

and

ρE =
∑

i

pi

dim Hi

Ei

is the density operator which is macroscopically indistinguishable from ρ.
The quantum analogue of the Boltzmann entropy SB(m) in this situation would

be

SB,q(mi)= k log dim Hi .

20.2.6 Entropy Change for Open Systems

One thinks that the entropy increases in a dissipative system. Such dissipative
systems are often described by dynamical semigroups. The Gorini–Kossakowski–
Sudarshan–Lindblad master equation is one of these, which comes from the com-
plete positivity of the dynamics. One expects that the GKSL master equation gives
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us an increase of entropy. However, let us consider an example of a solution of
GKSL master equation when entropy decreases.

The GKSL master equation for the density operator ρ in the Hilbert space H has
the form

d

dt
ρ =−i[H,ρ] +

∑

α

(

LαρL∗α −
1

2
(L∗αLαρ + ρL∗αLα)

)

.

Here H is a self-adjoint operator, and Lα are bounded operators in H.
Here as an example, we discuss the one-qubit case when H = C

2 and there is
only one operator

L=√γ |0〉〈1|, γ > 0,

where the set of vectors {|0〉, |1〉} is an orthonormal basis in C
2. Moreover, we take

H = 0. Then the GKSL master equation gets the form

d

dt
ρ = γ

(

|0〉〈1|ρ|1〉〈0| − 1

2
|1〉〈1|ρ − 1

2
ρ|1〉〈1|

)

.

Such a master equation can be obtained by the method of the stochastic limit, for
example, for the two-level atom interacting with the electromagnetic field or for the
spin–boson model. We denote

ρij = 〈i|ρ|j〉,
then we obtain the following system of equations:

ρ̇11 = −γρ11, ρ̇00 = γρ11,

ρ̇01 = −γ

2
ρ01, ρ̇10 =−γ

2
ρ10.

We look for the solution subject to

ρ11(t) = p(t), ρ00(t)= 1− p(t),

ρ01(0) = ρ10(0)= 0,

where

p(t)= xe−γ t , 0≤ x ≤ 1, t ≥ 0.

Then the density matrix which solves the GKSL equation reads

ρ(t)= (1− p(t)
)|0〉〈0| + p(t)|1〉〈1|.

The von Neumann entropy for this density matrix is

S
(
ρ(t)
)=− trρ(t) logρ(t)=−p(t) logp(t)− (1− p(t)

)
log
(
1− p(t)

)
.
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The time derivative of the entropy is

d

dt
S
(
ρ(t)
)= ṗ(t) log

(
1

p(t)
− 1

)

=−xγ e−γ t log

(
eγ t

x
− 1

)

.

Let us take 0 < x < 1/2. Then we get

d

dt
S
(
ρ(t)
)
< 0, t > 0.

So, we have proved the theorem:

Theorem 20.11 If ρ(t) is the above described solution of the GKSL master equa-
tion then the von Neumann entropy monotonically decreases from

S
(
ρ(0)
)=−x logx − (1− x) log(1− x)

to

S
(
ρ(∞)
)= 0

when time increases from t = 0 to infinity. Note that one has S(ρ(0)) = log 2 for
x = 1/2.

Let us write the solution of the GKSL equation in the form of the Kraus–
Sudarshan representation for the linear completely positive map.

Let us define two operators in H =C
2:

V1(t)= |0〉〈0| + e−γ t/2|1〉〈1|, V2(t)=
√

1− e−γ t |0〉〈1|, t ≥ 0.

Note that V ∗
1 (t)= V1(t),V

∗
2 (t)=√1− e−γ t |1〉〈0|, and there is a relation:

2∑

i=1

V ∗
i (t)Vi(t)= I.

The channel Λ∗
t is defined as the dual map of the following Λt

Λt(A)=
2∑

i=1

Vi(t)AV ∗
i (t),

for an arbitrary operator A in H =C
2.

Λt is a linear completely positive map from B(C2) to B(C2) which has the fol-
lowing properties:

1. The channel preserves the trace for any t ≥ 0 and A ∈ B(C2):

trΛt(A)= trA,
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but is not unital:

Λt(I )= (2− e−γ t
)|0〉〈0| + e−γ t |1〉〈1|.

2. It satisfies

Λt(A)|t=0 =A, lim
t→∞Λt(A)= (trA)|0〉〈0|, and

Λt(|0〉〈0|)= |0〉〈0|, t ≥ 0.

3. The von Neumann entropy has the following properties for any density operator
ρ in H =C

2:

S
(
Λ∗

t (ρ)
)∣
∣
t=0 = S(ρ) and lim

t→∞S
(
Λ∗

t (ρ)
)= 0.

The results in the previous subsection can be written as:

Theorem 20.12 Let us take the initial density operator ρ in H =C
2 in the form

ρ = (1− x)|0〉〈0| + x|1〉〈1|, 0≤ x ≤ 1.

Then for the above introduced channel one has

Λ∗
t (ρ)= (1− p(t)

)|0〉〈0| + p(t)|1〉〈1|, p(t)= xe−γ t ,

and the entropy monotonically decreases:

S
(
Λ∗

t (ρ)
)
< S
(
Λ∗

τ (ρ)
)
, 0≤ τ < t.

Proof We have the relations:

V1(t)|0〉〈0|V ∗
1 (t) = |0〉〈0|,

V2(t)|0〉〈0|V ∗
2 (t) = 0,

V1(t)|1〉〈1|V ∗
1 (t) = e−γ t |1〉〈1|,

V2(t)|1〉〈1|V ∗
2 (t) = (1− e−γ t

)|0〉〈0|.
Then the last statement follows. Other properties are obvious. �

20.2.7 Reversible and Irreversible Processes

The irreversibility problem can be formulated in the following way: Why do the mi-
croscopic dynamical equations (of Newton, Schrödinger, Maxwell, etc.) are time-
symmetric while macroscopic dynamical equations (the diffusion equation, Navier–
Stokes, Boltzmann, second law of thermodynamics of entropy increasing, etc.) are
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time-asymmetric? What is a relation between the micro- and macroscopic equa-
tions? Can we derive the macroscopic equations from the microscopic? There are
lots of discussions on irreversible and nonequilibrium processes in terms of entropy,
ergodicity, open system dynamics, etc. [131, 190, 222, 223, 557, 611].

In the approach to the irreversibility problem going back to Boltzmann, the fol-
lowing points are stressed:

– The great disparity between microscopic and macroscopic scales; this includes
applications of macroscopic or coarse-grained variables, in particular the Boltz-
mann entropy.

– The role of special (or, better to say, generic) initial conditions; in particular, a low
entropy state of the early universe.

– Probabilistic and information theory approach to dynamical problems.

We remind that the Gibbs entropy SG and the von Neumann quantum entropy SvN
are constant under the microscopic evolution. It is outlined above that one expects
that the Boltzmann entropy SB(mt ) should increase in accordance with the second
law of thermodynamics. The derivation of the kinetic Boltzmann equation form
the microscopic Newton–Hamilton equations was performed under the additional
assumptions by Bogoliubov.

The master equations in quantum theory were derived from the quantum field the-
ory equations by Van Hove and by Accardi, Lu and Volovich by using the stochastic
limit method. As it was demonstrated in the previous section, the master equation in
the general case does not lead to increasing of the von Neumann entropy.

There is an important general property of monotonicity of the relative entropy:
S(Λ∗ρ,Λ∗σ) ≤ S(ρ,σ ) which is valid for any channel Λ∗ and any density op-
erators ρ and σ (see Chap. 7). This does not means that one has the entropy in-
crease in the general case, but for the unital channel in the finite-dimensional Hilbert
space one gets an increase of the von Neumann entropy: SvN(Λ∗ρ) ≥ SvN(ρ) (see
Chap. 7). For the trace-preserving channels under additional restrictions, one also
has the entropy increase, [570].

The problem of reversible and irreversible classical and quantum computations
is discussed in Chaps. 2 and 14.

20.2.8 Entropy Production

Before closing this chapter we briefly discuss the entropy production.
As is seen in the preceding section, there are many approaches to explain the

nonequilibrium irreversible processes.
The entropy production is one of such approaches. Mathematical formulation of

this concept was started by Spohn [730], although there were many other studies of
the entropy production.

Here we briefly explain Spohn’s formulation [730] and Ojima’s more recent for-
mulations [609, 612] of the entropy production.
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In nonequilibrium balance equations, the balance equation for the entropy is

∂S

∂t
=−div JS + σ

where S is local entropy, JS is the vector of the entropy flow per unit area and unit
time, and σ is the (local) entropy production associated with an irreversible change
of the system (σ = 0 for a reversible process).

In quantum statistical mechanics, Spohn discussed the entropy production as fol-
lows, [730]: Let Λ∗

t (t ∈R
+) be a dynamical semigroup for the set of all trace oper-

ators S(H) to S(H), namely, Λ∗
t is a CP (completely positive) channel satisfying

Λ∗
t+s =Λ∗

t Λ
∗
s for any t, s ∈R

+ and limt→0 ‖Λ∗
t ρ − ρ‖ = 0 for all ρ (strong conti-

nuity). The strong continuity of {Λ∗
t ; t ∈R

+} implies the existence of the generator
L [482] such that limt→0 ‖Lρ − 1

t
(Λ∗

t ρ − ρ)‖1 = 0. If one assumes

S(ρ) = − trρ logρ,

div JS = d

dt
trΛ∗

t ρ logρβ

∣
∣
∣
∣
t=0

,

where β is the inverse temperature of the system, then the entropy production is

σ(ρ) = d

dt
{trΛ∗

t ρ logρβ− trΛ∗
t ρ logΛ∗

t ρ}
∣
∣
∣
∣
t=0

= − d

dt
S(Λ∗

t ρ, ρβ)

∣
∣
∣
∣
t=0

.

Spohn defined the entropy production σ(ρ) in relation to the Λ∗
t -invariant state ρ0

by

σ(ρ)=− d

dt
S(Λ∗

t ρ, ρ0)

∣
∣
∣
∣
t=0

.

It is easily shown that S(Λ∗
t ρ, ρ0) is decreasing and continuous in t from the right.

Theorem 20.13 Let dim H <∞ and the range ranρ0 = H. Then the entropy pro-
duction σ is defined on S(H) and is given by

σ(ρ)= tr
{
L(ρ)(logρ0 − logρ)

}
, ρ ∈S(H),

where Λ∗
t = etL, t ∈R

+. Moreover, σ is convex and it takes values in [0,∞].

Theorem 20.14

1. {ρ ∈ S(H);L(ρ) = 0} ⊂ {ρ ∈ S(H);σ(ρ) = 0}. If σ(ρ) = 0 only for ρ = ρ0,
then limt→0 Λtρ = ρ0 for all ρ ∈S(H).

2. σ = 0 iff L=−i[H, ·].
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Ojima discussed the entropy production in terms of Kubo’s linear response the-
ory.

Let A be a C∗-algebra, αt (t ∈ R) be a one-parameter group of automorphisms
of A and let ωβ be a KMS state with respect to αt and inverse temperature β .
The KMS state ωβ is an equilibrium state prepared at t = −∞ and an external
perturbation V(t) = (V1(t), . . . , Vn(t)) is adiabatically applied to the system. The
interaction energy of this perturbation with the system is expressed by an observable
vector Q= (Q1, . . . ,Qn), Qk ∈ A as follows

Hint(t)=−Q ·V(t)=−
n∑

i=1

QiVi(t).

Using the derivation δ(·) [428, 671] obtained by

dαt (A)

dt
= αt

(
δ(A)
)
, A ∈ A,

the time evolution {αt,s;V; t, s ∈R} with the perturbation V is determined by

d

dt
αt,s;V(A)= αt,s;V

(
δ(A)+ [Hint(t),A]

)

and

αt=s;V(A)=A, A ∈ A.

Put U(t, s;V) = T exp{i ∫ t

s
ατ (Q) · V(τ ) dτ } with the time ordering operator T .

Then

αt,s;V(A)= α−s

[
U(t, s;V)∗αt (A)U(t, s;V)

]
, A ∈ A.

When the input state ωβ (= ϕt=t0=−∞) changes to ϕt ≡ ωβ ◦ αt0,t;V at time t , the
relative entropy between ωβ and ϕt is evaluated as

S(ϕt , ϕ0 = ωβ)= β

∫ t

t0

ϕs

(
δ(Q)
)
V(s) ds ≥ 0.

The current operator J conjugated to the external force V(t) is defined by

J= δ(Q).

Then the time-dependent entropy production becomes

σ(t, t0;V)= d

dt
S(ϕt , ϕ0 = ωβ)= βϕt

(
δ(Q)
)
V(t)
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which is not always positive because ωβ is not αt,t0;V-invariant, so that Ojima,
Hasegawa and Ichiyanagi [612] considered the mean entropy production as

ᾱ = lim
T→∞

1

T

∫ T

0
dt lim

T0→∞
1

T0

∫ 0

−T0

dt0σ(t + t0, t0;V)

= lim
T→∞,T0→∞

1

T T0

∫ 0

−T0

dt0S(ϕT+t0;ϕt0 = ωβ)≥ 0. (20.14)

In order for these two limiting procedures to be meaningful, Ojima gave certain
characterization to the external force V(t), namely, he assumed that the continu-
ous function V(t) is almost periodic, i.e., it is uniformly approximated by a linear
combination of periodic functions. Here “uniformly” means the convergence in the
uniform topology with the norm ‖V‖ = sup{|V(t)|; t ∈R}.

By Brochner’s theorem, this is equivalent to the condition that the orbit
{|V(t)|; t ∈ R} is precompact in the uniform topology whose completion MV =
{V(t − λ);λ ∈R} becomes an abelian compact group. Therefore, the external force
V(t) can be expressed as an element in the set C(MV) of all continuous functions
on MV, that is,

∃Ṽ ∈ C(MV), ξ0 ∈MV such that V(t)= Ṽ
(
λt (ξ0)
)
,

where λt is the time flow on MV defined by

λtξ = ξt , ξ ∈MV.

We construct a compound system of (A,R, α) and (C(MV),R, λ), which is denoted
by (B,R, γ ):

B = A ⊗C(MV)= C(MV, A),

γt (B̃)(ξ) = α0,t;ξ
(
(B̃)(λ−t ξ )

)
, B̃ ∈ B.

Since the Haar measure μ on MV is ergodic, we have

(ϕ ⊗μ)
(
γt (B̃)
) =
∫

MV

ϕ
(
γt (B̃)(ξ)

)
dμ(ξ)

= lim
T0→∞

1

T0

∫ 0

−T0

ϕ
(
αt0t+t0;ξ

(
B̃(λ−t−t0ξ)

))
dt0

for any state ϕ on A. Then the relative entropy and the mean entropy production
becomes

S
(
γ ∗t (ωβ ⊗μ),ωβ ⊗μ

) = lim
T0→∞

1

T0

∫ 0

−T0

S(ϕt+t0,ϕt0 = ωβ)dt0,

σ̄ = lim
n→∞

1

Tn

∫ Tn

0
S
(
γ ∗t (ωβ ⊗μ),ωβ ⊗μ

)
dt,
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where

ϕ̃ ≡ lim
n→∞

1

Tn

∫ Tn

0
γ ∗t (ωβ ⊗μ)dt

with the proper sequence {Tn}.
Ojima discussed the relation between the above expression (20.14) and the linear

response theory of Kubo [612].

20.3 Quantum Dynamical Entropy

The Kolmogorov–Sinai dynamical entropy is used in the theory of classical dynami-
cal systems to compute the mean information and the degree of chaos for dynamical
systems.

Here we consider some of the above quantum generalizations of the dynamical
entropy.

20.3.1 Formulation by CNT

Let A be a unital C∗-algebra, θ be an automorphism of A, and ϕ be a stationary
state over A with respect to θ , i.e., ϕ ◦ θ = ϕ. Let B be a finite-dimensional C∗-
subalgebra of A.

The CNT entropy [176] for a subalgebra B is given by

Hϕ(B)= sup

{∑

k

λkS(ωk|B, ϕ|B); ϕ =
∑

k

λkωk finite decomposition of ϕ

}

,

where ϕ|B is the restriction of the state ϕ to B and S(·, ·) is the relative entropy for
C∗-algebra [63, 760, 763].

The CNT dynamical entropy with respect to θ and B is given by

H̃ϕ(θ, B)= lim sup
N→∞

1

N
Hϕ

(
B ∨ θ B ∨ · · · ∨ θN−1B

)
,

and the dynamical entropy for θ is defined by

H̃ϕ(θ)= sup
B

H̃ϕ(θ, B).

20.3.2 Kolmogorov–Sinai Type Complexities

Let A and Ā be ∗-algebras and let ϕ be a state on A. Let θ (resp., θ̄ ) be an auto-
morphism of the algebra A (resp., Ā) such that

ϕ ◦ θ = ϕ
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and Λ be a covariant (i.e., Λ ◦ θ̄ = θ ◦ Λ) CP map from Ā to A. Take a fi-
nite subalgebra Ak , k ∈ N (resp., Āk) of A (resp., Ā) and a unital map αk

(resp., ᾱk) from Ak (resp., Āk) to A (resp., Ā ). Put αM ≡ (α1, α2, . . . , αM),
ᾱN

Λ ≡ (Λ ◦ ᾱ1,Λ ◦ ᾱ2, . . . ,Λ ◦ ᾱN ). Let S be a weak *-convex subset of the state
space S(A) as was introduced in Chap. 7. Then two generalized compound states
for αM and ᾱN

Λ w.r.t. a measure μ ∈Mϕ(S) decomposing a state ϕ ∈ S such that
ϕ(A)= ∫S ω(A)dμ(ω),∀A ∈ A are defined by

ΦS
μ

(
αM
) =
∫

S

M⊗

m=1

α∗mωdμ,

ΦS
μ

(
αM ∪ ᾱN

Λ

) =
∫

S

M⊗

m=1

α∗mω

N⊗

n=1

ᾱ∗nΛ∗ωdμ.

Define the transmitted complexities as follows: Using the notations given in
Chap. 10, the complexity, the mutual entropy, the quasi-mutual entropy respectively
are

T S(ϕ; αM, ᾱN
Λ

)

≡ sup
∫

S
S

(
M⊗

m=1

α∗mω

N⊗

n=1

ᾱ∗nΛ∗ω,ΦS
μ

(
αM
)⊗ΦS

μ

(
ᾱN

Λ

)
)

dμ, μ ∈Mϕ(S);

I S(ϕ; αM, ᾱN
Λ

)

≡ sup
{
S
(
ΦS

μ

(
αM ∪ ᾱN

Λ

)
,ΦS

μ

(
αM
)⊗ΦS

μ

(
ᾱN

Λ

))
,μ ∈Mϕ(S)

};
J S(ϕ; αM, ᾱN

Λ

)

≡ sup
∫

S
S

(
M⊗

m=1

α∗mω

N⊗

n=1

ᾱ∗nΛ∗ω,ΦS
μ

(
αM
)⊗ΦS

μ

(
ᾱN

Λ

)
)

dμf , μf ∈ Fϕ(S).

In the case of S(A)= S , we denote T S by T for simplicity, and similarly with I, J .
When Ak = A0 = Āk , A = Ā, θ = θ̄ , αk = θk−1 ◦α = ᾱk (α : A0 → A ; unital CP),

T̃ S
ϕ (θ,α,Λ∗) ≡ lim sup

N→∞
1

N
T S(ϕ; αN, ᾱN

Λ

)
,

T̃ S
ϕ (θ,Λ∗) ≡ sup

α
T̃ S

ϕ (θ,α,Λ∗).

T̃ S
ϕ (θ,Λ∗) is the mean transmitted complexity w.r.t. θ and Λ∗. We similarly define

Ĩ S
ϕ , J̃ S

ϕ . Then the Connes–Narnhofer–Thirring type theorem holds for these com-
plexities.
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Theorem 20.15 If there exists α′m : A → Am such that αm ◦ α′m = id, ᾱm ◦ ᾱ′m = id
as m →∞, then T̃ S

ϕ (θ,Λ∗) = limm→∞ T̃ S
ϕ (θ,αm,Λ∗). The same holds for Ĩ S

ϕ ,

J̃ S
ϕ .

See [536] for the proof.
Our complexities generalize the usual dynamical entropy in the following

senses:

1. T S (ϕ; id,Λ∗)= T S (ϕ,Λ∗), where id : A → A.
2. When An, A are abelian C∗-algebras and αk is an embedding,

T
(
μ;αM

) = Sclassical
μ

(
M∨

m=1

Ãm

)

,

I
(
μ;αM, ᾱN

) = I classical
μ

(
M∨

n=1

Ãn,

N∨

n=1

B̃n

)

for any finite partitions Ãn, B̃n on the probability space (Ω = spec(A), F ,μ).
3. When Λ is the restriction of A to a subalgebra M of A, Λ= |M (see Chaps. 7

and 10),

J (ϕ; |M)= J (ϕ; id; |M)=Hϕ(M)= CNT-entropy.

The CNT-entropy H̃ϕ is equivalent to our complexity J : Let M ⊂ A0, A =
⊗N A0, θ ∈ Aut(A), αN ≡ (α, θ ◦ α, . . . , θN−1 ◦ α), α = ᾱ;A0 → A (embedding)
and MN ≡⊗N

1 M. Then we have

J̃ϕ(θ;M)= lim sup
N→∞

1

N
J
(
ϕ; αN ; |MN

)

and

J̃ϕ(θ)≡ sup
M

{
J̃ϕ(θ;M); M ⊂ A0

}
.

T̃ S
ϕ (θ), Ĩ S

ϕ (θ) are computed similarly.

20.3.3 Model Computation

Numerical computation of the dynamical entropy can be used to see which state (or
modulated state) is most effective for optical fiber communication. Let H0 and H0

be input and output Hilbert spaces, respectively. In order to send a state carrying
information to the output system, we might need to modulate the state in a proper
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way. A modulation M is a channel, denoted by Γ ∗
(M), from S(H0) to a certain state

space S(H(M)) on a proper Hilbert space H(M). Take

A ≡
∞⊗

−∞
B(H0), A ≡

∞⊗

−∞
B(HM).

Let S(A) (resp., S(A)) be the set of all density operators in A (resp., A). Let θ

(resp., θ ) be a shift on A (resp., A) and α (resp., α) be an embedding map from
B(H0) to A (resp., B(H0) to A) as before. Let Λ∗ be an attenuation channel, i.e.,
Λ√

η,
√

1−η with the transmission rate η discussed in Chap. 7. Put Λ̃∗ ≡⊗∞
−∞Λ∗

and Γ̃ ∗
(M)

≡⊗∞
−∞ Γ ∗

(M)
and define

αN
(M) ≡

(
α ◦ Γ̃(M), . . . , θ

N−1 ◦ α ◦ Γ̃(M)

)
,

αN

(M)Λ̃∗ ≡
(
Γ̃(M) ◦ Λ̃∗ ◦ α, . . . , Γ̃(M) ◦ Λ̃∗ ◦ θ

N−1 ◦ α
)
.

We only consider two modulations here: the PAM (pulse amplitude modulation)
and the PPM (pulse position modulation). The modulations Γ(PAM) for PAM and
Γ(PPM) for PPM are written as

Γ(PAM)(En) = |n〉〈n|,

Γ(PPM)(En) = |0〉〈0| ⊗ · · · ⊗ |0〉〈0| ⊗
n-th
︷ ︸︸ ︷
|d〉〈d|⊗|0〉〈0| ⊗ · · · ⊗ |0〉〈0|

︸ ︷︷ ︸
M

,

where En is a pure state in S(H0) coding the n-th symbol and |k〉〈k| is a k-photon
number state.

For a stationary initial state ρ = ∑m μm(
⊗∞

−∞ ρ
(i)
m ) ∈ S(A) with ρ

(i)
m =

∑
ni

λ
(m)
ni

Eni
, Eni

∈ exS(H0) and the attenuation channel Λ∗, the transmitted com-
plexities of mutual entropy type for two modulations PAM and PPM are calculated
as

I
(
ρ; αN

(PAM), α
N

(PAM)Λ̃∗
)

=
M∑

j0=0

· · ·
M∑

jN−1=0

M∑

n0=J0

· · ·
M∑

nN−1=JN−1

(
∑

m

μm

N−1∏

k=0

λ(m)
nk

)(
N−1∏

k′=0

∣
∣C

nk′
jk′
∣
∣2
)

×
{

log
N−1∏

k=0

∣
∣Cnk

jk

∣
∣2 − log

(
M∑

n′0=J0

· · ·
M∑

n′N−1=JN−1

(
∑

m′
μm′

N−1∏

k′=0

λ
(m′)
n′k′

)

×
(

N−1∏

k′′=0

∣
∣C

n′k′′
jk′′
∣
∣2
))}

,
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I
(
ρ; αN

(PPM), α
N

(PPM)Λ̃∗
)

=−
M∑

n0=1

· · ·
M∑

nN−1=1

(
∑

m

μm

N−1∏

k=0

λ(m)
nk

){
N∑

p=1

∑

{q1,...,qp}⊂{1,2,...,N}

×
(

d∑

�1=1

· · ·
d∑

�p=1

∣
∣Cd

�1

∣
∣2 · · · ∣∣Cd

�p

∣
∣2(1− η)N−pηp log

(
∑

m′
μm′

p∏

k′=0

λ(m′)
nq

k′

))}

,

where
∣
∣C

ni

ji

∣
∣2 = ni !

ji !(ni − ji)!η
ji (1− η)(ni−ji ).

Then we have

Theorem 20.16 If A = A, θ = θ , α = α and d ≥N , then

∼
I ρ(θ,α(PPM),Λ)≥ ∼

I ρ(θ,α(PAM),Λ
∗).

This theorem means that the PPM sends more information than the PAM.

20.3.4 Various Quantum Dynamical Entropies

We will discuss several attempts to define the quantum dynamical entropy.
(1) Formulation by AF (Alicki–Fannes [53]). Let A be a C∗-algebra, θ be an

automorphism on A, ϕ be a stationary state with respect to θ , and let B be a unital
∗-subalgebra of A. A set γ = {γ1, γ2, . . . , γk} of elements of B is called a finite
operational partition of unity of size k if γ satisfies the following condition:

k∑

i=1

γ ∗i γi = I.

The operation ◦ is defined by

γ ◦ ξ ≡ {γiξj ; i = 1,2, . . . , k, j = 1,2, . . . , l}
for any partitions γ = {γ1, γ2, . . . , γk} and ξ = {ξ1, ξ2, . . . , ξl}. For any partition γ

of size k, a k× k density matrix ρ[γ ] = (ρ[γ ]i,j ) is given by

ρ[γ ]i,j = ϕ(γ ∗j γi).

Then the dynamical entropy H̃ϕ(θ, B, γ ) with respect to the partition γ and shift θ

is defined by von Neumann entropy S(·) as

H̃ϕ(θ, B, γ )= lim sup
n→∞

1

n
S
(
ρ
[
θn−1(γ ) ◦ · · · ◦ θ(γ ) ◦ γ

])
.
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The dynamical entropy H̃ϕ(θ, B) is given by taking the supremum over operational
partition of unity in B as

H̃ϕ(θ, B)= sup
{
H̃ϕ(θ, B, γ );γ ⊂ B

}
.

(2) Formulation by AOW. A construction of dynamical entropy is done by using
a quantum Markov chain in [17].

Let A be a von Neumann algebra acting on a Hilbert space H, let ϕ be a state
on A, and set A0 = Md (d × d matrix algebra). Take the transition expectation
Eγ : A0 ⊗ A → A of Accardi such that

Eγ (Ã)=
∑

i

γiAiiγi,

where Ã=∑i,j eij ⊗Aij ∈ A0⊗A and γ = {γj } is a finite partition of unity I ∈ A.
A quantum Markov chain is defined by ψ ≡ {ϕ, Eγ,θ } ∈S(

⊗∞
1 A0) such that

ψ
(
j1(A1) · · · jn(An)

)≡ ϕ
(

Eγ,θ

(
A1 ⊗ Eγ,θ

(
A2 ⊗ · · · ⊗An−1 Eγ,θ (An ⊗ I )

)))
,

where Eγ,θ = θ ◦ Eγ , θ ∈Aut(A), and jk is an embedding of A0 into
⊗∞

1 A0 such
that jk(A)= I ⊗ · · · ⊗ I ⊗ A︸︷︷︸

k-th

⊗ I · · · .
Suppose that for ϕ there exists a unique density operator ρ such that ϕ(A) =

trρA for any A ∈ A. Let us define a state ψn on
⊗n

1 A0 expressed as

ψn(A1 ⊗ · · · ⊗An)=ψ
(
j1(A1) · · · jn(An)

)
.

The density operator ξn for ψn is given by

ξn ≡
∑

i1

· · ·
∑

in

trA
(
θn(γin) · · ·γi1ργi1 · · · θn(γin)

)
ei1i1 ⊗ · · · ⊗ einin .

Put

Pin...i1 = trA
(
θn(γin) · · ·γi1ργi1 · · · θn(γin)

)
.

The dynamical entropy through QMC is defined by

S̃ϕ(θ;γ )≡ lim sup
n→∞

1

n
(− tr ξn log ξn)= lim sup

n→∞
1

n

(

−
∑

i1,...,in

Pin···i1 logPin···i1
)

.

If Pin···i1 satisfies the Markov property, then the above equality can be written as

S̃ϕ(θ;γ )=−
∑

i1,i2

P(i2|i1)P (i1) logP(i2|i1).

The dynamical entropy through QMC with respect to θ and a von Neumann subal-
gebra B of A is given by

S̃ϕ(θ;B)≡ sup
{
S̃ϕ(θ;γ );γ ⊂ B

}
.
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(3) Quantum dynamical entropy for CP map (KOW dynamical entropy [441]).
Let B(K) (resp., B(H)) be the set of all bounded linear operators on a separable
Hilbert space K (resp., H). We denote the set of all density operators on K (resp., H)

by S(K) (resp., S(H)). Let

Γ : B(K)⊗B(H)→ B(K)⊗B(H) (20.15)

be a normal, unital CP linear map, that is, Γ satisfies

B̃α ↑ B̃ =⇒ Γ (B̃α) ↑ Γ (B̃),

Γ (IK ⊗ IH)= IK ⊗ IH
(
IH (resp., IK) is the unity in H (resp., K)

)

for any increasing net {B̃α} ⊂ B(K)⊗ B(H) converging to B̃ ∈ B(K)⊗ B(H) and
the inequalities

n∑

i,j=1

B̃∗
j Γ (Ã∗

j Ãi)B̃i ≥ 0

hold for any n ∈ N and any Ãi , B̃j ∈ B(K) ⊗ B(H). For a normal state ω on
B(K), there exists a density operator ω̃ ∈S(K) associated to ω (i.e., ω(A)= tr ω̃A,
∀A ∈ B(K)). Then the map

E Γ,ω : B(K)⊗B(H)→ B(H)

defined as

E Γ,ω(Ã)= ω
(
Γ (Ã)
)= trK ω̃Γ (Ã), ∀Ã ∈ B(K)⊗B(H)

is a transition expectation in the sense of [14] (i.e., E Γ,ω is a linear unital CP map
from B(K)⊗B(H) to B(H)), whose dual is the map

E∗Γ,ω(ρ) :S(H)→S(K ⊗ H)

given by

E∗Γ,ω(ρ)= Γ ∗(ω̃⊗ ρ).

The dual map E∗Γ,ω is a lifting in the sense of [19]; that is, it is a continuous map
from S(H) to S(K ⊗ H).

For a normal, unital CP map Λ : B(H) → B(H), id ⊗ Λ : B(K) ⊗ B(H) →
B(K)⊗ B(H) is a normal, unital CP map, where id is the identity map on B(K).
Then one defines the transition expectation

E Γ,ω
Λ (Ã)= ω

(
(id⊗Λ)Γ (Ã)

)
, ∀Ã ∈ B(K)⊗B(H) (20.16)

and the lifting

E∗Γ,ω
Λ (ρ)= Γ ∗(ω̃⊗Λ∗(ρ)

)
, ∀ρ ∈S(H). (20.17)
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The above Λ∗ is a quantum channel from S(H) to S(H), in which ρ is regarded as
an input signal state and ω̃ is as a noise state.

The equality

tr(
⊗n

1 K)⊗H Φ
Γ,ω
Λ,n(ρ)(A1 ⊗ · · · ⊗An ⊗B)

≡ trH ρ
(

E Γ,ω
Λ

(
A1 ⊗ E Γ,ω

Λ

(
A2 ⊗ · · ·An−1 ⊗ E Γ,ω

Λ (An ⊗B)
)))

for all A1,A2, . . . ,An ∈ B(K),B ∈ B(H) and any ρ ∈S(H) defines:

1. A lifting

Φ
Γ,ω
Λ,n :S(H)→S

((
n⊗

1

K
)

⊗ H
)

.

2. Marginal states

ρ
Γ,ω
Λ,n ≡ trH Φ

Γ,ω
Λ,n(ρ) ∈S

(
n⊗

1

K
)

,

ρ̄
Γ,ω
Λ,n ≡ tr⊗n

1 K Φ
Γ,ω
Λ,n(ρ) ∈S(H).

Here, the state

Φ
Γ,ω
Λ,n(ρ) ∈S

((
n⊗

1

K
)

⊗ H
)

is a compound state for ρ̄
Γ,ω
Λ,n and ρ

Γ,ω
Λ,n in the sense of [560]. Note that generally

ρ̄
Γ,ω
Λ,n is not equal to ρ.

Definition 20.17 The quantum dynamical entropy with respect to Λ∗, ρ,Γ ∗ and ω

is defined by

S̃(Λ∗;ρ,Γ ∗,ω)≡ lim sup
n→∞

1

n
S
(
ρ

Γ,ω
Λ,n

)
, (20.18)

where S(·) is the von Neumann entropy [805], that is, S(σ ) ≡ − trσ logσ,σ ∈
S(
⊗n

1 K). The dynamical entropy with respect to Λ∗ and ρ is defined as

S̃(Λ∗;ρ)≡ sup
{
S̃(Λ∗;ρ,Γ ∗,ω);Γ ∗,ω

}
.

Let us discuss the transition expectation E∗Γ,ω
Λ associated to the CP maps Γ , Λ,

and a state ω.
For a complete orthonormal system (CONS) {ei} in K, put Eij = |ei〉〈ej |. There

exist operators vα ∈ B(H) and complex numbers λklα,mnβ ∈ C such that the unital
CP map Γ of (20.15) can be written in the form (see p. 145 of [578])

Γ (Ã)=
∑

k,l,m,n

∑

α,β

λklα,mnβ(E∗
kl⊗v∗α)Ã(Emn⊗vβ), Ã ∈ B(K)⊗B(H). (20.19)
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Let Ã ∈ B(K)⊗B(H) be

Ã=
∑

i,j

Eij ⊗Aij , Aij ∈ B(H). (20.20)

From (20.19) and (20.20), we have

Γ (Ã) =
∑

k,l,m,n

∑

α,β

λklα,mnβ(E∗
kl ⊗ v∗α)

(∑

i,j

Eij ⊗Aij

)

(Emn ⊗ vβ)

=
∑

k,l,m,n

∑

α,β

∑

i,j

λklα,mnβ(E∗
kl ⊗ v∗α)(Eij ⊗Aij )(Emn ⊗ vβ)

=
∑

k,l,m,n

∑

α,β

∑

i,j

λklα,mnβ(E∗
klEijEmn ⊗ v∗αAij vβ)

=
∑

k,l,m,n

∑

α,β

∑

i,j

λklα,mnβ

(|el〉〈ek, ei〉〈ej , em〉〈en| ⊗ v∗αAij vβ

)

=
∑

k,l,m,n

∑

α,β

λklα,mnβ(El n ⊗ v∗αAkmvβ).

The equality

Γ (IK ⊗ IH)= IK ⊗ IH

implies

∑

k

∑

α,β

λklα,knβv∗αvβ = δl nIH.

As the matrix σ ≡ (λklα,mnβ) is positive definite, taking a proper basis of {vα}, σ

can be written as

σ =
(∑

q

τq ξ̃
∗(q)
klα ξ̃

(q)
mnβ

)

,

with some proper numbers τq, ξ̃
(q)
klα , where τq is a positive number and ξ̃

(q)
klα is a

normalized orthogonal vector associated to τq . From the positivity of ω̃, we have

ω(El n) = tr
(
ω̃(El n)

)= tr
(
ω̃|el〉〈en|

)= 〈en, ω̃el〉

=
∑

p

〈√
ω̃en, fp

〉〈
fp,

√
ω̃el

〉
,
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where {fp} is a CONS of K. From the above equality, the transition expectation
E∗Γ,ω is expressed as (20.21) below:

E∗Γ,ω

(∑

i,j

Eij ⊗Aij

)

= ω

(

Γ

(∑

i,j

Eij ⊗Aij

))

=
∑

k,l,m,n

∑

α,β

λklα,mnβω(El n)v
∗
αAkmvβ

=
∑

k,l,m,n

∑

α,β

(∑

q

τq ξ̃
∗(q)
klα ξ̃

(q)
mnβ

)∑

p

〈√
ω̃en, fp

〉〈
fp,

√
ω̃el

〉
v∗αAkmvβ

=
∑

k,m

(∑

p

∑

q

τq

(∑

l,α

ξ̃
∗(q)
klα

〈√
ω̃el, fp

〉
v∗α
)

Akm

(∑

n,β

ξ̃
(q)
mnβ

〈√
ω̃en, fp

〉
vβ

))

=
∑

k,m

(∑

p

∑

q

(√
τq

∑

l,α

ξ̃
∗(q)
klα

〈√
ω̃el, fp

〉
v∗α
)

×Akm

(√
τq

∑

n,β

ξ̃
(q)
mnβ

〈√
ω̃en, fp

〉
vβ

))

. (20.21)

Putting upqm =√τq

∑
n,β ξ̃

(q)
mnβ〈

√
ω̃en, fp〉vβ ,

EΓ,ω

(∑

i,j

Eij ⊗Aij

)

=
∑

k,m

∑

p

∑

q

u∗pqkAkmupqm,

so that we can rewrite Γ,ω by u, and the dual of EΓ,ω (=Eu) as

E∗u(ρ)=
∑

k,m

∑

p

∑

q

Ekm ⊗ upqkρu∗pqm.

Since Γ (IK ⊗ IH)= IK ⊗ IH holds, one obtains
∑

p,q,k

u∗pqkupqk = IH.

For a channel Λ∗ : S(H) → S(H), the transition expectation (20.16) and the
lifting (20.17) are expressed as follows:

E∗uΛ

(∑

i,j

Eij ⊗Aij

)

=
∑

k,m

∑

p

∑

q

Λ∗(u∗pqkAkmupqm)

and

E∗uΛ (ρ)=
∑

k,m

∑

p

∑

q

Ekm ⊗ upqkΛ
∗(ρ)u∗pqm. (20.22)
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We generalize both the AF (Alicki–Fannes) entropy and the AOW (Accardi–
Ohya–Watanabe) entropy. Then we compare the generalized AF entropy with the
generalized AOW entropy.

Let θ be an automorphism of B(H), ρ be a density operator on H and E∗uθ be the
transition expectation on B(K)⊗B(H) with Λ= θ defined in Sect. 20.2.

One introduces the transition expectation E∗uθ from B(K)⊗B(H) to B(H) as

E u
θ

(∑

i,j

Eij ⊗Aij

)

≡
∑

k,m,p,q

θ(u∗pqkAkmupqm)=
∑

k,m,p,q

θ(u∗pqk)θ(Akm)θ(upqm).

The quantum Markov state {ρu
θ,n} on

⊗n
1 B(K) is defined through this transition

expectation Eu
θ by

tr⊗n
1 K
[
ρu

θ,n(A1 ⊗ · · · ⊗An)
]

≡ trH
[
ρE u

θ

(
A1 ⊗ E u

θ

(
A2 ⊗ · · · ⊗An−1 ⊗ E∗uθ (An ⊗ I )

))]

for all A1, . . . ,An ∈ B(K) and any ρ ∈S(H).
Let us consider another transition expectation Ê u

θ such that

Ê u
θ

(∑

i,j

Eij ⊗Aij

)

≡
∑

k,l,p,q

θ(u∗pqk)Aklθ(upql).

One can define the quantum Markov state {ρ̃u
θ,n} in terms of Ê u

θ

tr⊗n
1 K
[
ρ̃u

θ,n(A1 ⊗ · · · ⊗An)
]

≡ trH
[
ρÊ u

θ

(
A1 ⊗ Ê u

θ2

(
A2 ⊗ · · · ⊗An−1 ⊗ Ê u

θn(An ⊗ I )
))]

(20.23)

for all A1, . . . ,An ∈ B(K) and any ρ ∈S(H). Then we have the following theorem.

Theorem 20.18 ρu
θ,n = ρ̃u

θ,n.

Proof It is easily seen that

Ê u
θi (A⊗B)= θi Ê u

(
A⊗ θ−i (B)

)
(20.24)

for any A ∈ B(K) and any B ∈ B(H), where Ê u = Ê u
θ=identity. From Equality

(20.24), we have

Ê u
θ (A1 ⊗ I )= θ Ê u(A1 ⊗ I )= E u

θ (A1 ⊗ I )

and

Ê u
θ

(
A1 ⊗ Ê u

θ2(A2 ⊗ I )
) = Ê u

θ

(
A1 ⊗ θ2 Ê u(A2 ⊗ I )

)

= θ Ê u
(
A1 ⊗ θ−1 ◦ θ2 Ê u(A2 ⊗ I )

)
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= θ Ê u
(
A1 ⊗ θ Ê u(A2 ⊗ I )

)

= E u
θ

(
A1 ⊗ E u

θ (A2 ⊗ I )
)
.

Generally, we observe

Ê u
θ

(
A1 ⊗ Ê u

θ2

(
A2 ⊗ · · · ⊗ Ê u

θn(An ⊗ I )
))

= E u
θ

(
A1 ⊗ E u

θ

(
A2 ⊗ · · · ⊗ E u

θ (An ⊗ I )
))

for any n≥ 1. Hence ρu
θ,n = ρ̃u

θ,n holds. �

Let B0 be a subalgebra of B(K). Taking the restriction of a transition expectation
E : B(K)⊗ B(H)→ B(H) to B0 ⊗ B(H), i.e., E0 = E |B0⊗B(H), E0 is the transition
expectation from B0 ⊗ B(H) to B(H). The QMC (quantum Markov chain) defines
the state ρ

u(0)
θ,n on

⊗n
1 B0 through (20.23), which is

ρ
u(0)
θ,n = ρu

θ,n|⊗n
1 B0

.

The subalgebra B0 of B(K) can be constructed as follows: Let P1, . . . Pm be pro-
jection operators on mutually orthogonal subspaces of K such that

∑m
i=1 Pi = IK .

Putting Ki = Pi K, the subalgebra B0 is generated by

m∑

i=1

PiAPi, A ∈ B(K).

One observes that in the case of n= 1

ρ
u(0)
θ,1 ≡ ρu

θ,1|B0 =
m∑

i=1

Piρ
u
θ,1Pi,

and one has for any n ∈N

ρ
u(0)
θ,n =

∑

i1,...,in

(Pi1 ⊗ · · · ⊗ Pin)ρ
u
θ,n(Pi1 ⊗ · · · ⊗ Pin)

from which the following theorem is proved.

Theorem 20.19

S
(
ρu

θ,n

)≤ S
(
ρ

u(0)
θ,n

)
.

Proof Let {P̃i1,...,in} be a PVM (projection-valued measure) on
⊗n

1 K. If E
P̃
(Ã) is

a map defined by

E
P̃
(Ã)≡

∑

i1,...,in

P̃i1,...,in ÃP̃i1,...,in , ∀Ã ∈
n⊗

1

B(K),
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then E
P̃

satisfies: (i) E
P̃
(I⊗n

1 K) = I ∈⊗n
1 B0, (ii) E

P̃
◦ E

P̃
(Ã) = E

P̃
(Ã),∀Ã ∈

⊗n
1 B(K), (iii) tr E

P̃
(Ã)B̃ = tr ÃB̃ , ∀Ã ∈⊗n

1 B(K),∀B̃ ∈⊗n
1 B0. Therefore, E

P̃

is a conditional expectation from
⊗n

1 B(K) to
⊗n

1 B0, so that

S
(
ρ

u(0)
θ,n

) = S
(

E∗
P̃

(
ρu

θ,n

))= trη
(

E∗
P̃

(
ρu

θ,n

))

≥ tr E∗
P̃

(
η
(
ρu

θ,n

))= trη
(
ρu

θ,n

)= S
(
ρu

θ,n

)
,

where η(t)≡−t log t (t ≥ 0). We used the concavity:

η
(

E∗
P̃

(
ρu

θ,n

))≥ E∗
P̃

(
η
(
ρu

θ,n

))
. �

Taking into account the construction of the subalgebra B0 of B(K), one can con-
struct a transition expectation in the case that B(K) is a finite subalgebra of B(H).

Let B(K) be the d × d matrix algebra Md (d ≤ dim H) in B(H) and Eij =
|ei〉〈ej | with normalized vectors ei ∈ H (i = 1,2, . . . , d). Let γ1, . . . , γd ∈ B(H)

be a finite operational partition of unity, that is,
∑d

i=1 γ ∗i γi = I , then the transition
expectation

E γ :Md ⊗B(H)→ B(H)

is defined by

E γ

(
d∑

i,j=1

Eij ⊗Aij

)

≡
d∑

i,j=1

γ ∗i Aij γj .

Let M0
d be a subalgebra of Md consisting of diagonal elements of Md . Since an

element of M0
d has the form

∑d
i=1 biEii (bi ∈ C), one can see that the restriction

E γ (0) of E γ to M0
d is defined as

E γ (0)

(
d∑

i,j=1

Eij ⊗Aij

)

≡
d∑

i=1

γ ∗i Aiiγi .

When Λ : B(H)→ B(H) is a normal unital CP map, the transition expectations E γ
Λ

and E γ (0)
Λ are defined by

E γ
Λ

(
d∑

i,j=1

Eij ⊗Aij

)

≡
d∑

i,j=1

Λ(γ ∗i Aij γj ),

E γ (0)
Λ

(
d∑

i,j=1

Eij ⊗Aij

)

≡
d∑

i=1

Λ(γ ∗i Aiiγi).
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Then one obtains the quantum Markov states {ργ
Λ,n} and {ργ (0)

Λ,n }

ρ
γ
Λ,n =

d∑

i1,...,in=1

d∑

j1,...,jn=1

trH ρΛ
(
Wj1i1

(
Λ
(
Wj2i2

(· · ·Λ(Wjnin(IH)
)))))

×Ei1j1 ⊗ · · · ⊗Einjn (20.25)

and

ρ
γ (0)
Λ,n =

d∑

i1,...,in=1

trH ρΛ
(
Wi1i1

(
Λ
(
Wi2i2

(· · ·Λ(Winin(IH)
)))))

Ei1i1 ⊗ · · · ⊗Einin

=
d∑

i1,...,in=1

pi1,...,inEi1i1 ⊗ · · · ⊗Einin , (20.26)

where we put

Wij (A) ≡ γ ∗i Aγj , A ∈ B(H),

W ∗
ij (ρ) ≡ γjργ ∗i , ρ ∈S(H),

pi1,...,in ≡ trH ρΛ
(
Wi1i1

(
Λ
(
Wi2i2

(· · ·Λ(Winin(IH)
)))))

= trH W ∗
inin

(
Λ∗ · · ·Λ∗(W ∗

i2i2

(
Λ∗(W ∗

i1i1

(
Λ∗(ρ)

)))))
.

The above ρ
γ
Λ,n, ρ

γ (0)
Λ,n become the special cases of ρ

Γ,ω
Λ,n defined in Sect. 20.2 by

taking Γ and ω in (20.22) as

Γ

(
d∑

i,j=1

Eij ⊗Aij

)

≡
d∑

i,j=1

Eij ⊗ γiAij γj ,

ω

(
d∑

i,j=1

Eij ⊗ γiAij γj

)

≡
d∑

i,j=1

trH(ργiAij γj )Eij

and

Γ

(
d∑

i,j=1

Eij ⊗Aij

)

≡
d∑

i=1

Eii ⊗ γiAiiγi,

ω

(
d∑

i=1

Eii ⊗ γiAiiγi

)

≡
d∑

i=1

trH(ργiAiiγi)Eii .

Therefore, the dynamical entropy (20.18) becomes

S̃
(
Λ∗;ρ, {γi}

) ≡ lim sup
n→∞

1

n
S
(
ρ

γ
Λ∗,n
)
,
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S̃(0)
(
Λ∗;ρ, {γi}

) ≡ lim sup
n→∞

1

n
S
(
ρ

γ (0)
Λ∗,n
)
.

The dynamical entropies of Λ∗ with respect to a finite-dimensional subalgebra
B ⊂ B(H) and the transition expectations E

γ
Λ∗ and E

γ(0)
Λ∗ are given by

S̃B(Λ∗;ρ) ≡ sup
{
S̃
(
Λ∗;ρ, {γi}

)
, {γi}⊂ B

}
, (20.27)

S̃
(0)

B (Λ∗;ρ) ≡ sup
{
S̃(0)
(
Λ∗;ρ, {γi}

)
, {γi} ⊂ B

}
. (20.28)

We call (20.27) and (20.28) a generalized AF entropy and a generalized AOW en-
tropy [17], respectively. When {γi} is a PVM (projection-valued measure) and Λ∗
is an automorphism θ , S̃

(0)

B (θ;ρ) is equal to the AOW entropy. When {γ ∗i γi} is a

POV (positive-operator valued measure) and Λ∗ = θ , S̃B(θ;ρ) is equal to the AF
entropy [53].

From Theorem 20.19, one obtains an inequality

Theorem 20.20

S̃B(Λ∗;ρ)≤ S̃
(0)

B (Λ∗;ρ).

That is, the generalized AOW entropy is greater than the generalized AF entropy.
Moreover, the dynamical entropy S̃B(Λ∗;ρ) is rather difficult to compute because
there exist off-diagonal parts in (20.25), so we mainly consider the dynamical en-
tropy S̃

(0)

B (Λ∗;ρ) in the following.
Here, we note that the dynamical entropy defined in terms of ρu

θ,n on
⊗n

1 B(K) is
related to that of flows by Emch [223], which was defined in terms of the conditional
expectation, provided B(K) is a subalgebra of B(H).

20.3.5 Some Models

We numerically compute the KOW dynamical entropy for several models.
Let γi = γ ∗i be projection operators on one-dimensional mutually orthogonal

subspaces of H such that
∑

i γi = IH holds. For unitary operators Ui and V on H,
γ̃i ≡UiγiV satisfies

∑

i

γ̃ ∗i γ̃i =
∑

i

V ∗γ ∗i U∗
i UiγiV = IH.

Let us consider the transition expectation

E γ (0) :A(H)⊗B(H)→ B(H)

defined by

E γ (0)

(∑

i,j=1

Eij ⊗Aij

)

≡
∑

i

γ̃iAii γ̃i , Aii ∈ B(H),
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where A(H) is an abelian subalgebra of B(H) generated by
∑

i biEii(bi ∈ C). Let
Λ : B(H)→ B(H) be the normal unital CP map given by

Λ(A)≡
∑

k,l,m,n

λkl,mnE
∗
klAEmn (20.29)

satisfying
∑

k

λkl,kn = δl n

(⇐⇒Λ(IH)= IH
)
,

where λkl,mn are complex numbers.
We will compute the dynamical entropy of Λ based on E γ (0) above.

Theorem 20.21 When γi = Eii , the quantum dynamical entropy with respect to
Λ,ρ, and {γi =Eii} is

S̃(0)
(
Λ;ρ, {γi =Eii}

)=−
∑

i,j

∑

l,k

λij,ij λjl,jk trH(ρElk) logλij,ij ,

where {λij,ij } are the coefficients of (20.29) associated to the CP map Λ.

Proof From (20.26), it follows that one obtains

ρ
γ (0)
Λ,n =

∑

j1,...,jn=1

pj1,...,jnEj1j1 ⊗ · · · ⊗Ejnjn,

where

pj1,...,jn
≡ trH
(
ρΛ
(
Wj1j1

(
Λ
(
Wj2j2

(· · ·Λ(Wjnjn
(IH)
))))))

= trH
(
ρΛ
(
Wj1j1

(
Λ
(
Wj2j2

(· · ·Wjn−1jn−1

(
Λ(Ejnjn)

))))))

= trH

(

ρΛ

(

Wj1j1

(

Λ

(

Wj2j2

(

· · ·Wjn−1jn−1

(∑

l,k

λjnl,jnkElk

))))))

= λjnjn−1,jnjn−1 trH
(
ρΛ
(
Wj1j1

(
Λ
(
Wj2j2

(· · ·Λ(Ejn−1jn−1)
)))))

= λjnjn−1,jnjn−1 · · ·λj2j1,j2j1 trH
(
ρΛ(Ej1j1)

)

=
n∏

k=2

λjkjk−1,jkjk−1

∑

l,k

λj1l,j1k trH(ρElk).

From the complete positivity of Λ and Λ(IH)= IH, it follows that

λkl,kl ≥ 0
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and
∑

k

λkl,kl = 1,

which implies that Pn = {pj1,...,jn} has the Markov property. Therefore, the quantum
dynamical entropy with respect to Λ,ρ and {γi =Eii} is computed as

S̃(0)
(
Λ;ρ, {γi =Eii}

)=−
∑

i,j

∑

l,n

λij,ij λjl,jn trH(ρEln) logλij,ij .
�

Theorem 20.22 When γi =U∗EiiU(= |fi〉〈fi | = Fii) for a unitary operator U on
H, the quantum dynamical entropy with respect to Λ, ρ, and {γi = Fii} is

S̃(0)
(
Λ;ρ, {γi = Fii}

)=−
∑

i,j

∑

l,k

λ
(F )
ij,ij λjl,jk trH(ρU∗ElkU) logλ

(F)
ij,ij ,

where {λij,ij } are the coefficients of (20.29) associated to the CP map Λ and λ
(F)
ij,ij =∑

p,q,r,s λpq,rs trH EqpU∗EiiUErsU
∗EjjU .

Proof Let Fij ≡U∗EijU . Then

|fi〉 =U∗|ei〉, Fij = |fi〉〈fj |, ei , fi ∈ H,

and one has

Eklx = UFklU
∗x =U |fk〉〈fl |U∗x =Ufk〈fl,U

∗x〉 =Ufk〈Ufl, x〉

=
∑

m,n

|fm〉〈fm,Ufk〉〈Ufl, fn〉〈fn, x〉

=
∑

m,n

〈fm,Ufk〉〈Ufl, fn〉|fm〉〈fn|x

=
∑

m,n

〈fm,Ufk〉〈Ufl, fn〉Fmnx, ∀x ∈ H,

which implies

Ekl =
∑

m,n

ukl,mnFmn, ukl,mn ≡ 〈Ufk,fm〉〈Ufl, fn〉. (20.30)

Inserting (20.30) into (20.29), one obtains

Λ(A) =
∑

p,q,r,s

λpq,rsE
∗
pqAErs

=
∑

p,q,r,s

λpq,rs

(∑

k,l

ūpq,klF
∗
kl

)

A

(∑

m,n

urs,mnFmn

)
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=
∑

k,l,m,n

( ∑

p,q,r,s

λpq,rs ūpq,klurs,mn

)

F ∗
klAFmn

=
∑

k,l,m,n

λ
(F )
kl,mnF

∗
klAFmn,

where

λ
(F)
kl,mn ≡

∑

p,q,r,s

λpq,rsupq,klurs,mn

=
∑

p,q,r,s

λpq,rs trH EqpU∗EiiUErsU
∗EjjU.

Proceeding as before, it is shown that

p
(F)
j1,...,jn

= λ
(F)
jnjn−1;jnjn−1

· · ·λ(F)
j2j1;j2j1

∑

l,k

λj1l,j1k trH(ρFl k)

= λ
(F)
jnjn−1;jnjn−1

· · ·λ(F)
j2j1;j2j1

∑

l,n

λj1l,j1k trH(ρU∗ElkU)

because of γi = Fii . Since P
(F)
n = {p(F)

j1,...,jn
} has the Markov property, we obtain

the quantum dynamical entropy with respect to Λ, ρ, and {γi = Fii} as

S̃(0)
(
Λ;ρ, {γi = Fii}

)=−
∑

i,j

∑

l,k

λ
(F )
ij,ij λjl,jk trH(ρU∗ElkU) logλ

(F)
ij,ij .

�

Theorem 20.23 Take ΛU(A)≡U∗AU as a unitary operator U on H. When U has
a simple point spectrum {eiϕk } and its eigenvector fk , the dynamical entropy with
respect to ΛU , ρ, and {γk = |fk〉〈fk|} is

S̃(0)
(
ΛU ;ρ,

{
γk = |fk〉〈fk|

})= 0.

Proof For a CONS e= {em} of H, U is written by

U =
∑

m,n

λ(e)
mnEmn,

where

λ(e)
mn ≡ 〈em,Uen〉,

Emn ≡ |em〉〈en|.
From the definition of ΛU , one obtains

ΛU(A)=
∑

k,l,m,n

λ
(e)
kl,mnElkAEmn,
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where λ
(e)
kl,mn ≡ λ

(e)

kl λ
(e)
mn. Therefore, one has

p
(e)
j1,...,jn

≡ λ
(e)
jnjn−1,jnjn−1

· · ·λ(e)
j2j1,j2j1

∑

l,k

λ
(e)
j1l,j1k

trH(ρElk),

λ(e)
mn,mn ≡

∣
∣〈em,Uen〉

∣
∣2.

Pn = {pj1,...,jn
} has the Markov property. Moreover, for the eigenvectors {fk} of the

simple point spectrum {eiϕk } of U such that Ufk = eiϕkfk , since

λ
(f )
mn,mn =

∣
∣〈fm,Ufn〉

∣
∣2 = δmn,

p
(f )
j1

≡
∑

l,k

λ
(f )
j1l,j1k

trH
(
ρ|fl〉〈fk|

)= 〈fj1 , ρfj1〉,

the dynamical entropy with respect to ΛU , ρ, and {γk = |fk〉〈fk|} is

S̃(0)
(
Λ∗

U ;ρ,
{
γk = |fk〉〈fk|

})= lim
n→∞

1

n

(

−
d∑

j1=1

〈fj1, ρ fj1〉 log〈fj1, ρfj1〉
)

= 0.
�

We remark here that for another choice of base {gi} ⊂ H, one has

S̃(0)
(
Λ∗

U ;ρ,
{
γk = |gk〉〈gk|

})
> 0.

Now we study the dynamical entropy for a quantum communication process,
in particular, the attenuation process. That is, Λ∗ is the attenuation channel [559]
defined as follows: Let H = L2(R), |α〉 be a coherent state vector in H, and take
γα ≡ 1√

π
|α〉〈α| (α ∈ C). The attenuation channel Λ∗ with a transmission rate η is

defined by

Λ∗(|α〉〈α|)≡ ∣∣√ηα
〉〈√

ηα
∣
∣.

Theorem 20.24 When ρ is a superposition of coherent vectors |ξm〉 given by
ρ =∑N

m=1 λm|ξm〉〈ξm| with
∑

m λm = 1 and Λ∗ is the attenuation channel with
a transmission rate η, the quantum dynamical entropy with respect to Λ∗, ρ, and
{γα} is given by

S̃(0)
(
Λ∗;ρ, {γα}

)

=−
∫

R2

1

π
e−|α2−

√
ηα1 |2

N∑

m=1

λme−|α1−
√

ηξm|2 log
1

π
e−|α2−

√
ηα1 |2 d2α1 d2α2.

Proof Formula (20.26) can be rewritten in the form (for n≥ 3).

ρ
γ (0)
Λ,n =

∫

Rn

d2α1 · · ·d2αnPρ(α1, . . . , αn)

n⊗

i=1

|αi〉〈αi |
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where

Pρ(α1 , . . . , αn) ≡ trH W ∗
αn

(
Λ∗(· · ·Λ∗(W ∗

α2

(
Λ∗(W ∗

α1

(
Λ∗(ρ)

))))))
,

W ∗
α (A) ≡ γ ∗α Aγα = 1

π
|α〉〈α|A|α〉〈α|.

When ρ is given by

ρ =
N∑

m=1

λm|ξm〉〈ξm| with
∑

m

λm = 1,

one has

Pρ(α1 , . . . , αn) =
N∑

m=1

λmPξm
(α1 , . . . , αn)

= 1

πn

n∏

k=2

e−|αk−√ηαk−1|2
N∑

m=1

λme−|α1−
√

ηξm|2 .

From {Pρ(α1 , . . . , αn)}, we obtain the dynamical entropy with respect to Λ∗, ρ, and
{γα} as

S̃(0)
(
Λ∗;ρ, {γα}

)

=−
∫

R2

1

π
e−|α2−

√
ηα1 |2

N∑

m=1

λme−|α1−
√

ηξm|2 log
1

π
e−|α2−

√
ηα1 |2 d2α1 d2α2.

�

Note that the details of the above theorem are discussed in [525].

20.4 Fractal Dimension of State

Usual fractal theory mostly treats geometrical sets. It is desirable to extend the frac-
tal theory so as to be applicable to some other objects. For this purpose, we intro-
duced fractal dimensions for general states. First, we recall two usual fractal dimen-
sions of geometrical sets.

Scaling Dimension. We observe a complex set F built from a fundamental pat-
tern. If the number of the patterns observed is N(1) when the scale is very rough,
say 1, and the number is N(r) when the scale is r , then we call the dimension de-
fined through

ds(F )= log(N(r)/N(1))

log(1/r)
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Fig. 20.1 The construction
of Koch’s curve

the scaling dimension of the set F . Let us explain the scale r in Koch’s curve as an
example (the case n goes to infinity in Fig. 20.1).

The scaling dimension of this curve is easily computed: ds = log 4
log 3 because

N( 1
3n )= 4n.
Capacity Dimension. Let us cover a set F in the n-dimension Euclidean space

R
n by a family of convex sets (e.g., balls) whose diameter is ε.
If the smallest number of the convex sets needed to cover the set F is N(ε), then

we call the dimension given by

dc(F )= lim
ε→0

logN(ε)

log(1/ε)

the capacity dimension (or the ε-entropy dimension) of the set F .
These two fractal dimensions become equal for almost all sets in which we can

compute these dimensions.
The ε-entropy was extensively studied by Kolmogorov and his ε-entropy is de-

fined for a probability measure, which gives us an idea to define the ε-entropy for a
general quantum state.

Kolmogorov introduced the notion of ε-entropy in a probability space (Ω, F ,μ).
His formulation is as follows: For two random variables f,g ∈M(Ω), the mutual
entropy I (f, g) is defined by the joint probability measure μf,g and the direct prod-
uct measure μf ⊗μg as

I (f, g)= S(μf,g,μf ⊗μg),

where S(·, ·) is the relative entropy.
The ε-entropy of Kolmogorov for a random variable f with values on a separable

metric space (X,d) is given by

SK(f, ε)≡ inf
{
I (f, g);g ∈Md(f, ε)

}
,

where

Md(f, ε)≡ {g ∈M(Ω); d(f,g)≤ ε
}

with

d(f,g)≡
√∫

X×X

d(x, y)2 dμfg(x, y),
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where μfg is the joint probability measure on Ω ×Ω induced from f and g. For
a general probability measure μ on (Ω, F ), the Kolmogorov ε-entropy SK(μ; ε) is
given by

SK(μ; ε)= inf
{
S(μco,μ⊗ μ̄); μ̄ ∈ P0(Ω)

}
,

where μco is the joint (compound) probability measure of μ and μ̄ and P0(Ω) is
the set of all probability measures μ̄ satisfying ‖μ− μ̄‖ ≤ ε.

We introduced the ε-entropy of a general quantum state ϕ and the fractal dimen-
sions of the state ϕ. Let C be the set of all channels physically interesting, and define
two sets

C1(Λ
∗;ϕ) = {Γ ∗ ∈ C;Γ ∗ϕ =Λ∗ϕ},

C2(ϕ; ε) =
{
Γ ∗ ∈ C; ‖ϕ − Γ ∗ϕ‖ ≤ ε

}
.

Then the ε-entropy of a state of ϕ w.r.t. S is defined by means of the transmitted
complexity (see Chap. 10) T S (ϕ; Λ∗) as

SS
C,T (ϕ; ε)= inf

{
T S

max,C (ϕ;Λ∗);Λ∗ ∈ C2(ϕ; ε)
}
,

where

T S
max,C (ϕ;Λ∗)= sup

{
T S (ϕ;Γ ∗);Γ ∗ ∈ C1(Λ

∗;ϕ)
}
.

When S =S(A) and C is the set of all channels on S(A) , our ε-entropy is simply
denoted by SO,T (ϕ; ε).

The capacity dimension of a state ϕ w.r.t. S and C is defined by

dS
C,T (ϕ)≡ lim

ε→0
dS

C,T (ϕ; ε),

where

dS
C,T (ϕ; ε)= SS

C,T
(ϕ; ε)

log(1/ε)
.

The above dS
C,T

(ϕ; ε) is called the capacity dimension of ε-order. The information
dimension of a state ϕ for S and C of ε order is defined by

dS
I,C,T (ϕ; ε)= SS

C,T
(ϕ; ε)

SS (ϕ)
.

20.4.1 Applications

These ε-entropy and fractal dimensions are applied to several physical phenomena
and mathematical objects. For instance, we can classify the shapes of the seas, of
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the moon, and of the rivers, and we can consider a symmetry breaking in the Ising
system. Here we state the main results concerning the Gaussian measures. For a
random variable f = (f1, . . . , fn) from Ω to R

n, the random variable norm ‖ · ‖R.V.

of the measure μf associated with f is defined by

‖μf ‖R.V. =
√
√
√
√1

n

n∑

i=1

∫

Ω

|fi |2 dμ.

Theorem 20.25 If the distance of two states is defined through the above random
variable norm on Ω = R

n and the transmitted complexity T is the mutual entropy
in CDS, then

1. SC,I (μf ; ε) = SK(f ; ε) = 1
2

∑n
i=1 log max( λi

θ2 ,1), where λ1, . . . , λn are the

eigenvalues of the covariance operator R for μf and θ2 is a constant uniquely
determined by the equation

∑n
i=1 min(λi, θ

2)= ε2.
2. dI,C,I (μf )= dK(μf )= n.

According to this theorem the Kolmogorov ε-entropy coincides with our ε-
entropy when the norm of states is given by the random variable norm on R

n. The
difference between SC,I and SK comes from the norm for states taken. For example,
when we take the norm of states as the total variation norm, namely,

‖μ‖ = |μ|(Ω).

Let Ω = R for simplicity. An input state μ is described by the mean 0 and the
covariance σ 2, and we take the set C of the channels Λ∗ sending a Gaussian measure
to a Gaussian measure with a noise expressed by the one-dimensional Gaussian
measure μ0 = [0, σ 2

0 ] so that the output state Λ∗μ is represented by [0, α2σ 2 +
σ 2

0 ] with a certain constant α. Since the channel Λ∗ depends on α and σ 2
0 , we put

Λ∗ =Λ∗
(ᾱ,σ 2

0 )
.

Theorem 20.26 When ‖μ − Λ∗
(ᾱ,σ 2

0 )
μ‖ = δ, we denote α2σ 2 + σ 2

0 by Cδ . If

α2satisfies α2 ≤ Cδ−δ

σ 2 , then we have

SC,I (μ; ε)= 1

2
log

1

ε
+ 1

2
log

σ 2

(1+
√

2π
4 (ε+ o(ε)))

> SK(μ; ε)= 0,

and dC,I (μ)= 1
2 , where o(ε) is the order of ε, that is, limε→0 o(ε)= 0.

This theorem tells the difference between the Kolmogorov ε-entropy and our
ε-entropy. It concludes that our fractal dimension enables the classification of the
Gaussian measures.
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Remark 20.27 The proofs of all theorems above are given in [368].

20.5 Entanglement in Janes–Cummings Model

The exactly solvable Jaynes–Cummings model (JCM) has been studied by many
researchers from various points of view. One of the most interesting features of this
model is the entanglement developed between an atom and a field during the process
of interaction. There have been several approaches to analyze the time evolution of
this model, for instance, by von Neumann entropy and by atomic inversion. Here
we will apply the DEN (degree of entanglement) discussed in Chap. 8 to analyze
the entanglement of JCM. The details of this study can be seen in [266].

The resonant JCM Hamiltonian can be expressed by a rotating wave approxima-
tion in the following form:

H = HA +HF +HI ,

HA = 1

2
�ω0σz, HF = �ω0a

∗a,

HI = �g
(
a⊗ σ+ + a∗ ⊗ σ−

)

where g is a coupling constant, σ± are the pseudo-spin operators of two-level atom,
σ± = 1

2 (σx ± σy) with Pauli spin operators σx,σy, σz, a (resp., a∗) is the anni-
hilation (resp., creation) operator of a photon, [a, a∗] = 1, and �,ω0, g are real
constants. Put � = 1 in the sequel. Suppose that the initial state of the atom is a
superposition of the upper and lower levels:

ρ = λ0E0 + λ1E1 ∈SA

where E0 = |1〉〈1| (resp., E1 = |2〉〈2|) is the state in the upper level (resp., lower
level) and λ0 + λ1 = 1. Remark that σ+|2〉 = |1〉, σ−|1〉 = |2〉.

We also assume that the field is in a coherent state:

ω= |θ〉〈θ | ∈SF , |θ〉 = exp

[

−1

2
|θ |2
]∑

l

θ l

√
l! |l〉, θ ∈C

where |l〉 is the photon number state; l = 0,1,2 . . . . Note that |l〉 = a∗l|0〉/√
l!, a|0〉 = 0.
Solving the eigenequation

HΦ =EΦ,

we have the eigenvalue

En,j = ω0

(

n+ 1

2

)

+ (−1)jΩn, n= 0,1, . . . , j = 0,1,
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Fig. 20.2 Transition probability as a function of time t

where Ωn is the Rabi frequency Ωn = g
√

n+ 1. Denote the corresponding eigen-
vector by |Φ(n)

j 〉.
The continuous lifting E∗ :SA →SA ⊗SF describing the time evolution be-

tween the atom and the field for the JCM is defined by the unitary operator generated
by H such that

E∗ρ =Ut(ρ ⊗ω)U∗
t , Ut = exp(−itH/�). (20.31)

This unitary operator Ut is written as

Ut = exp(−itH/�)=
∞∑

n=0

1∑

j=0

exp(−itEn,j /�)
∣
∣Φ

(n)
j

〉〈
Φ

(n)
j

∣
∣. (20.32)

The transition probability that the atom is initially prepared in the upper state and
stays at the upper state at time t is given by

c(t) = ∣∣〈n,2|Ut |n,2〉∣∣2

= exp
(−|θ |2)

∑

n

|θ |2n

n! cos2[Ωnt].

Figure 20.2 shows the transition probability for a coupling constant g = 1 and
a mean photon number |θ |2 = 5. This model yields the dephase around the time
tc ≈ 1/g and shows the damped oscillation with a Gaussian envelope. This damp-
ing is caused by the difference and interference of each Rabi frequency Ωn. This
damping phenomenon is called the Cummings collapse (t ≈ 3 ∼ 7). Later the sys-
tem shows revival around tr ≈ 2π |θ |/g. The reason of revival is considered as a
rephase, and its revival periodically appears at each Tk = ktr (k = 1,2,3, . . . ).
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From (20.31) and (20.32), the entangled state between the atom and the field is

E∗ρ = e1(t)|n,2〉〈n,2| + e2(t)|n,2〉〈n+ 1,1|
+ e3(t)|n+ 1,1〉〈n,2| + e4(t)|n+ 1,1〉〈n+ 1,1|,

where

e1(t) = λ0s(t)+ λ1c(t),

e2(t) = i

2
exp
(−|θ |2)(λ1 − λ0)

∑

n

|θ |2n

n! sin 2Ωnt,

e3(t) = −i

2
exp
(−|θ |2)(λ1 − λ0)

∑

n

|θ |2n

n! sin 2Ωnt,

e4(t) = λ0c(t)+ λ1s(t),

s(t) = exp
[−|θ |2]

∑

n

|θ |2n

n! sin2 Ωnt.

Taking the partial trace of E∗ρ, we have the reduced density operators ρA
t and

ρF
t for the atom and the field, respectively:

ρA
t = trF E∗ρ = e1(t)|2〉〈2| + e4(t)|1〉〈1|,

ρF
t = trA E∗ρ = e1(t)|n〉〈n| + e4(t)|n+ 1〉〈n+ 1|.

Thus, the degree of the entangled state E∗ρ for the Jaynes–Cummings model can be
computed as

IE∗ρ
(
ρA

t , ρF
t

) = tr E∗ρ
(
log E∗ρ − logρA

t ⊗ ρF
t

)

= S
(
ρA

t

)+ S
(
ρF

t

)− S(E∗ρ)

= −e1(t) log e1(t)− e4(t) log e4(t)

+ e2(t) log e2(t)+ e3(t) log e3(t).

The numerical results of this measure showed the time development of DEN for
the Jaynes–Cummings model with the mean photon number |θ |2 = 5, the coupling
constant g = 1, and the parameter (λ0, λ1)= (0.7,0.3).

From Fig. 20.3, the time-development of DEN for JCM periodically shows the
Rabi oscillation, which is an important feature of this model. Moreover, the en-
tanglement degree takes the highest value around the collapse interval (t ≈ 3 ∼ 7)
indicated in Fig. 20.3.
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Fig. 20.3 DEM as a function of time t

20.6 Decoherence in Quantum Systems: Stochastic Limit

There already exist small quantum computers working with a few qubits. However,
it is not yet clear whether large quantum computers suitable for practical use are pos-
sible to build. One reason that quantum computer is difficult to build is decoherence
of quantum superpositions due to the interaction with the environment. Decoher-
ence can be defined as the decay of the off-diagonal matrix elements of the density
operator in the computational basis. By using simple models like a spin system cou-
pling with a quantum field, it was found that decoherence is quite large. Different
methods were discussed to reduce the decoherence in quantum computers, still it is
considered to be one of the main open problems in this area.

Here we consider an approach to the problem of reducing decoherence in quan-
tum memory by using a control on the parameters of the system. The Hida white
noise calculus and the stochastic limit method are used, and it is discussed that one
can choose the parameters of the system in such a way that decoherence is dras-
tically reduced. This is based on the analysis of the spin–boson Hamiltonian per-
formed in the stochastic limit approximation. Considerations of the decoherence
problem in quantum computers performed and used a special case of the spin–
boson interaction when no spin-flip transitions (or tunneling, in another interpre-
tation) were present. Here we consider the complete spin–boson model, including
the spin-flip term, and show that this term plays, in fact, a crucial role in reducing
decoherence. Recently, Viola and Lloyd have proposed using the spin-flip transi-
tions for the dynamical suppression of decoherence. The control procedure in their
scheme is implemented as a sequence of radio-frequency pulses that repetitively flip
the state of the system.



566 20 Miscellaneous in Quantum Theory and Information

20.6.1 Reducing of Decoherence in Quantum Computers

The maintenance of quantum coherence is a crucial requirement for the ability of
quantum computers to be more efficient in certain problems than classical comput-
ers. One can simulate the environment as a classical or quantum white noise. In a
simple model of spin coupling with the massless quantum field, it was found that for
quantum computations not only the coupling with the environment must be small,
but also the time taken in the quantum calculation must be less than the thermal time
scale 1/T where T is the temperature of the initial state of the environment.

The tape (memory) cells are taken to be two-level systems (qubits), with each of
the levels having the same energy, and the two states are taken to be the eigenstates
of the spin operator σz.

Any (pure or mixed) state of a quantum circuit Sl can be described by a density
operator of the form

ρS(t)=
2l−1∑

a,b=0

ρab(t)|a〉〈b|

where {|a〉} is the computational basis in Hl . The degree of the quantum coherence
is described by the off-diagonal elements ρab, a �= b of the density operator. The
decoherence is the decay of the off-diagonal elements of the density operator in the
computational basis.

In the simple model of the quantum computer interacting with the environment
(reservoir) represented by a quantum field (a family of harmonic oscillators), one
assumes that the total Hilbert space is Hl ⊗ F where Hl is the l-qubit space while

F is the Bosonic Fock space. If ρTot(t) is the density operator of the total system
then to get the density operator ρS(t) of the quantum computer one has to take the
partial trace over the reservoir space

ρS(t)= trF
(
ρTot(t)

)
.

The Hamiltonian describing the coupling of qubit with the environment (the
spin–boson Hamiltonian) has the form

Hλ =−1

2
Δσx + 1

2
εσz +

∫

dkω(k)a∗(k)a(k)+ λσz

(
A(g∗)+A∗(g)

)
(20.33)

where σx and σz are Pauli matrices, ε and Δ are real parameters interpreted respec-
tively as the energy of the spin and the spin-flip parameter. Here

A∗(g)=
∫

a∗(k)g(k) dk, A(g∗)=
∫

a(k)g∗(k) dk,

where a(k) and a∗(k) are the bosonic annihilation and creation operators
[
a(k), a∗(k′)

]= δ(k − k′)

which describe the environment.
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The one-particle energy of the environment is denoted ω(k), and we assume
ω(k)≥ 0. The function g(k) is a form factor describing the interaction of the system
with the environment, λ is the coupling constant. It is well known that, in times of
order t/λ2, the interaction produces effects of order t . Thus λ provides a natural
time scale for the observable effects of the system–environment interaction.

Leggett et al. have found a very rich behavior of the dynamics of the Hamiltonian
(20.33) ranging from undamped oscillations, to exponential relaxation, to power-law
types of behavior, and to total localization. Main qualitative features of the system
dynamics can be described in terms of the temperature (i.e., the initial state of the
environment) and of the behavior, for low frequencies ω, of the spectral function

J (ω)=
∫

dk
∣
∣g(k)
∣
∣2δ
(
ω(k)−ω

)
. (20.34)

As for the dynamics of the Hamiltonian (20.33) in the so-called stochastic approx-
imation, it was found that the pure oscillating regime, when no damping and no
decoherence are present, is described by the simple equation

J (νΔ)= 0, (20.35)

where

ν =
√

1+
(

ε

Δ

)2

.

20.6.2 Stochastic Limit

The basic idea of the stochastic approximation is the following. If one has a Hamil-
tonian of the form

Hλ =H0 + λV (20.36)

then the stochastic limit of the evolution operator

U(λ)(t)= eitH0e−itHλ

is the following limit (when it exists in the sense of the convergence of matrix ele-
ments):

U(t)= lim
λ→∞U(λ)

(
t

λ2

)

.

The limiting evolution operator U(t) describes the behavior of the model in the time
scale t/λ2.
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In order to apply the stochastic approximation to the Hamiltonian (20.33), we
write (20.33) in the form (20.36) where

H0 =HS +HR.

The system Hamiltonian HS is

HS =−1

2
Δσx + 1

2
εσz,

and the reservoir Hamiltonian HR is

HR =
∫

dkω(k)a∗(k)a(k).

The evolution operator U(λ)(t) satisfies the equation

dU(λ)(t)

dt
=−iλV (t)U(λ)(t)

where V (t)= eitH0V e−itH0 has the form

V (t)= σz(t)
(
A
(
e−itωg∗

)+A∗(eitωg
))

and

σz(t)= eitHSσze
−itHS . (20.37)

Let us compute (20.37). The eigenvalues of the Hamiltonian HS are

HS |e±〉 = λ±|e±〉
where

λ± =±1

2
Δν, |e±〉 = 1

√
1+μ2∓

(
1

μ∓

)

,

and

μ± = ε

Δ
± ν, ν =

√

1+
(

ε

Δ

)2

.

Notice that

〈e±|σz|e±〉 = 1−μ2∓
1+μ2∓

, 〈e+|σz|e−〉 = 〈e−|σz|e+〉 = 1/ν.

Therefore,

σz(t)= 1−μ2−
1+μ2−

DD+ + 1−μ2+
1+μ2+

D+D + ν−1eitνΔ D+ ν−1e−itνΔD+
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where

D = |e+〉〈e−|.
The interaction Hamiltonian can now be written in the form:

V (t)=
3∑

α=1

(
D+

α ⊗A
(
e−itωαg∗

)+ h.c.
)

where the three spectral frequencies correspond respectively to the down-, zero-,
and up-transitions of the two-level system, i.e.,

ω1(k) = ω(k)− νΔ, ω2(k)= ω(k), ω3(k)= ω(k)+ νΔ,

D1 = ν−1D+, D2 = 1−μ2−
1+μ2−

DD+ + 1−μ2+
1+μ2+

D+D, D3 = ν−1D+.

The spectral frequencies ω2(k) and ω3(k) are positive. Therefore, in the stochastic
limit one gets only one white noise field. Still a remnant of the interaction remains
because, after taking the limit, the system evolves with a new Hamiltonian, equal to
the old one plus a shift term depending on the interaction and on the initial state of
the field. This was called a Cheshire Cat effect.

The limiting evolution equation can then be written as

dU(t)

dt
=Db+(t)U(t)−D+U(t)b(t)− (γ + iκ)D+DU(t)− iζU(t) (20.38)

where

γ = ν−2πJ(νΔ),

κ = ν−2(I (−νΔ)− I (νΔ)
)+
((

1−μ2−
1+μ2−

)2

−
(

1−μ2+
1+μ2+

)2)

I (0),

ζ = ν−2I (−νΔ)+
(

1−μ2−
1+μ2−

)2

I (0),

and we denote

J (ω)=
∫

dk
∣
∣g(k)
∣
∣2δ
(
ω(k)−ω

)
, I (ω)= P

∫ ∞

0

dω′J (ω′)
ω′ −ω

,

where P means the principal part of the integral. The operators b(t), b∗(t) satisfy
the quantum white noise relations

[
b(t), b∗(t ′)

]= γ δ(t − t ′).

In the notations of quantum stochastic equations, (20.38) reads

dU(t)= (D dB∗
t −D+ dBt − (γ + iκ)D+D− iζ

)
U(t).
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Notice that all parameters γ , κ and ζ in the evolution equation (20.40) are expressed
in terms of the spectral density J (ω) and parameters Δ and ε of the original Hamil-
tonian.

For zero temperature, the stochastic approximation to the vacuum expectation
value of the Heisenberg evolution of σz is given by

P(t)= 〈U∗(t)σz(t)U(t)
〉
.

From (20.38), one gets the Langevin equation for P(t) the solution of which is

P(t) = ν−1e−γ t
(
D+ei(σ−νΔ)t +De−i(σ−νΔ)t

)

+D+D

(
1−μ2+
1+μ2+

− 1−μ2−
1+μ2−

)

e−2γ t + 1−μ2−
1+μ2−

. (20.39)

We obtain the pure oscillating behavior and no decoherence if

γ = ν−2πJ(νΔ)= 0. (20.40)

For a non-zero temperature, we get a stochastic evolution equation of the same
form as before only with new constants γ , κ , and ζ . More precisely,

γ = ν−2πJ(νΔ) coth
βνΔ

2
,

κ =
[(

1−μ2+
1+μ2+

)2

−
(

1−μ2−
1+μ2−

)2](
I+(0)+ I−(0)

)

+ ν−2(I+(−νΔ)− I+(νΔ)+ I−(−νΔ)− I−(νΔ)
)
,

where spectral densities are

J+(ω)= J (ω)

1− e−βω
, J−(ω)= J (ω)e−βω

1− e−βω
.

Here J (ω) is the spectral density (20.34) and β is the inverse temperature. The
functions I±(ω) are defined by

I±(ω)= P
∫

dω′J±(ω′)
ω′ −ω

.

One has the same as for the zero–temperature expression (20.39) for P(t) but now
with new constants γ and κ depending on temperature. The condition for the reduc-
tion of coherence is still the same (20.40). It seems this condition is a rather weak
requirement on the parameters of the interaction between a quantum computer and
the environment, so one can hope to use it to reduce decoherence.
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20.7 Properties of the Quantum Baker’s Map

In this section, we consider the semiclassical properties and chaos degree for the
quantum Baker’s map [366].

The study of chaotic behavior in classical dynamical systems is dating back to
Lobachevsky and Hadamard who have been studying the exponential instability
property of geodesics on manifolds of negative curvature, and to Poincaré who ini-
tiated the inquiry into the stability of the solar system. One believes now that the
main features of chaotic behavior in the classical dynamical systems are rather well
understood; see, for example, [59, 718]. However, the status of “quantum chaos” is
much less clear, although significant progress has been made on this front.

Sometimes one says that an approach to quantum chaos, which attempts to gen-
eralize the classical notion of sensitivity to initial conditions, fails for two reasons:
first, there is no quantum analogue of the classical phase space trajectories, and
second, the unitarity of linear Schrödinger equation precludes sensitivity to initial
conditions in the quantum dynamics of a state vector. Let us remind, however, that,
in fact, there exists a quantum analogue of the classical phase space trajectories. It is
the quantum evolution of expectation values of appropriate observables in suitable
states. Also let us remind that the dynamics of a classical system can be described
either by the Hamilton equations or by the liner Liouville equations. In quantum
theory, the linear Schrödinger equation is the counterpart of the Liouville equation
while the quantum counterpart of the classical Hamilton’s equation is the Heisen-
berg equation. Therefore, the study of the quantum expectation values should reveal
the chaotic behavior of quantum systems. In this section, we demonstrate this fact
for the quantum Baker’s map.

If one has the classical Hamilton’s equations

dq/dt = p, dp/dt =−V ′(q),

then the corresponding quantum Heisenberg equations have the same form

dqh/dt = ph, dph/dt =−V ′(qh),

where qh and ph are the quantum canonical operators of position and momentum.
For the expectation values one gets the Ehrenfest equations

d〈qh〉/dt = 〈ph〉, d〈ph〉/dt =−〈V ′(qh)
〉
.

Note that the Ehrenfest equations are classical equations but for a nonlinear
V ′(qh) they are neither Hamilton’s equations nor even differential equations be-
cause one cannot write 〈V ′(qh)〉 as a function of 〈qh〉 and 〈ph〉. However, these
equations are very convenient for the consideration of the semiclassical properties
of a quantum system. The expectation values 〈qh〉 and 〈ph〉 are functions of time
and initial data. They also depend on the quantum states. One of important prob-
lems is to study the dependence of the expectation values on the initial data. In this
section, we will study this problem for the quantum Baker’s map.
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The main objective of “quantum chaos” is to study the correspondence between
classical chaotic systems and their quantum counterparts in the semiclassical limit
[150, 303]. The quantum–classical correspondence for dynamical systems has been
studied for many years; see, for example, [68, 224, 322, 327, 837, 838] and ref-
erence therein. Significant progress in understanding this correspondence has been
achieved in the WKB approach when one considers the Planck constant h as a small
variable parameter. Then it is well known that in the limit h→ 0 the quantum the-
ory is reduced to the classical one [509]. However, in physics the Planck constant
is a fixed constant, although it is very small. Therefore, it is important to study
the relation between classical and quantum evolutions when the Planck constant is
fixed. There is a conjecture [113, 116, 832, 838] that a characteristic timescale τ ap-
pears in the quantum evolution of chaotic dynamical systems. For time less then τ ,
there is a correspondence between quantum and classical expectation values, while
for times greater that τ the predictions of the classical and quantum dynamics no
longer coincide. The important problem is to estimate the dependence of τ on the
Planck constant h. Probably, a universal formula expressing τ in terms of h does
not exist, and every model should be studied case by case. It is expected that certain
quantum and classical expectation values diverge on a timescale inversely propor-
tional to some power of h [78]. Other authors suggest that a breakdown may be
anticipated on a much smaller logarithmic timescale [204, 398, 550, 625, 627, 675,
680, 681]. The characteristic time τ associated with the hyperbolic fixed points of
the classical motion is expected to be of the logarithmic form τ = 1

λ
ln C

h
where λ is

the Lyapunov exponent and C is a constant which can be taken to be the classical
action. Such a logarithmic timescale has been found in the numerical simulations
of some dynamical models [837]. It was shown also that the discrepancy between
quantum and classical evolutions is decreased even by a small coupling with the
environment, which in the quantum case leads to decoherence [837].

The chaotic behavior of the classical dynamical systems is often investigated
by computing the Lyapunov exponents. An alternative quantity measuring chaos in
dynamical systems which is called the chaos degree has been suggested in [590],
in the general framework of information dynamics [359]. The chaos degree was
applied to various models in [360]. An advantage of the chaos degree is that it can
be applied not only to classical systems but also to quantum systems.

In this section, we study the chaotic behavior and the quantum-classical corre-
spondence for the Baker’s map [78, 674]. The quantum Baker’s map is a simple
model invented for the theoretical study of quantum chaos. Its mathematical proper-
ties have been studied in numerical works. In particular, its semiclassical properties
have been considered [204, 398, 550, 625, 627, 675, 680, 681], quantum computing
and optical realizations have been proposed [139, 626, 679], various quantization
procedures have been discussed [79, 461, 675, 682], a symbolic dynamics represen-
tation has been given [682].

It is well known that for the consideration of the semiclassical limit in quantum
mechanics it is very useful to use coherent states. We define an analogue of the
coherent states for the quantum Baker’s map. We study the quantum Baker’s map
by using the correlation functions of the special form which corresponds to the
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expectation values of Weyl operators, translated in time by the unitary evolution
operator and taken in the coherent states.

To explain our formalism, we first discuss the classical limit for correlation func-
tions in ordinary quantum mechanics. Correspondence between quantum and clas-
sical expectation values for the Baker’s map will be investigated and it will be nu-
merically shown that it is lost at the logarithmic timescale. The chaos degree for
the quantum Baker’s map will be computed, and it will be demonstrated that it de-
scribes the chaotic features of the model. The dependence of the chaos degree on
the Planck constant will be studied, and the correspondence between classical and
quantum chaos degrees will be established.

20.7.1 Quantum vs. Classical Dynamics

In this section, we discuss an approach to the semiclassical limit in quantum me-
chanics by using the coherent states, see [327]. Then in the next section, an exten-
sion of this approach to the quantum Baker’s map will be given.

Consider the canonical system with the Hamiltonian function

H = p2

2
+ V (x) (20.41)

in the plane (p, x) ∈R
2. We assume that the canonical equations

ẋ(t)= p(t), ṗ(t)=−V ′(x(t)
)

(20.42)

have a unique solution (x(t),p(t)) for times |t |< T with the initial data

x(0)= x0, p(0)= v0. (20.43)

This is equivalent to the solution of the Newton equation

ẍ(t)=−V ′(x(t)
)

(20.44)

with the initial data

x(0)= x0, ẋ(0)= v0. (20.45)

We denote

α = 1√
2
(x0 + iv0). (20.46)

The quantum Hamiltonian operator has the form

Hh = p2
h

2
+ V (qh)
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where ph and qh satisfy the commutation relations

[ph,qh] = −ih.

The Heisenberg evolution of the canonical variables is defined as

ph(t)=U(t)phU(t)∗, qh(t)=U(t)qhU(t)∗

where

U(t)= exp(−itHh/h).

For the consideration of the classical limit, we take the following representation

ph =−ih1/2∂/∂x, qh = h1/2x

acting on functions of the variable x ∈R. We also set

a = 1√
2h1/2

(qh + iph)= 1√
2

(

x + ∂

∂x

)

,

a∗ = 1√
2h1/2

(qh − iph)= 1√
2

(

x − ∂

∂x

)

,

then

[a, a∗] = 1.

The coherent state |α〉 is defined as

|α〉 =W(α)|0〉 (20.47)

where α is a complex number, W(α) = exp(αa∗ − aα∗), and |0〉 is the vacuum
vector, a|0〉 = 0. The vacuum vector is the solution of the equation

(qh + iph)|0〉 = 0. (20.48)

In the x-representation, one has

|0〉 = exp
(−x2/2

)/√
2π. (20.49)

The operator W(α) can also be written in the form

W(α)= Ceiqhv0/h1/2
e−iphx0/h1/2

(20.50)

where C = exp(−v0x0/2h).
The mean value of the position operator with respect to the coherent vectors is

the real valued function

q(t, α,h)= 〈h−1/2α
∣
∣qh(t)
∣
∣h−1/2α

〉
. (20.51)
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Now one can present the following basic formula describing the semiclassical limit

lim
h→0

q(t, α,h)= x(t, α). (20.52)

Here x(t, α) is the solution of (20.44) with the initial data (20.45), and α is given
by (20.46).

Let us notice that for time t = 0 the quantum expectation value q(t, α,h) is equal
to the classical one:

q(0, α,h)= x(0, α)= x0 (20.53)

for any h. We are going to compare the time dependence of two real functions
q(t, α,h) and x(t, α). For small t , these functions are approximately equal. The im-
portant problem is to estimate for which t the large difference between them will
appear. It is expected that certain quantum and classical expectation values diverge
on a timescale inversely proportional to some power of h [327]. Other authors sug-
gest that a breakdown may be anticipated on a much smaller logarithmic timescale
[204, 398, 550, 625, 627, 675, 680, 681]. One of very interesting examples [68] of
classical systems with chaotic behavior is described by the Hamiltonian function

H = p2
1

2
+ p2

2

2
+ λx2

1x2
2 .

The consideration of this classical and quantum model within the described frame-
work will be presented elsewhere.

20.7.2 Coherent States for the Quantum Baker’s Map

The classical Baker’s transformation maps the unit square 0 ≤ q,p ≤ 1 onto itself
according to

(q,p)→
{

(2q,p/2), if 0≤ q ≤ 1/2,

(2q − 1, (p+ 1)/2), if 1/2 < q ≤ 1.

This corresponds to compressing the unit square in the p-direction and stretching it
in the q-direction, while preserving the area, then cutting it vertically and stacking
the right part on top of the left part.

The classical Baker’s map has a simple description in terms of its symbolic dy-
namics [52]. Each point (q,p) is represented by a symbolic string

ξ = · · · ξ−2ξ−1ξ0•ξ1ξ2 · · · , (20.54)

where ξk ∈ {0,1}, and

q =
∞∑

k=1

ξk2−k, p =
∞∑

k=0

ξ−k2−k−1.
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The action of the Baker’s map on a symbolic string s is given by the shift map
(Bernoulli shift) U defined by Uξ = ξ ′, where ξ ′k = ξk+1. This means that, at each
time step, the dot • is shifted one place to the right while the entire string remains
fixed. After n steps the q coordinate becomes

qn =
∞∑

k=1

ξn+k2−k. (20.55)

This relation defines the classical trajectory with the initial data

q = q0 =
∞∑

k=1

ξk2−k. (20.56)

Quantum Baker’s maps are defined on the D-dimensional Hilbert space of the
quantized unit square. To quantize the unite square one defines the Weyl unitary
displacement operators Û and V̂ in a D-dimensional Hilbert space, which produces
displacements in the momentum and position directions, respectively, and the fol-
lowing commutation relation is obeyed

Û V̂ = εV̂ Û ,

where ε = exp(2π i/D). We choose D = 2N , so that our Hilbert space will be the
N -qubit space C

⊗N . The constant h = 1/D = 2−N can be regarded as the Planck
constant. The space C

2 has a basis

|0〉 =
(

0
1

)

, |1〉 =
(

1
0

)

.

The basis in C
⊗N is

|ξ1〉 ⊗ |ξ2〉 ⊗ · · · ⊗ |ξN 〉, ξk = 0,1.

We write

ξ =
N∑

k=1

ξk2N−k

when ξ = 0,1, . . . ,2N − 1, and denote

|ξ 〉 = |ξ1ξ2 · · · ξN 〉 = |ξ1〉 ⊗ |ξ2〉 ⊗ · · · ⊗ |ξN 〉.
For this basis, we will also use the notations {|η〉 = |η1η2 · · ·ηN 〉, ηk = 0,1} and

{|j〉 = |j1j2 · · · jN 〉, jk = 0,1}.
The operators Û and V̂ can be written as

Û = e2π iq̂ , V̂ = e2π ip̂
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where the position and momentum operators q̂ and p̂ are operators in C
⊗N which

are defined as follows. The position operator is

q̂ =
2N−1∑

j=0

qj |j〉〈j | =
∑

j1,...,jN

qj |jN · · · j1〉〈j1 · · · jN |

where

|j〉 = |j1j2 · · · jN 〉, jk = 0,1

is the basis in C
⊗N ,

j =
N∑

k=1

jk2N−k

and

qj = j + 1/2

2N
, j = 0,1, . . . ,2N − 1.

The momentum operator is defined as

p̂ = FNq̂F ∗
N

where FN is the quantum Fourier transform acting on the basis vectors as

FN |j〉 = 1√
D

D−1∑

ξ=0

e2π iξj/D|ξ 〉,

here D = 2N .
The symbolic representation of quantum Baker’s map T was introduced by

Schack and Caves [682] and studied in [683, 729]. Let us explain the symbolic rep-
resentation of quantum Baker’s map as a special case [682]: By applying a partial

quantum Fourier transform Gm =
m

︷ ︸︸ ︷
I ⊗ · · · ⊗ I ⊗ FN−m to the position eigenstates,

one obtains the following quantum Baker’s map T :

T |•ξ1 · · · ξN 〉 ≡ |ξ1•ξ2 · · · ξN 〉,
where

T =GN−1 ◦G−1
N

and

|ξ1 · · · ξN−m•ξN−m+1 · · · ξN 〉
≡Gm|ξN−m+1 · · · ξNξN−m · · · ξ1〉
= |ξN−m+1〉 ⊗ · · · ⊗ |ξN 〉 ⊗ FN−m|ξN−m〉 ⊗ · · · ⊗ |ξ1〉.
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The quantum Baker’s map T is the unitary operator in C
⊗N with the following

matrix elements

〈ξ |T |η〉 = 1− i

2
exp

(
π

2
i|ξ1 − ηN |

) N∏

k=2

δ(ξk − ηk−1), (20.57)

where |ξ 〉 = |ξ1ξ2 · · · ξN 〉, |η〉 = |η1η2 · · ·ηN 〉, and δ(x) is the Kronecker symbol,
δ(0)= 1; δ(x)= 0, x �= 0.

We define the coherent states by

|α〉 = Ce2π iq̂ve−2π ip̂x |ψ0〉. (20.58)

Here α = x + iv, x and v are integers, C is the normalization constant, and |ψ0〉 is
the vacuum vector. This definition should be compared with (20.50). The vacuum
vector can be defined as the solution of the equation

(qh + iph)|ψ0〉 = 0

(compare with (20.48)). We will use a simpler definition which in the position rep-
resentation is

〈qj |ψ0〉 = C exp
(−q2

j /2
)

(compare with (20.49)). Here C is a normalization constant.
The classical chaos degree was applied to several dynamical maps such as the

logistic map, Baker’s transformation, and Tinkerbel map in Chap. 10. We will apply
the chaos degree to the quantum Baker’s transformation here.

20.7.3 Expectation Values and Chaos Degree

In this section, we show a general representation of the mean value of the position
operator q̂ for the time evolution, which is constructed by the quantum Baker’s map.
Then we give an algorithm to compute the chaos degree for the quantum Baker’s
map.

To study the time evolution and the classical limit h→ 0 which corresponds to
N →∞ of the quantum Baker’s map T , we introduce the following the mean value
of the position operator q̂ for time n ∈N with respect to a single basis |ξ 〉:

r(N)
n = 〈ξ |T nq̂T −n|ξ 〉, (20.59)

where |ξ 〉 = |ξ1ξ2 · · · ξN 〉.
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From (20.57), the following formula of the matrix elements of T n for any n ∈N

is easily obtained:

〈ξ |T n
0 |ζ 〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

( 1−i
2 )n(
∏N−n

k=1 δ(ξn+k − ζk))(
∏n

l=1 AξlζN−n+l
), if n < N,

( 1−i
2 )n(
∏n

k=1 Aξkζk
), if n=N,

( 1−i
2 )n(
∏p

k=1(A
m+1)ξkζN−p+k

)

× (
∏N−p

l=1 (Am)ξp+l ζl
), if n=mN + p,

( 1−i
2 )n
∏N

k=1(A
m)ξkζk

, if n=mN,

(20.60)

where A is the 2× 2 matrix with the element Ax1x2 = exp(π
2 i|x1 − x2|) for x1, x2 =

0,1, p = 1, . . . ,N − 1 and m ∈N.
Using this formula, the following theorems are obtained and their proofs are

given

Theorem 20.28

r(N)
n =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑N−n
k=1 ξn+k2−k + 2n

2N+1 , if n < N,

1
2 , if n=N,

1
2n

∑2N−1
j=0

j+1/2
2N

∏p

k=1 |(Am+1)ξkjN−p+k
|2

×∏N−p

l=1 |(Am)ξp+l jl
|2, if n=mN + p,

1
2n

∑2N−1
j=0

j+1/2
2N

∏N
k=1 |(Am)ξkjk

|2, if n=mN,

(20.61)

where A is the 2× 2 matrix with the element Ax1x2 = exp(π
2 i|x1 − x2|) for x1, x2 =

0,1, p = 1, . . . ,N − 1 and m ∈N.

Proof By a direct calculation, we obtain

r(N)
n = 〈ξ |T nq̂T −n|ξ 〉 = 〈ξ |T n

(
2N−1∑

j=0

j + 1/2

2N
|j〉〈j |
)

T −n|ξ 〉

=
2N−1∑

j=0

j + 1/2

2N
〈ξ |T n|j〉〈j |T −n|ξ 〉 =

2N−1∑

j=0

j + 1/2

2N
〈ξ |T n|j〉〈j |T ∗n|ξ 〉

=
2N−1∑

j=0

j + 1/2

2N
〈ξ |T n|j〉〈ξ |T n|j〉 =

2N−1∑

j=0

j + 1/2

2N

∣
∣〈ξ |T n|j〉∣∣2.

Using (20.60), the mean value r
(N)
n in the case n < N can be expressed as

r(N)
n =

2N−1∑

j=0

j + 1/2

2N

∣
∣〈ξ |T n|j〉∣∣2
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=
2N−1∑

j=0

j + 1/2

2N

∣
∣
∣
∣
∣

(
1− i

2

)n
(

N−n∏

k=1

δ(ξn+k − jk)

)(
n∏

l=1

AξljN−n+l

)∣
∣
∣
∣
∣

2

=
2N−1∑

j=0

j + 1/2

2N

(
1− i

2

)n(1+ i

2

)n
(

N−n∏

k=1

δ(ξn+k − jk)

)(
n∏

l=1

|AξljN−n+l
|2
)

=
2N−1∑

j=0

j + 1/2

2N

(
1− i

2

)n(1+ i

2

)n
(

N−n∏

k=1

δ(ξn+k − jk)

)

.

We write the sum over j as follows by using jk = 0,1(k = 1, . . . ,N)

r(N)
n = 1

2N+n

∑

j1,...,jN

{(
N∑

k=1

jk2N−k

)

+ 1

2

}(
N−n∏

k=1

δ(ξn+k − jk)

)

= 1

2N+n

∑

j1,...,jN

(
N∑

k=1

jk2N−k

)(
N−n∏

k=1

δ(ξn+k − jk)

)

+ 1

2N+n+1

∑

j1,...,jN

(
N−n∏

k=1

δ(ξn+k − jk)

)

= 1

2N+n

∑

jN−n+1,...,jN

(
N−n∑

l=1

ξn+l2
N−l +

N∑

l=N−n+1

jl2
N−l

)

+ 1

2N+n+1

( ∑

jN−n+1,...,jN

1

)

= 1

2N+n

(
N−n∑

l=1

ξn+l2
N−l

)( ∑

jN−n+1,...,jN

1

)

+ 1

2N+n

∑

jN−n+1,...,jN

(
N∑

l=N−n+1

jl2
N−l

)

+ 1

2N+n+1

( ∑

jN−n+1,...,jN

1

)

.

Since
∑

jN−n+1,...,jN
1= 2N−p , we get

r(N)
n = 1

2N

(
N−n∑

l=1

ξn+l2
N−l

)

+ 1

2N+n

∑

jN−n+1,...,jN

(
n∑

l=1

jN−n+l2
n−l

)

+ 1

2N+1
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= 1

2N

(
N−n∑

l=1

ξn+l2
N−l

)

+ 1

2N+n

1

2

(
2n − 1

)
2n + 1

2N+1

= 1

2N

(
N−n∑

l=1

ξn+l2
N−l

)

+ 2n

2N+1 .

For the case n=N , we similarly obtain

r(N)
n =

2N−1∑

j=0

j + 1/2

2N

∣
∣〈ξ |T n|j〉∣∣2

=
2N−1∑

j=0

j + 1/2

2N

∣
∣
∣
∣
∣

(
1− i

2

)N
(

N∏

k=1

Aξkjk

)∣
∣
∣
∣
∣

2

=
2N−1∑

j=0

j + 1/2

2N

∣
∣
∣
∣

(
1− i

2

)N ∣∣
∣
∣

2 N∏

k=1

|Aξkjk
|2

= 1

22N

2N−1∑

j=0

(j + 1/2)= 1

22N

1

2

(
2N − 1

)
2N + 1

2N+1 =
1

2
.

For n=mN + p,p = 1,2, . . . ,N − 1, m ∈N,

r(N)
n =

2N−1∑

j=0

j + 1/2

2N

∣
∣〈ξ |T n|j〉∣∣2

=
2N−1∑

j=0

j + 1/2

2N

∣
∣
∣
∣
∣

(
1− i

2

)n
(

p∏

k=1

(
Am+1)

ξkjN−p+k

)(
N−p∏

l=1

(
Am
)
ξp+l jl

)∣
∣
∣
∣
∣

2

= 1

2n

2N−1∑

j=0

j + 1/2

2N

p∏

k=1

∣
∣
(
Am+1)

ξkjN−p+k

∣
∣2

N−p∏

l=1

∣
∣
(
Am
)
ξp+ljl

∣
∣2,

and for n=mN,m ∈N,

r
(n)
N =

2N−1∑

j=0

j + 1/2

2N

∣
∣〈ξ |T n|j〉∣∣2 =

2N−1∑

j=0

j + 1/2

2N

∣
∣
∣
∣
∣

(
1− i

2

)n N∏

k=1

(
Am
)
ξkjk

∣
∣
∣
∣
∣

2

= 1

2n

2N−1∑

j=0

j + 1/2

2N

N∏

k=1

∣
∣
(
Am
)
ξkjk

∣
∣2.

�

By diagonalizing the matrix A, we obtain the following formula of the absolute
square of the matrix elements of An for any n ∈N.
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Lemma 20.29 For any n ∈N, we have

∣
∣
(
An
)
kj

∣
∣2 =
{

2n cos2( nπ
4 ), if k = j,

2n sin2( nπ
4 ), if k �= j.

Proof By a direct calculation, the matrix A is diagonalized as follows:

A= FDF ∗, (20.62)

where

F = 1√
2

(
1 −1
1 1

)

, D =
(

1+ i 0
0 1− i

)

.

From (20.62), we have

An = FDnF ∗

= 1√
2

(
1 −1
1 1

)(
(1+ i)n 0

0 (1− i)n

)
1√
2

(
1 1
−1 1

)

= 1

2

(
(1+ i)n + (1− i)n (1+ i)n − (1− i)n

(1+ i)n − (1− i)n (1+ i)n + (1− i)n

)

. (20.63)

Using (20.63), it follows that for any k = j, k = 1,2,

∣
∣
(
An
)
kj

∣
∣2 = 1

2

{
(1+ i)n + (1− i)n

}1

2

{
(1+ i)n + (1− i)n

}

= 1

4

{
(1+ i)n + (1− i)n

}2

= 1

4

{(√
2

1+ i√
2

)n

+
(√

2
1− i√

2

)n}2

= 2n

4

{(

exp

(
π

4
i

))n

+
(

exp

(

−π

4
i

))n}2

= 2n

4

[{

cos

(
nπ

4

)

+ i sin

(
nπ

4

)}

+
{

cos

(
nπ

4

)

− i sin

(
nπ

4

)}]2

= 2n

4

{

2 cos

(
nπ

4

)}2

= 2n cos2
(

nπ

4

)

,

and for any k �= j, k = 1,2,

∣
∣
(
An
)
kj

∣
∣2 = 1

2

{
(1+ i)n − (1− i)n

}1

2

{
(1+ i)n − (1− i)n

}

= −1

4

{
(√

2
)n
(

1+ i√
2

)n

− (√2
)n
(

1− i√
2

)n}2
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= −2n

4

{(

exp

(
π

4
i

))n

−
(

exp

(

−π

4
i

))n}2

= −2n

4

{

2i sin

(
nπ

4

)}2

= 2n sin2
(

nπ

4

)

. �

Combining the above theorem and lemma, we obtain the following two theorems
with respect to the mean value r

(N)
n of the position operator.

Theorem 20.30 For the case n = mN + p,p = 1,2, . . . ,N − 1 and m ∈ N, we
have

r(N)
n =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑N−p

k=1 ξp+k2−k + 2p

2N+1 , if m= 0 (mod 4),
∑N

k=N−p+1 ηk−(N−p)2−k + 2N−2p+1
2N+1 , if m= 1 (mod 4),

∑N−p

k=1 ηp+k2−k + 2p

2N+1 , if m= 2 (mod 4),
∑N

k=N−p+1 ξk−(N−p)2−k + 2N−2p+1
2N+1 , if m= 3 (mod 4),

(20.64)

where ηk = ξk + 1(mod 2), k = 1, . . . ,N .

Proof For the case n=mN + p,p = 1, . . . ,N − 1 and m ∈N,

r(N)
n = 1

2n

2N−1∑

j=0

j + 1/2

2N

p∏

k=1

∣
∣
(
Am+1)

ξkjN−p+k

∣
∣2

N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2.

By a direct calculation, we obtain

r(N)
n = 1

2n

2N−1∑

j=0

j + 1/2

2N

p∏

k=1

∣
∣
(
Am+1)

ξkjN−p+k

∣
∣2

N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

= 1

2n

2N−1∑

j=0

j + 1/2

2N

N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

p∏

k=1

∣
∣
(
Am+1)

ξkjN−p+k

∣
∣2

= 1

2n+N

2N−1∑

j=0

(

j + 1

2

)N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

p∏

k=1

∣
∣
(
Am+1)

ξkjN−p+k

∣
∣2

= 1

2n+N

∑

j1,...,jN

{(
N∑

k=1

jk2N−k

)

+ 1

2

}
N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

×
p∏

k=1

∣
∣
(
Am+1)

ξkjN−p+k

∣
∣2
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= 1

2n+N

∑

j1,...,jN

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

jk2N−k

)

+ 1

2

}

×
N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

p∏

k=1

∣
∣
(
Am+1)

ξkjN−p+k

∣
∣2

= 1

2(m+1)N+p

∑

j1,...,jN

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

jk2N−k

)

+ 1

2

}

×
N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2. (20.65)

Case (i) m= 0 (mod 4). From the above lemma, we have

∣
∣
(
Am
)
ξp+l jl

∣
∣2 =
{

2m, if jl = ξp+l ,

0, if jl �= jp+l ,

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2 = 2m

for any l = 1, . . . ,N−p and k =N−p+1, . . . ,N . Using this formula, the product
of absolute squares can be expressed as

N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣

=
{

(2m)N−p(2m)p, if jl = ξp+l for all l = 1, . . . ,N − p,

0, otherwise,

=
{

2mN, if jl = ξp+l forall l = 1, . . . ,N − p,

0, otherwise.

Equation (20.65) can be rewritten as

r(N)
n = 1

2(m+1)N+p

∑

j1,...,jN

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

jk2N−k

)

+ 1

2

}

×
N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2

= 2mN

2(m+1)N+p

∑

jN−p+1,...,jN

{(
N−p∑

k=1

ξp+k2N−k

)

+
(

N∑

k=N−p+1

jk2N−k

)

+ 1

2

}
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= 1

2N+p

(
N−p∑

k=1

ξp+k2N−k

)( ∑

jN−p+1,...,jN

1

)

+ 1

2N+p

∑

jN−p+1,...,jN

(
N∑

k=N−p+1

jk2N−k

)

+ 1

2N+p

1

2

( ∑

jN−p+1,...,jN

1

)

= 1

2N

N−p∑

k=1

ξp+k2N−k + 1

2N+p

∑

jN−p+1,...,jN

(
N∑

k=N−p+1

jk2N−k

)

+ 1

2N+1

= 1

2N

N−p∑

k=1

ξp+k2N−k + 1

2N+p

∑

jN−p+1,...,jN

(
p∑

k=1

jN−p+k2p−k

)

+ 1

2N+1

= 1

2N

N−p∑

k=1

ξp+k2N−k + 1

2N+p

2p−1∑

k=0

k+ 1

2N+1

= 1

2N

N−p∑

k=1

ξp+k2N−k + 1

2N+p

1

2

(
2p − 1

)
2p + 1

2N+1

=
N−p∑

k=1

ξp+k2−k + 2p

2N+1
. (20.66)

Case (ii) m= 1 (mod 4). From the above lemma, we have

∣
∣
(
Am
)
ξp+l jl

∣
∣2 = 2m−1,

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2 =
{

2m+1, if jk �= ξk−(N−p),

0, if jk = ξk−(N−p)

for any l = 1, . . . ,N−p and k =N−p+1, . . . ,N . Using this formula, the product
of absolute squares can be expressed as

N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣

=
{

(2m−1)N−p(2m+1)p, if jk �= ξk−(N−p) for all k =N − p+ 1, . . . ,N,

0, otherwise,

=
{

2(m−1)N+2p, if jk �= ξk−(N−p) for all k =N − p+ 1, . . . ,N,

0, otherwise.

Let ηk−(N−p) = ξk−(N−p) + 1(mod 2), k =N − p+ 1, . . . ,N . It follows that

r(N)
n = 1

2(m+1)N+p

∑

j1,...,jN

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

jk2N−k

)

+ 1

2

}
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×
N−p∏

l=1

∣
∣
(
Am
)
ξp+ljl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2

= 2(m−1)N+2p

2(m+1)N+p

∑

j1,...,jN−p

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

ηk−(N−p)2
N−k

)

+ 1

2

}

= 1

22N−p

∑

j1,...,jN−p

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

ηk−(N−p)2
N−k

)

+ 1

2

}

= 1

22N−p

∑

j1,...,jN−p

(
N−p∑

k=1

jk2N−k

)

+ 1

22N−p

(
N∑

k=N−p+1

ηk−(N−p)2
N−k

)

×
( ∑

j1,...,jN−p

1

)

+ 1

22N−p

1

2

( ∑

j1,...,jN−p

1

)

. (20.67)

Since
∑

jN−n+1,...,jN
1= 2N−p , we get

r(N)
n = 1

22N−p

∑

j1,...,jN−p

(
N−p∑

k=1

jk2N−k

)

+ 2N−p

22N−p

(
N∑

k=N−p+1

ηk−(N−p)2
N−k

)

+ 2N−p

22N−p

1

2

= 1

22N−p

∑

j1,...,jN−p

(
N−p∑

k=1

jk2N−k

)

+
N∑

k=N−p+1

ηk−(N−p)2
−k + 1

2N+1

= 2p

22N−p

2N−p−1∑

k=0

k+
∑

k=N−p+1

Nηk−(N−p)2
−k + 1

2N+1

= 2p

22N−p

1

2

(
2N−p − 1

)
2N−p +

N∑

k=N−p+1

ηk−(N−p)2
−k + 1

2N+1

=
N∑

k=N−p+1

ηk−(N−p)2
−k + 2N − 2p + 1

2N+1
.
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Case (iii) m= 2 (mod 4). From the above lemma, we have

∣
∣
(
Am
)
ξp+l jl

∣
∣2 =
{

2m, if jl �= ξp+l ,

0, if jl = ξp+l ,

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2 = 2m

for any l = 1, . . . ,N−p and k =N−p+1, . . . ,N . Using this formula, the product
of absolute squares can be expressed as

N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣

=
{

(2m)N−p(2m)p, if jl �= ξp+l for all l = 1, . . . ,N − p,

0, otherwise,

=
{

2mN, if jl �= ξp+l for all l = 1, . . . ,N − p,

0, otherwise.

Let ηp+l = ξp+l + 1(mod 2), l = 1, . . . ,N − p. It follows that

r(N)
n = 1

2(m+1)N+p

∑

j1,...,jN

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

jk2N−k

)

+ 1

2

}

×
N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2

= 2mN

2(m+1)N+p

∑

jN−p+1,...,jN

{(
N−p∑

k=1

ηp+k2N−k

)

+
(

N∑

k=N−p+1

jk2N−k

)

+ 1

2

}

.

Substituting ηp+k for ξp+k in (20.67), we get

r(N)
n =

N−p∑

k=1

ηp+k2−k + 2p

2N+1
.

Case (iv) m= 3 (mod 4). From the above lemma, we have

∣
∣
(
Am
)
ξp+l jl

∣
∣2 = 2m−1,

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2 =
{

2m+1, if jk = ξk−(N−p),

0, if jk �= ξk−(N−p)

for any l = 1, . . . ,N−p and k =N−p+1, . . . ,N . Using this formula, the product
of absolute squares can be expressed as

N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣
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=
{

(2m−1)N−p(2m+1)p, if j = ξk−(N−p) for all k =N − p+ 1, . . . ,N,

0, otherwise,

=
{

2(m−1)N+2p, if jk �= ξk−(N−p) for all k =N − p+ 1, . . . ,N,

0, otherwise.

Equation (20.65) can be rewritten as

r(N)
n = 1

2(m+1)N+p

∑

j1,...,jN

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

jk2N−k

)

+ 1

2

}

×
N−p∏

l=1

∣
∣
(
Am
)
ξp+l jl

∣
∣2

N∏

k=N−p+1

∣
∣
(
Am+1)

ξk−(N−p)jk

∣
∣2

= 2(m−1)N+2p

2(m+1)N+p

∑

jN−p+1,...,jN

{(
N−p∑

k=1

jk2N−k

)

+
(

N∑

k=N−p+1

ξk−(N−p)2
N−k

)

+ 1

2

}

.

Substituting ξk−(N−p) for ηk−(N−p) in (20.67), we get

r(N)
n =

N−p∑

k=N−p−1

ξk−(N−p)2
−k + 2N − 2p + 1

2N+1
.

�

Theorem 20.31 For the case n=mN,m ∈N, we have

r
(n)
N =

⎧
⎪⎪⎨

⎪⎪⎩

∑N
k=1 ξk2−k + 1

2N+1 , if m= 0 (mod 4),

1
2 , if m= 1,3 (mod 4),
∑N

k=1 ηk2−k + 1
2N+1 , if m= 2 (mod 4).

(20.68)

Proof For any n=mN,m ∈N,

r(N)
n = 1

2n

2N−1∑

j=0

j + 1/2

2N

N∏

k=1

∣
∣
(
Am
)
ξkjk

∣
∣2.

By a direct calculation, we obtain

r(N)
n = 1

2n

2N−1∑

j=0

j + 1/2

2N

N∏

k=1

∣
∣
(
Am
)
ξkjk

∣
∣2
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= 1

2n+N

2N−1∑

j=0

(j + 1/2)

N∏

k=1

∣
∣
(
Am
)
ξkjk

∣
∣2

= 1

2(m+1)N

∑

j1,...,jN

{(
N∑

k=1

jk2N−k

)

+ 1

2

}
N∏

k=1

∣
∣
(
Am
)
ξkjk

∣
∣2.

Case (i) m= 0 (mod 4). From the above lemma, we have

∣
∣
(
Am
)
ξkjk

∣
∣2 =
{

2m, if jk = ξk,

0, if jk �= ξk

for any k = 1, . . . ,N . Using this formula, the product of absolute squares can be
expressed as

N∏

l=1

∣
∣
(
Am
)
ξkjk

∣
∣2 =
{

2mN, if jk = ξk for all k = 1, . . . ,N,

0, otherwise.

Using this formula, the mean value r
(N)
n of the position operator can be expressed

as

r(N)
n = 1

2(m+1)N

∑

j1,...,jN

{(
N∑

k=1

jk2N−k

)

+ 1

2

}
N∏

k=1

∣
∣
(
Am
)
ξkjk

∣
∣2

= 2mN

2(m+1)N

{(
N∑

k=1

ξk2N−k

)

+ 1

2

}

=
N∑

k=1

ξk2−k + 1

2N+1 .

Case (ii) m= 1,3 (mod 4). From the above lemma, we have

∣
∣
(
Am
)
ξkjk

∣
∣2 = 2m−1

for any k = 1, . . . ,N . Note that

N∏

l=1

∣
∣
(
Am
)
ξkjk

∣
∣2 = 2(m−1)N .
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Using this formula, the mean value r
(N)
n of the position operator can be expressed

as

r(N)
n = 1

2(m+1)N

∑

j1,...,jN

{(
N∑

k=1

jk2N−k

)

+ 1

2

}
N∏

k=1

∣
∣
(
Am
)
ξkjk

∣
∣2

= 2(m−1)N

2(m+1)N

∑

j1,...,jN

{(
N∑

k=1

jk2N−k

)

+ 1

2

}

= 1

22N

{
∑

j1,...,jN

(
N∑

k=1

jk2N−k

)

+ 1

2

( ∑

j1,...,jN

1

)}

= 1

22N

2N−1∑

k=0

k + 1

2N+1
= 1

2
.

Case (iii) m= 2 (mod 4). From the above lemma, we have

∣
∣
(
Am
)
ξkjk

∣
∣2 =
{

2m, if jk �= ξk,

0, if jk = ξk

for any k = 1, . . . ,N . Using this formula, the product of absolute squares can be
expressed as

N∏

l=1

∣
∣
(
Am
)
ξkjk

∣
∣2 =
{

2mN, if jk �= ξk for all k = 1, . . . ,N,

0, otherwise.

Let ηk = ξk + 1 (mod 2), k = 1, . . . ,N . It follows that

r(N)
n = 1

2(m+1)N

∑

j1,...,jN

{(
N∑

k=1

jk2N−k

)

+ 1

2

}
N∏

k=1

∣
∣
(
Am
)
ξkjk

∣
∣2

= 2mN

2(m+1)N

{(
N∑

k=1

ηk2N−k

)

+ 1

2

}

=
N∑

k=1

ηk2−k + 1

2N+1 .
�

Using Formulas (20.61), (20.64), and (20.68), the probability distribution (p
(n)
i )

of the orbit of the mean value r
(N)
n of the position operator q̂ for the time evolution,

which is constructed by the quantum Baker’s map, is given by

p
(n)
i ≡ 1

m+ 1

m+n∑

k=n

1Bi

(
r(N)
n

)
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for an initial value r
(N)
0 ∈ [0,1] and the characteristic function 1A. The joint distri-

bution (p
(n,n+1)
ij ) between the time n and n+ 1 is given by

p
(n,n+1)
ij ≡ 1

m+ 1

m+n∑

k=n

1Bi

(
r
(N)
k

)
1Bj

(
r
(N)
k+1

)
.

Thus the chaos degree for the quantum Baker’s map is calculated by

Dq

(
p(n);Λ∗

n

)=
∑

i,j

p
(n,n+1)
ij log

p
(n)
i

p
(n,n+1)
ij

, (20.69)

whose numerical value is shown in the next section.

20.7.4 Numerical Simulation of the Chaos Degree and
Classical–Quantum Correspondence

We compare the dynamics of the mean value r
(N)
n of the position operator q̂ with

that of the classical value qn in the q-direction. We take an initial value of the mean
value as

r
(N)
0 =

N∑

l=1

ξl2
−l + 1/2N+1 = 0.ξ1ξ2 · · · ξN1,

where ξi is a pseudo-random number taking values 0 or 1. At the time n = 0, we
assume that the classical value q0 in the q-direction takes the same value as the mean
value r

(N)
0 of position operator q̂ . The distribution of r

(N)
n for the case N = 500 is

shown in Fig. 20.4 up to the time n= 1000. The distribution of the classical value
qn for the case N = 500 in the q-direction is shown in Fig. 20.5 up to the time
n= 1000.

Figure 20.6 presents the change of the chaos degree for the cases N =
100,300,500,700 up to the time n= 1000.

The correspondence between the chaos degree Dq for the quantum Baker’s
map and the chaos degree Dc for the classical Baker’s map for some fixed Ns
(100,300,500,700 here) is shown for the time less than T = log2

1
h
= log2 2N =N ,

and it is lost at the logarithmic time scale T . Here we took a finite partition {Bk} of
I = [0,1] such as Bk = [ k

100 , k+1
100 ) (k = 0,1, . . . ,98) and B99 = [ 99

100 ,1] to compute
the chaos degree numerically.

The difference of the chaos degrees between the chaos degree Dq for the quan-
tum Baker’s map and the chaos degree Dc for the classical Baker’s map for a fixed
time n (1000, here) is displayed w.r.t. N in Fig. 20.7.

Thus we conclude that the dynamics of the mean value qn reduces the classical
dynamics qn in the q-direction in the classical limit N →∞ (h→ 0).

The appearance of the logarithmic time scale has been proved rigorously in [364],
see the next subsection.
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Fig. 20.4 The distribution of r
(n)
N for the case N = 500

Fig. 20.5 The distribution of the classical value q(n) for the case N = 500
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Fig. 20.7 The difference of the chaos degree between quantum and classical for the case n= 1000

20.7.5 Quantum–Classical Correspondence for Quantum Baker’s
Map

The quantum–classical correspondence for dynamical systems has been studied for
many years; see, for example, [289, 838] and reference therein. Significant progress
in understanding this correspondence has been achieved in a mathematical approach
when one considers the Planck constant � as a small variable parameter. It is well
known that in the limit � → 0 the quantum theory is reduced to the classical one
[327, 509].

However, in physics the Planck constant is a fixed constant, although it is very
small. Therefore, it is important to study the relation between classical and quan-
tum evolutions when the Planck constant is fixed. There is a conjecture [113, 115,
636] that a characteristic time scale t� appears in the quantum evolution of chaotic
dynamical systems. For a time less then t�, there is a correspondence between quan-
tum and classical expectation values, while for times greater than t� the predictions
of the classical and quantum dynamics no longer coincide.

An important problem is to estimate the dependence t� on the Planck constant �.
Probably a universal formula expressing t� in terms of � does not exist, and ev-
ery model should be studied case by case. It is expected that certain quantum and
classical expectation values diverge on a time scale inversely proportional to some
power of �. Other authors suggest that for chaotic systems a breakdown may be an-
ticipated on a much smaller logarithmic time scale (see [400, 838] for a discussion).
Numerous works are devoted to the analytical and numerical study of classical and
quantum chaotic systems [52, 59, 68, 78, 116, 150, 204, 225, 311, 359, 360, 365,
398, 508, 530, 590, 625, 627, 675, 683, 723, 729, 832].
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Most results concerning various time scales are obtained numerically. In this
section, we will present some exact results on a quantum chaos model. We compute
explicitly the expectation value for the quantum Baker’s map and prove rigorously
the appearance of the logarithmic time scale.

The quantum Baker’s map is a model invented to study the chaotic behavior [78].
The model has been studied in [680, 682].

In this section, quantum dynamics of the position operator for the quantum
Baker’s map is considered. We use a simple symbolic description of the quantum
Baker’s map proposed by Schack and Caves [681]. We find an exact expression
for the expectation value of the time dependent position operator. In this sense, the
quantum Baker’s map is an exactly solvable model though a stochastic one. A re-
lation between quantum and classical trajectories is investigated. For some matrix
elements the breakdown of the quantum–classical correspondence at the logarithmic
time scale is established.

Here we would like to note that, in fact, the notion of the time scale is not
uniquely defined. Actually, we will obtain the formula

∣
∣〈q̂m〉 − qm

∣
∣≤ �2m−1

where q̂m and qm are respectively the quantum and classical positions at time m.
This formula will be interpreted as the derivation of the logarithmic time scale. The
result of this section is presented in Proposition 20.33.

We consider the following mean value of the position operator q̂ for time m =
0,1, . . . , with respect to a vector |ξ 〉:

r(N)
m = 〈ξ |T mq̂T −m|ξ 〉, (20.70)

where |ξ 〉 = |ξ1ξ2 · · · ξN 〉. First, we show that there is an explicit formula for the ex-
pectation value r

(N)
m . In this sense, the quantum Baker’s map is an explicitly solvable

model. Then we compare the dynamics of the mean value r
(N)
m of position operator

q̂ with that of the classical value qm, (20.55). We will establish a logarithmic time
scale for the breakdown of the quantum–classical correspondence for the quantum
Baker’s map.

From (20.57), one gets for m= 0,1, . . . ,N − 1

〈ξ |T m|η〉 =
(

1− i

2

)m
(

N−m∏

k=1

δ(ξm+k − ηk)

)(
m∏

l=1

exp

(
π

2
i|ξl − ηN−m+l |

))

,

(20.71)
and for m=N

〈ξ |T N |η〉 =
(

1− i

2

)N
(

N∏

l=1

exp

(
π

2
i|ξl − ηl |

))

. (20.72)
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Using this formula and Theorem 20.28, we have

r(N)
m = 〈ξ |T mq̂T −m|ξ 〉 =

N−m∑

k=1

ξm+k

2k
+ 1

2N−m+1 (0≤m < N) (20.73)

and

r
(N)
N = 1

2
. (20.74)

We consider here the quantum–classical correspondence for the quantum Baker’s
map. First, let us mention that 2N = 1/� and the limit �→ 0 corresponds to the limit
N →∞. Therefore, from Proposition 20.33 and (20.57), one has the mathematical
correspondence between quantum and classical trajectories as �→ 0:

lim
N→∞ r(N)

m = qm, m= 0,1, . . . .

Now let us fix the Planck constant �= 2−N and investigate on which time scale
the quantum and classical expectation values start to differ from each other. From
Proposition 20.33 and (20.57), we obtain the following.

Proposition 20.32 Let r
(N)
m be the mean value of position operator q̂ at the time m

and qm is the classical trajectory (20.57). Then we have

qm − r(N)
m =

∞∑

j=N−m+1

ξm+j 2−j − 1

2N−m+1
(20.75)

for any 0≤m≤N .

Let us estimate the difference between the quantum and classical trajectories.

Proposition 20.33 Let qm and r
(N)
m be the same as in the above proposition. Then

we have
∣
∣r(N)

m − qm

∣
∣≤ 1

2N−m+1 (20.76)

for any string ξ = ξ1ξ2 · · · and any time 0≤m≤N .

Proof Note that

0 ≤
∞∑

j=N−m+1

ξm+j 2−j

≤ 1

2N−m+1

(

1+ 1

2
+
(

1

2

)2

+ · · ·
)

= 1

2N−m
.
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Using the above inequality, one gets from (20.75)

− 1

2N−m+1 ≤ qm − r(N)
m ≤ 1

2N−m
− 1

2N−m+1 =
1

2N−m+1 .

This means that we have
∣
∣r(N)

m − qm

∣
∣≤ 1

2N−m+1

for any 0≤m≤N . �

This proposition shows an exact correspondence between quantum and classical
expectation value for the Baker’s map. We can write the relation (20.76) in the form

∣
∣r(N)

m − qm

∣
∣≤ 1

2N−m+1 = �2m−1 (20.77)

since the Planck constant �= 2−N . In particular, for m= 0 we have

∣
∣r

(N)
0 − q0

∣
∣≤ �

2
(20.78)

for any ξ = ξ1ξ2 · · · .
Now let us estimate at what time m = t� an essential difference between the

classical trajectory and quantum expectation value appears. From (20.77), we can
expect that the time m= t� corresponds to the maximum of the function 2m/2N−1

for 0≤m≤N , i.e.,

t� =N = log2
1

�
. (20.79)

For time 0 ≤ m < t�, the difference between classical and quantum trajectories in
(20.77) is bounded by 1/4 since

�2m−1 = 1

2N−m+1 ≤
1

4
.

One can see that the bound is saturated. Indeed, let us take a string ξ with arbitrary
ξ1, . . . , ξN but with ξN+1 = 0, ξN+2 = 0, . . . . Then one has

r(N)
m − qm = �2m−1, m= 0,1, . . . ,N.

Therefore, we have established the logarithmic dependence of the time scale on the
Planck constant �.

Here we have computed the expectation values for the position operator in the
quantum Baker’s map. Breakdown of the quantum–classical correspondence at the
logarithmic time scale is rigorously established. For better understanding of the
quantum–classical correspondence and the decoherence process, it is important to
perform similar computations for more general matrix elements which include also
the momentum operators and coherent vectors. Some further properties of the quan-
tum Baker’s map and the entropic chaos degree are considered in the next section.
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20.8 Combined Quantum Baker’s Map

Chaos shows complicated and difficult to predict behavior since it has a property of
exponential sensibility to initial conditions. The property means that the divergence
of infinitesimally nearby initial conditions grows exponentially. Dynamics showing
such a chaotic behavior is called a chaotic classical dynamics. A quantum–classical
correspondence for a chaotic dynamics has been studied in the field of study of
quantum chaos.

A chaotic classical dynamics is often studied by computing the Lyapunov expo-
nents of the dynamics. A chaos degree has been introduced to measure degree of
chaos in dynamics in the framework of Information Dynamics in Chap. 10.

In this section, an expectation value for a combined quantum Baker’s map is
given as

(1− a)〈q̂m〉 + a

2

(〈q̂m−1〉 + 〈q̂m+1〉
)

for a satisfying 0 ≤ a ≤ 1 where q̂m is the position operator quantizing a classical
value qm at the time m in the q-direction. Semiclassical properties for the combined
quantum Baker’s map are considered by the entropic chaos degree.

20.8.1 A Combined Classical Baker’s Map and Its Entropic Chaos
Degree

In this subsection, we combine several dynamics of position operators which are
produced by the quantum Baker’s maps. Chaos of the combined dynamics is studied
by the entropic chaos degree.

We consider the following combination of classical orbit,

(cq)m = (1− a)qm + a

2
(qm−1 + qm+1), a ∈ [0,1] (20.80)

as a combined classical Baker’s transformation. In order to compute the entropic
chaos degree Dc of the combined classical Baker’s transformation, we divide the
interval [0,1] into a finite equi-partition {Bi}. The following Figs. 20.8, 20.9 and
20.10 show the entropic chaos degree Dc of the combined classical Baker’s trans-
formation versus a for equi-partitions having 100 to 300 intervals, respectively.

Zooming-in into these figures, one finds that Dc(a) has an almost self-similar
structure on a concave curve for the equi-partition with 100 intervals.

The next Fig. 20.11 shows the number of the half-sized concave curve, i.e., fun-
damental figure in the fractal theory. For the equi-partition with 100 intervals, this
number is one, that for the 200 interval equi-partition is two, and then that for the
300 interval equi-partition is three.

The above property indicates the fractal structure of Baker’s map. Moreover,
we can roughly estimate chaotic behavior of the combined classical Baker’s trans-
formation by the entropic chaos degree set even only for the case of 100 interval
equi-partition.
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Fig. 20.8 Dc(a) versus a for
the equi-partition with 100
intervals

Fig. 20.9 Dc(a) versus a for
the equi-partition having 200
intervals

20.8.2 A Combined Quantum Baker’s Map and Its Entropic Chaos
Degree

We consider an expectation value of a combined position operator,

(cr )
(N)
m = 〈ξ |(1− a)T mq̂T −m + a

2

(
T (m−1)q̂T −(m−1) + T (m+1)q̂T −(m+1)

)|ξ 〉

= (1− a)r(N)
m + a

2

(
r
(N)
m−1 + r

(N)
m+1

)
, a ∈ [0,1] (20.81)

as an orbit value of a combined quantum Baker’s map. The expectation value (cr)
(N)
m

gets the classical value (cq)m at the classical limit as N →∞.

Then the probability distribution (p
(m)
i ) at the time m and the joint probability

distribution (p
(m,m+1)
ij ) between the time m and m+ 1 are given as

p
(m)
i ≡ 1

M + 1

M+m∑

k=m

1Bi

(
(cr )

(N)
k

)
,
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Fig. 20.10 Dc(a) versus a

for the equi-partition having
300 intervals

Fig. 20.11 Dc(a) versus a

on [0.06,0.08]

p
(m,m+1)
ij ≡ 1

M + 1

M+m∑

k=m

1Bi

(
(cr )

(N)
k

)
1Bj

(
(cr )

(N)
k+1

)

for an initial value r
(N)
0 ∈ [0,1], respectively. Then the entropic chaos degree of the

combined quantum Baker’s map is computed as

Dq

(
p(m);Λ∗

m

)=
∑

i,j

p
(m,m+1)
ij log

p
(m)
i

p
(m,m+1)
ij

.

In the sequel, a quantum and classical initial values r
(N)
0 and q0 of the Baker’s map

are set as

r
(N)
0 =

N∑

l=1

ξl2
−l + 1/2N+1 = 0.ξ1ξ2 · · · ξN1,

q0 =
∞∑

l=1

ξl2
−l = 0.ξ1ξ2 · · ·
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Fig. 20.12 Dq(a) versus a

on [0,1]

where ξi is a pseudo-number 0 or 1, respectively. Then the quantum and classical
initial values (cr)

(N)
1 and (cq)1 of the combined Baker’s map become

(cr)
(N)
1 = (1− a)r

(N)
1 + a

2

(
r
(N)
0 + r

(N)
2

)
,

(cq)1 = (1− a)q1 + a

2
(q0 + q2).

According to the classical setting, we divide the interval [0,1] into 100 interval
equi-partition {Bi}, and we set that m= 1 and the number M of orbit points (cr)k
is 10000. Then we can write the entropic chaos degree Dq as Dq(N,a) since Dq

depends on two parameters N and a.

20.8.3 Dependence of the Entropic Chaos Degree
on the Combination Parameter a

We study the dependence of the entropic chaos degree on the combination parameter
a for some fixed numbers of N . Then the entropic chaos degree is denoted by a one-
parameter function Dq(a) of a. The following Fig. 20.12 shows the entropic chaos
degree Dq(a) versus a on [0,1] for some fixed numbers of N .

To study the dependence of the entropic chaos degree on a for further de-
tails, we divide the domain [0,1] of a into five intervals. The following figures
show that, in principle, the entropic chaos degree Dq(a) firstly oscillates and in-
creases (Fig. 20.13), secondly becomes periodic (Figs. 20.13, 20.14, 20.15, 20.16
and 20.17), and finally oscillates and decreases (Fig. 20.17). However, there exist
several domains where Dq(a) rapidly gets small. One is the small interval around
the point a = 0.5 at which it holds a : 1 − a = 1 : 1 (Fig. 20.15). The other is the
interval [0.66,0.67] which is an interval around the point such that a : 1− a = 2 : 1
(Fig. 20.16).
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Fig. 20.13 Dq(a) versus a

on [0,0.2)

Fig. 20.14 Dq(a) versus a

on [0.2,0.4)

Fig. 20.15 Dq(a) versus a

on [0.4,0.6)
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Fig. 20.16 Dq(a) versus a

on [0.6,0.8)

Fig. 20.17 Dq(a) versus a

on [0.8,1.0)

Fig. 20.18 Dq(N) versus N

for a = 0

One finds that the entropic chaos degree for the combined quantum Baker’s map
takes a smaller value than that of the entropic chaos degree for the combined classi-
cal Baker’s transformation.
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Fig. 20.19 Dq(N) versus N

for a = 0.5

Fig. 20.20 Dq(N) versus N

for a = 0.66

Fig. 20.21 Dq(N) versus N

for a = 1

20.8.4 Dependence of the Entropic Chaos Degree on N

According to (20.81), one finds that there is some correspondence between the quan-
tum expectation value r

(N)
k and the classical value qk for Baker’s map for 0≤ k ≤N ,

while there is no correspondence between their values for N + 1 ≤ k ≤M where
M is the number of orbit points. Therefore if we assume N such that N =M , then
the quantum entropic chaos degree Dq should take the same value as that of the
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classical entropic chaos degree Dc. In the sequel, we study the dependence of the
chaos degree on N for some fixed numbers of a. Then the chaos degree is denoted
by a one-parameter function Dq(N) of N . Figures 20.18, 20.19, 20.20, 20.21 show
that Dq(N) versus N for some fixed a’s.

We have chosen a from several domains where the entropic chaos degree shows
some typical behavior. The results as shown in the figures above indicate difference
between classical case and quantum case, which are not dependent on the value of a.

One finds that the entropic chaos degree Dq(N) oscillates and increases for 1≤
N < 5000, while Dq(N) monotonously increases for 5000≤N ≤M converging to
the entropic chaos degree for the classical combined Baker’s transformation.

Chaos of the combined dynamics for the quantum Baker’s map was studied by
the entropic chaos degree. We first studied the dependence of the entropic chaos de-
gree on the combination parameter a for some fixed numbers of N where the Planck
constant � was set to satisfy 2π� = 2−N . The entropic chaos degree for the com-
bined quantum Baker’s map shows some typical behavior such as an oscillating and
increasing motion, a periodic motion, an oscillating and decreasing motion, and so
on, which just appear in the combined classical Baker’s transformation. However,
the entropic chaos degree for the combined quantum Baker’s map takes a smaller
value than that of the entropic chaos degree for the combined classical Baker’s trans-
formation. This means that the entropic chaos degree is reduced by quantizing the
classical Baker’s transformation. Next we studied the dependence of the chaos de-
gree on N for some fixed numbers of a. Then we chose a from several domains
where the entropic chaos degree showed some typical behavior. One finds that af-
ter the entropic chaos degree for the quantum combined Baker’s map oscillates and
increases, it monotonously increases and converges to the entropic chaos degree for
the classical combined Baker’s transformation at N =M .

20.9 Notes

For the definition of the conditional expectation in the sense of Umegaki, we refer
to [761], and Tomiyama’s theorem is written in [748]. The concept of a quantum
Markov chain was introduced by Accardi [3]. In the theory of classical dynamical
systems, Boltzmann entropy was introduced by Boltzmann [127].

For a more recent discussion of the Boltzmann and Gibbs entropy and the ir-
reversibility problem, see [70, 121, 178, 193, 239, 295, 447, 449, 465, 469–471,
473, 616, 643, 667, 731]. Irriversible processes from the point of view of quantum
information theory are considered by Ohya in [570]. The role of various entropies
in the black hole information paradox is considered in [548] where a derivation of
the kinetic equations in quantum gravity is proposed. The Gorini–Kossakowsky–
Sudarshan–Lindblad master equation is considered in [300, 483]. Violation of the
entropy increase for classical gases is considered in [386] and for quantum master
equation in [376, 430].

Kolmogorov–Sinai entropy and its role in the homeomorphism problem related
to symbolic dynamics is stated in Billingsley [118]. As for the dynamical entropy
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of operator algebras, which is called Connes–Narnhofer–Thirring entropy, we refer
to [176], and CNT type convergence theorem with respect to Kolmogorov–Sinai
type complexity is proved in Muraki and Ohya’s paper [536]. Moreover, quantum
theoretic generalization of Kolmogorov–Sinai type entropy is presented in Accardi,
Ohya and Watanabe’s paper [14]. For the inequality showing that the transmitted
complexity of mutual entropy of PPM is greater than that of PAM, we refer to Ohya
and Watanabe’s paper [566]. The foundation of fractal geometry has been laid by
Mandelbrot [506]. Kolmogorov has introduced the concept of ε-entropy of random
variables in [436], and Kullback–Leibler entropy, which is used in the definition
of ε-entropy of random variables in this book, plays an important role in the the-
ory of statistical sufficiency [455]. Moreover, quantum theoretic generalization of
Kolmogorov’s ε-entropy has been given by Ohya [572, 582]. For some numerical
examples illustrating the values of quantum states and their applications to Ising
models, we refer to Matsuoka and Ohya’s paper [511]. An approach to the problem
reducing decoherence in quantum memory is stated in Volovich’s paper [786] and
the method to make the decoherence drastically reduced, which is based on stochas-
tic limits, is given in Accardi, Kozyrev and Volovich’s paper [18]. The decoherence
problem in quantum computers is discussed in [628, 769]. Especially, the spin-flip
transition for the dynamical suppression of decoherence is treated in [780]. For a re-
cent consideration of quantum control see [638]. As for the white noise calculus, we
refer to the fundamental book written by Hida, Kuo, Potthoff, and Streit [436]. As
for stochastic approximation theoretic aspects of the dynamics of the Hamiltonian,
we refer to Accardi, Kozyrev and Volovich’s paper [18]. Leggett, Chakravarty, Garg
and Chang have given the behavior of the Hamiltonian such as undamped oscillation
and exponential relaxation [475]. Many results related to quantum field theory rep-
resented in quantum probability scheme are given in Accardi, Lu and Volovich [34].

Quantum dynamical entropy was first introduced by Emch [223] and Connes-
Störmer [175] around 1975. In 1987, Connes, Narnhoffer and Thirring [176] de-
fined a dynamical entropy (CNT entropy) in C∗-dynamical systems. Park computed
the CNT entropy for several models [629]. In 1994, Alicki and Fannes [8] defined a
quantum dynamical entropy (AF entropy) by means of a finite operational partition
of unity. In 1994, Hudetz [352] discussed the dynamical entropy in terms of topo-
logical entropy. In 1995, Ohya [582] introduced a quantum dynamical entropy and a
quantum dynamical mutual entropy based on the C∗-mixing entropy [570] and the
complexity in Information Dynamics [359]. In 1995, Voiculescu [784] introduced
a dynamical approximation entropy for C∗- and W ∗-algebra automorphisms based
on a general approximation approach [332]. In 1997, Accardi, Ohya and Watan-
abe [17] defined a quantum dynamical entropy (AOW entropy) through quantum
Markov chain. Ojima considered the entropy production in [609, 612]. The rela-
tions among some definitions of the dynamical entropy were discussed in [17, 97,
441]. Some computations of the dynamical entropy are done in several papers such
as [161, 578]. Semiclassical properties of quantum Baker’s map are considered by
Inoue, Ohya and Volovich in [364–366]. The discrete time dynamics and energy
levels in classical theory are considered in [418, 421].



Chapter 21
Applications to Life Science

In this chapter, we discuss some applications of mathematics in the quantum the-
ory and information science to the biosystems and life sciences. In particular, the
following topics are discussed: characteristics of biological systems, the sequence
alignment by quantum algorithm in molecular biology, quantum-like models for
brain and cognitive psychology, applications of information dynamics to study of
the HIV and the influenza A viruses, code structure of HIV-1, p-adic modeling of
genome and genetic code, mathematical model of drug delivery system, the folding
problem and molecular dynamics, quantum photosynthesis.

There is a long tradition of applications of physical and mathematical methods to
various biological systems. Up to now, most of the presently known mathematical
models have been inspired by physics problems. In the recent years, the fascinating
challenge of creating a similar fruitful interaction between mathematics and biology
is gaining the attention of more and more scientists.

These models will surely play an important role, but it would be naive to believe
that interesting biological models may be built simply by cleverly combining known
physics and mathematics. We now understand that the laws of nature are distributed
over several levels of scales and of complexity and that each of these levels intro-
duces new qualitative features which, in their turn, require new types of models and
substantial new ideas.

We are not going to discuss here the numerous results in biophysics, biochem-
istry, and mathematical biology. We only consider in this chapter some ideas and
results for possible applications of quantum theory and quantum information to cer-
tain biological and life science phenomena which emerged mainly in our own trials
on the Quantum Bio-Informatics in 2005–2010. We give also an overview of some
ideas and some recent experimental results on applications of quantum mechanics
to life sciences.

M. Ohya, I. Volovich, Mathematical Foundations of Quantum Information
and Computation and Its Applications to Nano- and Bio-systems,
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0171-7_21, © Springer Science+Business Media B.V. 2011
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21.1 Introduction

The main topics in this chapter will be: a discussion of possible non-trivial applica-
tions of quantum theory in life sciences; the quantum algorithm of multiple align-
ment; the quantum brain; a study of the HIV and influenza A viruses in the domain
of Information Dynamics; p-adic modeling of the genome and the genetic code;
drug delivery systems; the quantum algorithm for molecular dynamics; quantum
photosynthesis; quantum-like models for cognitive psychology.

21.1.1 Quantum Theory and Molecular Biology

Chemistry and molecular biology are based ultimately on quantum mechanics since
the quantum laws govern the structure and dynamics of a molecule. However, there
is an important question of which specific quantum phenomena can be seen in bi-
ology. There are several such phenomena, for instance, we shall discuss recent re-
markable experimental discoveries of quantum effects in photosynthesis.

The founders of quantum theory Niels Bohr and Erwin Schrödinger introduced
an important trend in biology and life sciences. Bohr extended the principle of com-
plementarity to the question of life versus mechanism in 1932 in a lecture entitled
“Light and Life.” He pointed out that an exhaustive investigation of the basic units
of life was impossible because those life units would most likely be destroyed by
the particles needed for their observation. According to Bohr, the units of life rep-
resented irreducible entities similar to the quantum of energy, the “essential non-
analyzability of atomic stability in mechanical terms presents a close analogy to the
impossibility of a physical or chemical explanation of the peculiar functions char-
acteristic of life.”

The principle of complementarity recognized that since the observer and the ob-
served represented a continuous interaction, the rigid line of separation between the
subjective and the objective needed some modification. This meant a radical mod-
ification of the physicist’s concept of the external world. The enunciation of the
principle of complementarity by Bohr produced a block for a mechanistic or reduc-
tionist explanation of reality as it is conceived and experienced by a man.

Schrödinger, in his famous book “What is life?”, suggested that an aperiodic
crystal could be the “storing device” for biological information. This and also Del-
bruck’s influence stimulated the search leading to the discovery of the structure of
the DNA molecule by Watson and Crick.

After the discovery of the structure of DNA, George Gamow attempted to solve
the problem of how the order of the four different kinds of bases (adenine, cytosine,
thymine, and guanine) in DNA chains could control the synthesis of proteins from
amino acids. This led later to the discovery of genetic code.

Since the discovery of DNA, molecular biology has attempted to describe the
properties of living systems in terms of molecules. The goal is to trace down chem-
ical processes from the level of cells to that of the composing molecules and to
understand the functioning of each molecule in biological processes, e.g., heredity,
metabolism, motility, and so on.
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21.1.2 On Quantum Mind and Brain

Researchers in quantum physics such as Planck, Bohr, Heisenberg, Schrödinger,
von Neumann, Pauli, Wigner, and others emphasized the possible role of quantum
theory in reconsidering the well known conflict between physical determinism and
conscious free will.

Bohr suggested a hypothesis that thought involves such small amounts of en-
ergy that quantum-theoretical limitations play an essential role in determining its
character.

These ideas have been developed by Bohm who proposed that a holistic paradigm
should take the place of reductionist quantum physics. “Information contributes fun-
damentally to the qualities of substance. . . Wave function, which operates through
form, is closer to life and mind. . . The electron has a mindlike quality.” In his the-
ory of “wholeness and the implicate order”, Bohm proposed a new model of re-
ality. In this model, as in a hologram, any element contains enfolded within itself
the totality of its universe including both matter and mind. “One can view con-
sciousness as a self-organizing process on the border between the quantum and the
classical worlds, relating biological systems and physical systems.” Several modes
of existence should be considered in some mathematical frames, which is recently
proposed in [608] as discussed in Chap. 10.

Psychological, or cognitive, description of the mental activity can be given as fol-
lows. A mental system can be in many different conscious, intentional mental states.
In a state space, a sequence of such states forms a process representing the stream
of consciousness. Since different subsets of the state space are typically associated
with different stability properties, a mental state can be assumed to be more or less
stable, depending on its position in the state space. Stable states are distinguished by
a residence time longer than that of metastable or unstable states. If a mental state is
stable with respect to perturbations, it “activates” a mental representation encoding
a content that is consciously perceived.

Moving from this purely psychological, or cognitive, description to its neuro-
physiological counterpart leads us to the question: What is the neural correlate of a
mental representation? A quantum like model of recognition shall be described in
this chapter. We note also that there is a p-adic approach to the description of the
mental space proposed by Khrennikov.

Penrose proposed controversial ideas on the connection between fundamental
physics and human consciousness. In the book “The Emperor’s New Mind” (1989)
he argues that known laws of physics are inadequate to explain the phenomenon of
consciousness. He claims that the present computer is unable to have intelligence
because it is an algorithmically deterministic system. He argues against the view-
point that the rational processes of the mind are completely algorithmic and can
thus be duplicated by a sufficiently complex computer. This is based on claims that
consciousness transcends formal logic systems because there are such things as the
insolubility of the halting problem and Godel’s incompleteness theorem. Penrose
believes that a deterministic non-algorithmic processes may come into play in the
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quantum mechanical wave function reduction, and may be harnessed by the brain.
These claims were originally made by the philosopher John Lucas.

A new approach to the problem of quantum mind was suggested by the authors
in [600, 601, 608] by going beyond the usual paradigm of quantum computation
based on a quantum Turing machine. It is proposed that one can make a new type of
device combining the quantum computer with the chaotic amplifier, see Chaps. 10,
11, and 14.

There are many discussions of the quantum theory in relation to consciousness
that adapt ideas of quantum theory in a purely metaphorical manner. Terms such as
observation, complementarity, superposition, collapse, duality, entanglement, and
others are used without specific reference to how they are applicable to specific sit-
uations. For instance, conscious acts are just suggested to be considered somehow
similarly to acts of measurement, or correlations in psychological systems are inter-
preted somehow analogously to quantum entanglement. Such speculations could be
interesting but it is not enough to claim that we really have some understanding of
connections between quantum theory and consciousness.

21.1.3 Characteristics of Biological Systems

Below we have listed, with no pretense of completeness, the 12 characteristic of bio-
logical systems and, for each of these characteristics, we have tried to identify some
mathematical, physical, or information-theoretical technique which seems particu-
larly suitable to deal with this characteristics.

1. Biological systems are open systems (interaction with environment is fundamen-
tal). Therefore, we expect that the theory of open systems will play a relevant
role in their description.

2. Biological systems are multi-component systems: even the simplest unicellular
organism, even a single ion channel, from the point of view of physics is made
up of a huge number of molecules with different structural and functional roles.
Therefore, we expect a connection with the theory of complex systems, chaos
theory, etc.

3. Biological subsystems are strongly interacting. So the models of interacting par-
ticle systems widely studied in probability and in physics will be a good starting
point to introduce additional biological features. In the quantum case, we expect
a role for entanglement.

4. Biological interactions have a local nature. The probabilistic counterpart of the
locality of interactions is the Markov property.

5. In biological systems, the three-dimensional structure is essential: Flatland is
rare among biological systems and Lineland is even rarer. This means that ran-
dom fields rather than random processes will be needed.

6. In biological systems, spatially periodic, translation invariant structures are typ-
ically absent: biological systems are rarely like crystals. The distribution patterns
of neurons, animal cells, etc. look more like complex nonhomogeneous graphs
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than lattices. Therefore, we will need random fields on graphs rather than random
fields on regular lattices.

7. In biological systems, there is an interplay between geometry and interaction;
think, for example, of protein folding. This fits with the intuition, coming from
general relativity, that a free structure on a complex geometry may be equivalent
to an interacting structure on a simple geometry.

8. Biological systems elaborate information: they code information, they store in-
formation, they have mechanisms to activate the stored information: memory,
consciousness, reproduction, etc.

Where is information stored in the biological beings? Surely not all infor-
mation in biosystems is of genetical origin, for example, only a fraction of the
information on a human being is stored in the human genome. Probably a great
deal of information is stored in some collective mode of organization among say
neurons, or cells, etc.

9. Biological systems use information to transform matter into energy, new infor-
mation, new matter and structure: this is the food, growth, and reproduction
chain.

10. Biological systems use information to communicate. The fine structure of bi-
ological communication is largely unknown. For example, cells communicate
among themselves through various types of channels. These channels transport
ions, so they are called ionic channels. As far as we understand, the role of these
ions is not that of being some kind of food for the cells: their role is much more
similar to bits of information. Could we extrapolate from the theory of ionic
channels the notion of an ion bit? Could we put to use what we have learned
from quantum information, quantum computer, based on the notion of qubit, to
develop an analogue theory of bio-information, based on the notion of an ion bit.

11. Biological systems are adaptive. This means that Newtonian determinism must
be replaced by adaptive determinism. Adaptive systems lie between the Newto-
nian determinism and the theory of feedback and control. Furthermore, we now
understand that there are two types of adaptedness:

(i) Observable adaptive, e.g., from environment to individual: if one meets a
certain type of environment, then one will react so and so.

(ii) State adaptive, e.g., from individual to environment: if, when an interaction
with the environment begins, one will be in this state, then one will react so
and so.

The details of adaptive dynamics is discussed in Chap. 10.
12. Biological systems should be described in an infinite-dimensional Hilbert space

as far as a certain self-consistency is required.

The present mathematical models of biological structures are far from meeting all
these requirements. However, we feel that to lay them down explicitly may be useful
as a benchmark for checking future models.

Let us start to review the fundamentals of the genome.
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21.2 Genome and Proteins

The goal of theoretical molecular approaches to biology is to describe living systems
in terms of physics, chemistry, and mathematics. In this section, the basic notions
of molecular biology and bio-informatics are briefly described, and some topics in
molecular dynamics approach to molecular modeling and simulation are reviewed.

The major achievements in molecular biology are the Watson and Crick discov-
ery (1953) of the DNA double helix structure and the completion in 2003 of the
Human Genome Project which goal was to identify all the approximately 25 000
genes in a human DNA and determine the sequences of the 3 billion chemical base
pairs that make up a human DNA.

The flow of biological information is described by Crick’s Central dogma of
molecular biology.

Common activities in bio-informatics include mapping and analyzing DNA and
protein sequences, aligning different DNA and protein sequences to compare them
and creating and viewing three-dimensional models of protein structures.

21.2.1 Cell

All organisms are composed of one or more cells. Cells are the building bricks
of life, they are the smallest structural and functional units of an organism that is
considered as living. Some organisms, such as most bacteria, consist of a single
cell. Humans have an estimated 1014 cells. A typical cell size is 104 nanometers
(1 nm = 10−9 m); a typical cell mass is 1 nanogram.

All cells come from preexisting cells. Vital functions of an organism occur within
cells, and all cells contain the hereditary information necessary for regulating cell
functions and for transmitting information to the next generation of cells.

There are two types of cells: eukaryotic and prokaryotic. Bacteria and archaea
are prokaryotes, while protists, fungi, plants, and animals are eukaryotes.

Cell Structure

All cells have a membrane that envelops the cell. The cell membrane is the interface
between the cellular machinery inside the cell and the fluid outside. Most of the cell
volume inside the membrane takes a salty cytoplasm. Within the cytoplasm there
are cytoskeleton and organelles. Cytoskeleton is a dynamic structure that maintains
cell’s shape, enables cellular motion, and plays a role in the intracellular transport
and cellular division. Organelles are specialized subunits which are usually sepa-
rately enclosed within their own lipid membranes. They are nuclei, mitochondria,
microsomes, lysosomes, the Golgi apparatus.

Cell nucleus is a eukaryotic cell’s information center. The genetic material is con-
tained in the biomolecules DNA and RNA, see below. Eukaryotic organisms store
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their DNA inside the cell nucleus, while in prokaryotes it is found in the cell’s cyto-
plasm. A human cell has genetic material in the nucleus (the nuclear genome) and
in the mitochondria (the mitochondrial genome). In humans, the nuclear genome
is divided into 23 pairs of linear DNA molecules called chromosomes. Within the
chromosomes, chromatin proteins such as histones compact and organize DNA.

Mitochondria are “cellular power plants”, they generate the cell energy by the
process of oxidative phosphorylation, utilizing oxygen to release energy stored in
cellular nutrients to generate adenosine triphosphate (ATP) which is used as a source
of chemical energy.

Cell Functions

Cell functions include cell movement, cell growth, cell division, and metabolism.
Cell division is a process by which a cell divides into two cells. This leads to growth
in multicellular organisms. Metabolism is the set of chemical reactions that occur
in living organisms in order to maintain life. These processes allow organisms to
grow and reproduce, maintain their structures, and respond to their environments.
Metabolism uses energy to construct components of cells such as proteins, nucleic
acids and other biomolecules.

21.2.2 Biomolecules

A biomolecule is any organic molecule (i.e., it contains carbon) that is produced
by a living organism. A diverse range of biomolecules exists, including polymers,
monomers, and small molecules. Polymers include peptides, proteins, polysaccha-
rides (including cellulose), lignin, nucleic acids, i.e., deoxyribonucleic acid (DNA)
and ribonucleic acid (RNA). Monomers include amino acids, nucleotides, monosac-
charides. There are also small biomolecules such as lipids, sterols, vitamins, hor-
mones, sugars.

Biomolecules consist primarily of carbon and also hydrogen, nitrogen, and oxy-
gen, as well as phosphorus, sulfur, and other elements.

Proteins

Proteins are biomolecules made of amino acids arranged in a linear chain. An amino
acid is a molecule containing both amine and carboxyl functional groups. Each
amino acid consists of a central tetrahedral carbon (the alpha carbon Cα) attached
to four units: a hydrogen atom, a protonated amino group (NH+

3 ), a dissociated
carboxyl group (COO−), and a distinguished side chain, or R group.

Amino acids in a protein are joined together by CO–NH peptide bonds between
the carboxyl and amino groups of adjacent amino acid residues. Each protein is
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Table 21.1 List of the 20 standard amino acids with the abbreviations

Amino acid 3-letter 1-letter

Alanine Ala A

Arginine Arg R

Asparagine Asn N

Aspartic acid Asp D

Cysteine Cys C

Glutamine Gln E

Glutamic acid Glu Q

Glycine Gly G

Histidine His H

Isoleucine Ile I

Leucine Leu L

Lysine Lys K

Methionine Met M

Phenylalanine Phe F

Proline Pro P

Serine Ser S

Threonine Thr T

Tryptophan Trp W

Tyrosine Tyr Y

Valine Val V

composed of 20 different kinds of amino acids. The sequence of amino acids in a
protein is defined by the sequence of a gene, which is encoded in the genetic code.
In general, the genetic code specifies 20 standard amino acids.

Table 21.1 is the list of the 20 standard amino acids with the abbreviations.

21.2.3 Nucleic Acids (DNA and RNA)

Nucleic acids molecules are linear, unbranched polymers of simple units called nu-
cleotides. The most common nucleic acids are deoxyribonucleic acid (DNA) and
ribonucleic acid (RNA). DNA molecules made of two long polymers of nucleotides.

Nucleotides consist of three parts:

1. A five-carbon sugar (hence a pentose). Two kinds are found:
(i) Deoxyribose, which has a hydrogen atom attached to its #2 carbon atom

(designated 2′).
(ii) Ribose, which has a hydroxyl group atom there.

Deoxyribose-containing nucleotides, the deoxyribonucleotides, are the mono-
mers of DNA.
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Ribose-containing nucleotides, the ribonucleotides, are the monomers of
RNA.

2. A nitrogen-containing ring structure called a base. The base is attached to the 1′
carbon atom of the pentose. In DNA, four different bases are found:

(i) Two purines, called adenine (A) and guanine (G).
(ii) Two pyrimidines, called thymine (T) and cytosine (C).

RNA contains:
The same purines, adenine (A) and guanine (G).
RNA also uses the pyrimidine cytosine (C), but instead of thymine, it uses the

pyrimidine uracil (U).
The combination of a base and a pentose is called a nucleoside.

3. One, two, or three phosphate groups. These are attached to the 5′ carbon atom of
the pentose.

Both DNA and RNA are assembled from nucleoside triphosphates.
For DNA, these are dATP, dCTP, dGTP, and dTTP.
For RNA, these are ATP, CTP, GTP, and UTP.
In both cases, as each nucleotide is attached, the second and third phosphates

are removed.

The nucleic acids, both DNA and RNA, consist of polymers of nucleotides. The
nucleotides are linked covalently between the 3′ carbon atom of the pentose and the
phosphate group attached to the 5′ carbon of the adjacent pentose.

In the DNA double helix described by Watson and Crick, a flexible ladder-like
structure is formed with the polymer wrapped around an imaginary central axis.
The two rails of the ladder consist of alternating sugar (deoxyribose) and phosphate
units; the rungs of the ladder consist of nitrogenous base pairs held together by
hydrogen bonds.

RNA molecules, while single-stranded, usually contain regions where two por-
tions of the strand twist around each other to form helical regions.

The two strands of DNA and the helical regions of RNA are held together by
base pairing.

21.2.4 Genetic Code

As we just discussed, DNA consists of two long polymers made of nucleotides, with
backbones made of sugars and phosphate groups joined by ester bonds. These two
strands run in opposite directions to each other. Attached to each sugar is one of four
types (they are denoted A, G, T, and C) of molecules called bases. It is the sequence
of these four bases along the backbone that encodes information.

More than 100 000 proteins in our bodies are produced from a set of only 20
building blocks, amino acids.

There is a mapping from a set of sequences of nucleotides in DNA to a set of
sequences of amino acids in proteins. One considers the set of triplets of nucleotide
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Table 21.2 The standard (Watson–Crick) table of the vertebral mitochondrial code. Ter denotes
the terminal (stop) signal

UUU Phe ACC Thr UCC Ser GCC Ala

UUC Phe ACA Thr UCA Ser GCA Ala

UUA Leu ACU Thr UCU Ser GCU Ala

UUG Leu ACG Thr UCG Ser GCG Ala

CUU Leu AAC Asn UAC Tyr GAC Asp

CUC Leu AAA Lys UAA Ter GAA Glu

CUA Leu AAU Asn UAU Tyr GAU Asp

CUG Leu AAG Lys UAG Ter GAG Glu

AUU Ile AUC Ile UUC Phe GUC Val

AUC Ile AUA Met UUA Leu GUA Val

AUA Met AUU Ile UUU Phe GUU Val

AUG Met AUG Met UUG Leu GUG Val

GUU Val AGC Ser UGC Cys GGC Gly

GUC Val AGA Ter UGA Trp GGA Gly

GUA Val AGU Ser UGU Cys GGU Gly

GUG Val AGG Ter UGG Trp GGG Gly

bases which are cytosine, guanine, adenine, and thymine abbreviated as C, G, A,
and T, respectively. So, we consider the set of triplets of these letters. It is supposed
that a triplet can contain a letter more than once and the letters appear in a certain
order. For example, the triplet TTA is different from the triplet TAT. There are 43 =
64 such triplets. This mapping is provided by the genetic code.

The genetic code is a map from the set of 64 triplets of nucleotides in RNA to
the set of 20 amino acids used in the synthesis of proteins. With three exceptions,
each codon encodes for one of the 20 amino acids. That produces some redundancy
in the code: most of the amino acids being encoded by more than one codon. The
information of DNA is converted to the RNA, the sequence of four bases A, G, C,
U instead of T. A triple of these four bases is called a codon. Table 21.2 represents
the genetic code.

For example, UUU Phe means the triplet of thymine is mapped to phenylalanine,
i.e., phenylalanine is encoded by UUU.

The genetic code specifies the sequence of the amino acids within proteins during
the process of the synthesis of proteins. The code is read by copying stretches of
DNA into the related nucleic acid RNA, in a process called transcription. The stop
codons are signals for the termination of the process.
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Flow of Biological Information

The so-called Central dogma of molecular biology, stated by Crick, is a frame-
work for understanding the transfer of sequence information between sequential
information-carrying biopolymers. It says: Information cannot be transferred back
from protein to either protein or nucleic acid. The general transfers describe the nor-
mal flow of biological information: DNA can be copied to DNA (DNA replication),
DNA information can be copied into messenger ribonucleic acid mRNA (transcrip-
tion), and proteins can be synthesized using the information in mRNA as a template
through translation (DNA→RNA→protein).

21.2.5 Human Genome

The basic unit of heredity in a living organism is a gene. Genes hold the information
to build and maintain their cells and pass genetic traits to offspring. In molecular
biology, a gene is a segment of nucleic acid that, taken as a whole, specifies a trait
or phenotype.

A phenotype is any observable characteristic or trait of an organism: such as its
morphology, development, behavior, biochemical or physiological properties. Phe-
notypes result from the expression of an organism’s genes as well as the influence
of environmental factors and possible interactions between the two. The genotype
of an organism is the inherited instructions it carries within its genetic code.

The genome of an organism is its hereditary information encoded in DNA. In
classical genetics, the genome of a diploid organism including eukarya refers is a
full set of chromosomes or genes in a gamete.

The Human Genome Project was organized in 1990 to map and to sequence the
human genome. The Human Genome Project (HGP) was an international scientific
research project with a goal to determine the sequence of chemical base pairs which
make up DNA and to identify and map the approximately 20 000–25 000 genes of
the human genome from both a physical and functional standpoint. A complete draft
of the genome was released in 2003, with further analysis still being published.

The HGP aimed to map the nucleotides contained in a haploid reference human
genome (more than three billion).

The “genome” of any given individual (except for identical twins and cloned
organisms) is unique; mapping “the human genome” involves sequencing multiple
variations of each gene. The project did not study the entire DNA found in human
cells; some heterochromatic areas (about 8% of the total) remain un-sequenced.

The process of identifying the boundaries between genes and other features
in raw DNA sequence is called genome annotation and is the domain of bio-
informatics.
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21.3 Sequence Alignment by Quantum Algorithm

When we analyze life on a gene level, we examine the homology of genome or
amino acid sequences to compare these sequences, for which we have to align the
sequences. The alignment of two sequences is called the pairwise alignment, and
that for more than three sequences is called the multiple alignment. To align the se-
quences, we insert a gap (indel) “∗” into the position of a sequence where a base or
an amino acid is considered to deviate. Such alignment should be first done to ana-
lyze genome sequences or amino acid sequences, so that it is one of the fundamental
operations for the study of life.

At the present stage, the algorithms of the pairwise alignment are done by ap-
plying dynamic programming [319, 543, 577, 702]. The most accurate algorithm
is recently made by introducing a sort of entanglement between closed residues in
the different sequences [319]. However, it is rather difficult to use a similar algo-
rithm for the multiple alignment because the computational complexity of the N

sequences with their length L by dynamic programming becomes O(LN), whose
alignment will be very difficult as N increases. Therefore, the various methods have
been considered to reduce the computational complexity. Among those, the Simu-
lated Annealing [1] has been used in [528, 551]. The simulated annealing is one of
the methods solving some combinatorics optimization problems such as the trav-
eling salesman problem. Even if the simulated annealing works effectively, it is
difficult to demonstrate the multiple alignment in polynomial time of N , so that the
multiple alignment is considered as one of the NP-problems. In this section, we dis-
cuss a quantum algorithm for the multiple alignment, that is, how we can construct
a quantum gate solving alignment by the simulated annealing.

21.3.1 Outline of Alignment

Let

A1 : M N P W Y S T W Q Y T
A2 : M N P Q Y T V W P Y
A3 : M N W Y S T Q P Y V

be the amino acid sequences of three organisms or identical proteins.
These sequences A1, A2, and A3 look not so close each other. It is considered

that some amino acids are changed, deleted, or inserted during the course of the
biological evolution from a common origin of A1, A2, and A3. Therefore, it is
important to align the sequences A1, A2, and A3 to study the similarity or difference
of organisms properly. After the alignment, they become

A1 : M N P W Y S T * W Q Y T
A2 : M N P Q Y * T V W P Y *
A3 : M N * W Y S T * Q P Y V

by which we can see the similarity of A1, A2, and A3.
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21.3.2 Quantum Algorithm of Multiple Alignment

Here we construct a quantum algorithm of the multiple alignment from the classi-
cal algorithm using simulated annealing. Let us consider N amino acid sequences

A1, A2, . . . , AN :

A1 : a1
1 a1

2 · · · a1
m1

A2 : a2
1 a2

2 · · · a2
m2

· · ·
AN : aN

1 aN
2 · · · aN

mN
,

where mi (i = 1, . . . ,N) is the number of amino acids for each sequence.
In order to make the quantum algorithm of the multiple alignment, we need to

modify the input data for the alignment. Let us explain this process for the following
three sequences:

G G I P G

G G Q P I G A

G I P Q I G.

First, we add some gaps at the end of the amino acid sequences to make all
sequences have the same length such as

G G I P G ∗ ∗ ∗ ∗
G G Q P I G A ∗ ∗
G I P Q I G ∗ ∗ ∗.

Here, the maximum number of the gaps needed for the multiple alignment is due to
the rule of simulated annealing. Then let L be the length of the arranged amino acid
sequences, so that all amino acid sequences can be written as

A1 : a1
1 a1

2 · · · a1
L

A2 : a2
1 a2

2 · · · a2
L

· · ·
AN : aN

1 aN
2 · · · aN

L .

Further, we set the total sequence

A ≡
A1

︷ ︸︸ ︷
a1

1 · · ·a1
L

A2
︷ ︸︸ ︷
a2

1 · · ·a2
L · · ·

AN
︷ ︸︸ ︷
aN

1 · · ·aN
L ,

and define the objective function f (A) to apply the simulated annealing by

f (A) =
L∑

k=1

N−1∑

i=1

N∑

j=i+1

d(ai
k, a

j
k )

NC2
,
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where

d
(
ai
k, a

j
k

)=

⎧
⎪⎪⎨

⎪⎪⎩

0, ai
k = a

j
k ,

1, ai
k �= a

j
k and (ai

k �= ∗ and a
j
k �= ∗),

w, ai
k �= a

j
k and (ai

k = ∗ or a
j
k = ∗).

In the above definition, w is called the weight having a value in (0,2], we take
w = 2 in the sequel. This objective function f is an averaged difference among all
sequences.

In order to compute the minimum value of f (A) by the simulated annealing
[528], we have to replace any amino acid with 1 and the gap with 0, and the resulting
sequence of 0 and 1 is called the labeled sequence.

For example,

A1 : G G I P ∗ ∗ G B1 : 1111001

A2 : G G P Q I G ∗ =⇒ B2 : 1111110

A3 : G I ∗ P Q I G B3 : 1101111.

A perturbation in the simulated annealing here means exchanging some 0 and 1
in the labeled sequences, for instance,

B1 B′
1 : 1111001 A′

1 : G G I P ∗ ∗ G

B2 =⇒ B′
2 : 1101111 =⇒ A′

2 : G G ∗ P Q I G

B3 B′
3 : 1011111 A′

3 : G ∗ I P Q I G.

Note that the order of the amino acids in the sequences should not be changed by
this perturbation, and the perturbed sequence is denoted by A′.

When we apply the quantum algorithm to the multiple alignment, the symbols 0
and 1 are considered as the vectors |0〉 and |1〉 of qubits. Therefore, an initial state
vector for the quantum algorithm is

|vin〉 ≡ ⊗k1
1 |1〉 ⊗g1=L−k1

1 |0〉
︸ ︷︷ ︸

L

⊗k2
1 |1〉 ⊗g2=L−k2

1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN=L−kN

1 |0〉
︸ ︷︷ ︸

NL

⊗X
1 |0〉 ⊗ |a certain constant〉⊗|0〉

︸︷︷︸
check

,

where gj is the number of gaps in Aj , and the last qubit |0〉 expresses the so-called
check bit indicating whether a perturbation is accepted or not. Moreover, ⊗X

1 |0〉 are
the bits to represent the value of the objective function.

The algorithm involves several steps:
Step 1. This step is composed of the following three:

S(1.1) Construct the unitary operator UP for the perturbation as follows: Make a
pair of |0〉 and |1〉 in A by choosing randomly. Then, repeat this operation until
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all |0〉 make a pair with a certain |1〉 in A. Let m be the position of the |1〉 and
n be the position of |0〉. The Controlled-NOT gate UC-NOT(m,n) (see Chap. 14)
on ⊗L

1 C
2 attached to the positions m and n is given by

UC-NOT(m,n) ≡ ⊗n−1
1 I ⊗ |0〉〈0| ⊗L−n

1 I + ⊗m−1
1 I

⊗(|0〉〈1| + |1〉〈0|)

⊗n−m−1
1 I ⊗ |1〉〈1| ⊗L−n

1 I,

where we put UC-NOT(m,n) = Um,n. Then construct UP as a combination of the
above unitary operators. We will see this procedure in an example below.

Example 21.1 Let |vin〉 be an initial state such that

amino acid

|vin〉 ≡
︷ ︸︸ ︷
|1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉

gap
︷ ︸︸ ︷
⊗|0〉 ⊗ |0〉 ⊗ |0〉,

and make pairs of |0〉 and |1〉 as

Pair1 ≡ (2,7),

Pair2 ≡ (5,6),

Pair3 ≡ (3,8),

where the first number of the pair denotes the position of |1〉, and the second number
denotes the position of |0〉.

Then UP has the form as

UP ≡ U2,7 · U5,6 · U3,8.

S(1.2) Apply the Hadamard transformation H to |0〉 (the vector of a gap). Let the
unitary operator UF be defined as

UH ≡
sequence length

︷ ︸︸ ︷
I ⊗ I ⊗ · · · ⊗ H︸︷︷︸

gap

⊗ · · · ⊗ I ,

H |0〉 ≡ 1√
2

(|0〉 + |1〉).

In the example, we have

UH |vin〉 = UH · (|1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |0〉)

= (⊗5
1I ⊗3

1 H
)⊗ (|1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |0〉)

= 1√
23

(|1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |0〉
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+ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |1〉
+ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉
+ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉
+ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉
+ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉
+ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉
+ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉).

S(1.3) The third step is to apply UP to the state UH |vin〉. The resulting state
UP UH |vin〉 is called the perturbed state of the sequence.
For the example, it holds that

UP UH |vin〉 = 1√
23

(|1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |0〉
+ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |1〉
+ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉
+ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉
+ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉
+ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉
+ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉
+ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉),

where the bold letters mean that an amino acid changes due to the computa-
tion UP .

Let us do the multiple alignment of N sequences with their common sequence
length L.

S(1.1) Taking a certain value (i.e., a threshold) λ, we compute the objective function
f (A) and we look for the minimum value of this function less than the given
value λ, which gives us the desired alignment. Let |vin〉 be an initial state,

|vin〉 ≡ ⊗k1
1 |1〉 ⊗g1=L−k1

1 |0〉 ⊗k2
1 |1〉 ⊗g2=L−k2

1 |0〉 ⊗ · · · ⊗kn

1 |1〉
⊗gn=L−kn

1 |0〉 ⊗X
1 |0〉 ⊗ |λ〉 ⊗ |0〉.

Make pairs of |0〉 and |1〉 in each sequence randomly, and let the unitary operator
UP be defined as

UP ≡
N∏

i=1

UPi
,
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UPi
≡ Um1,n1 · Um2,n2 · · ·Umgi

,ngi

where mi ≤ ki and gi = L − ki ≤ ni ≤ L.
S(1.2) Apply the discrete Fourier transformation UH to the initial state:

UH ≡
N∏

i=1

UHi
,

where

UHi
≡

L
︷ ︸︸ ︷
I ⊗ I ⊗ · · · ⊗ H︸︷︷︸

gap

⊗ · · · ⊗ I .

Then we have

UH |vin〉 = 1√
2g1+···+gN

⊗k1
1 |1〉 ⊗g1

1

(|0〉 + |1〉)⊗ · · · ⊗kN

1 |1〉

⊗gN

1

(|0〉 + |1〉)⊗N
1 |0〉 ⊗ |λ〉 ⊗ |0〉

= 1√
2g1+···+gN

(⊗k1
1 |1〉 ⊗g1

1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉 ⊗N
1 |0〉

⊗ |λ〉 ⊗ |0〉
+ ⊗k1

1 |1〉 ⊗ |1〉 ⊗g1−1
1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉 ⊗N
1 |0〉

⊗ |λ〉 ⊗ |0〉
+ ⊗k1

1 |1〉 ⊗ |0〉 ⊗ |1〉 ⊗g1−2
1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉 ⊗N
1 |0〉

⊗ |λ〉 ⊗ |0〉
+ ⊗k1

1 |1〉 ⊗ |1〉 ⊗ |1〉 ⊗g1−2
1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉 ⊗N
1 |0〉

⊗ |λ〉 ⊗ |0〉
· · ·
+ ⊗k1

1 |1〉 ⊗g1
1 |1〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |1〉 ⊗N
1 |0〉 ⊗ |λ〉 ⊗ |0〉).

S(1.3) Applying UP to the state UH |vin〉, we obtain the superposition of 2g1 +
· · · + 2gN sequences as follows:

UP UH |vin〉
= 1√

2g1+···+gN

(⊗k1
1 |1〉 ⊗g1

1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉 ⊗N
1 |0〉

⊗ |λ〉 ⊗ |0〉
+ |0〉 ⊗k1−1

1 |1〉 ⊗ |1〉 ⊗g1−1
1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉 ⊗N
1 |0〉
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⊗ |λ〉 ⊗ |0〉
+ |1〉 ⊗ |0〉 ⊗k1−2

1 |1〉 ⊗ |0〉 ⊗ |1〉 ⊗g1−2
1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉
⊗N

1 |0〉 ⊗ |λ〉 ⊗ |0〉
+ ⊗2

1|0〉 ⊗k1−2
1 |1〉 ⊗ |1〉 ⊗ |1〉 ⊗g1−2

1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉
⊗N

1 |0〉 ⊗ |λ〉 ⊗ |0〉
· · ·
+ ⊗g1

1 |0〉 ⊗k1−g1
1 |1〉 ⊗g1

1 |1〉 ⊗ · · · ⊗gn

1 |0〉 ⊗kN−gN

1 |1〉 ⊗gN

1 |1〉
⊗N

1 |0〉 ⊗ |λ〉 ⊗ |0〉).

Step 2. The computation step of the algorithm involves the following two:

S(2.1) Compute the objective function (distance among the sequences). The result
is represented in |f (A′

i )〉 (i = 1, . . . ,2g1+···+gN ).

UCUP UH |vin〉
= 1√

2g1+···+gN

(⊗k1
1 |1〉 ⊗g1

1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉

⊗ ∣∣f (A′
1)
〉⊗ |λ〉 ⊗ |0〉

+ |0〉 ⊗k1−1
1 |1〉 ⊗ |1〉 ⊗g1−1

1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉
⊗ ∣∣f (A′

2)
〉⊗ |λ〉 ⊗ |0〉

+ |1〉 ⊗ |0〉 ⊗k1−2
1 |1〉 ⊗ |0〉 ⊗ |1〉 ⊗g1−2

1 |0〉 ⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉
⊗ ∣∣f (A′

3)
〉⊗ |λ〉 ⊗ |0〉

+ ⊗2
1|0〉 ⊗k1−2

1 |1〉 ⊗ |1〉 ⊗ ∣∣1〉 ⊗g1−2
1 |0〉⊗ · · · ⊗kN

1 |1〉 ⊗gN

1 |0〉
⊗ ∣∣f (A′

4)
〉⊗ |λ〉 ⊗ |0〉

· · ·
+ ⊗g1

1 |0〉 ⊗k1−g1
1 |1〉 ⊗g1

1 |1〉 ⊗ · · · ⊗gN

1 |0〉 ⊗kN−gN

1 |1〉 ⊗gN

1 |1〉
⊗ ∣∣f (A′

2g1+···+gn )
〉⊗ |λ〉 ⊗ |0〉),

where UC is the unitary operator computing the objective function f .
S(2.2) Define the unitary operator UA as the following

UA ⊗LN
1 I ⊗ ∣∣f (A′

i )
〉⊗ |λ〉 ⊗ |0〉

≡ ⊗LN
1 I ⊗ ∣∣f (A′

i )
〉⊗ |λ〉 ⊗

{ |1〉 f (A′
i) ≤ λ,

|0〉 f (A′
i) > λ.
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Apply UA to the state UCUP UH |vin〉, the check bit of the sequences satisfying
λ ≥ f (A′

i ), namely the sequences accepted, becomes |1〉.
Step 3. The observation step proceeds as follows:
If the acceptance probability is very small (say, less than 1

2LN ), we use the chaotic
dynamics to amplify the probability as discussed in Chap. 14. If the acceptance
probability is not so small, calculate again with the same input state and smaller λ.
About 100 rounds of calculation is adequate. Therefore, we can determine whether
there exist alignments such that λ ≥ f (A′

i ) holds with a probability 1/2.

21.3.3 Computational Complexity of Quantum Algorithm

We discuss the difference of the computational complexity between the quantum
algorithm and the classical algorithm for the multiple alignment. Table 21.3 shows
the computational complexity of the classical algorithm and that of the quantum
algorithm. This quantum algorithm is finished in polynomial time of the size N of
input sequences and the sequence length L.

21.4 A Brain Model Describing the Recognition Process

Specialists in modern brain research are convinced that signals in the brain should
be coded by populations of excited neurons (cf. [320, 649, 719, 722]). When con-
sidering models based on classical probability theory, the states of signals should
be identified with probability distributions of certain random point fields located in-
side the volume G of the brain. However, researchers as, for instance, Singer [722]
and Stapp [732] expressed doubts whether classical models could give satisfactory
answers to fundamental problems of modern brain research, and pleaded for using
quantum models. The paper [252] represents a first attempt to explain the process of
recognition in terms of quantum statistics. Here (pure) states of signals are described
by complex functions Ψ of point configurations inside of G where |Ψ |2 is the prob-
ability density of a random point field. Thus a probability distribution of a random
point field called the position distribution corresponding to the quantum state is ob-
tained. On the other hand, the probability distribution of each random point field can

Table 21.3 Computational complexity

Classical algorithm Quantum algorithm

DFT 2N×L N × L

Perturbation 2N×L N × L

Calculation 2N×L × L ×N C2 L ×N C2

Total (2 + L ×N C2) × 2N×L (2N +N C2) × L
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be identified with the position distribution corresponding to a certain quantum state.
In this sense, quantum models are more general than classical models, i.e., the use
of quantum theory gives rise to a more detailed description of reality.

Here there is no intention to create a physiological model of recognition taking
into account exact biological, chemical and/or physical reactions. We are searching
for a mathematical model capable of explaining certain aspects of the recognition
process.

In Sect. 21.4.3, we enumerate 10 postulates [252] any model of brain activities
has to fulfill. In the subsequent subsections, we present some aspects of the general
outline of the model and we check its compliance with the postulates.

In this section, we will discuss how to make a quantum-like brain model to ex-
plain its activities by means of the ideas of quantum entanglement and teleporta-
tion processes of Chaps. 8 and 18. It will be shown that the mathematical model
reproduces the basic properties of the recognition of signals. That is, we confine
ourselves to a simplified description of the basic spaces and operators used in this
approach. Details of the brain model are given in [252–259]. In these papers, the
memory space, the procedures of creation of signals from the memory, amplifica-
tion, accumulation and transformation of input signals, and measurements like EEG
(Electroencephalogram) or MEG (Magnetroencephalogram) are treated in detail.

21.4.1 A Quantum-Like Model of Brain

It is the processing speed that we take as a particular character of the brain, so
that the high speed of processing in the brain is here supposed to come from the
coherent effects of substances in the brain like quantum computer, as was pointed
out by Penrose. Having this in our mind, we propose a model of a brain describing
its function as follows:

The brain system BS is supposed to be described by a triple (B(H), S(H), Λ∗)
on a certain Hilbert space H where B(H) is the set of all bounded operators on H,
S(H) is the set of all states, and Λ∗ is a channel giving a state change.

Further we assume the following:

1. BS is described by a quantum state, and the brain itself is divided into several
parts, each of which corresponds to a Hilbert space so that H = ⊕k Hk and
ϕ = ⊕k ϕk , ϕk ∈ S(Hk). However, in the sequel we simply assume that the
brain is in one Hilbert space H because we only consider the basic mechanism
of recognition.

2. The function (action) of the brain is described by a channel Λ∗ =⊕k Λ∗
k . Here

as in assumption 1 we take only one channel Λ∗.
3. BS is composed of mainly two parts: information processing part “P ” and other

parts “O” (consciousness, memory, recognition) so that H = HP ⊗HO .

In our model, the whole brain may be considered as a quantum computer [603],
but we here explain the function of the brain like a process in a quantum computer,
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Fig. 21.1 Scheme of the
brain model

more precisely, like a quantum communication process with entanglements as in a
quantum teleportation process. We will explain the mathematical structure of our
model.

Let s = {s1 , s2 , . . . , sn} be a given (input) signal (perception), and let s =
{s1, s2, . . . , sn} be the output signal. After the signal s enters the brain, each ele-
ment sj of s is coded into a proper quantum state ρj ∈ S(HP ) so that the state
corresponding to the signal s is ρ =⊗j ρj . This state may be regarded as a state
processed by the brain, and it is coupled to a state ρO stored as a memory (precon-
sciousness) in brain. The processing in the brain is expressed by a properly chosen
quantum channel Λ∗ (or Λ∗

P ⊗ Λ∗
O). The channel is determined in the form of a

network of neurons and some other biochemical actions, and its function is like that
of a (quantum) gate in a quantum computer. The outcome state ρ comes in con-
tact with an operator F describing the work as noema of consciousness (Husserl’s
noema), after the contact a certain reduction of state occurs, which may correspond
to the noesis (Husserl’s) of consciousness. A part of the reduced state is stored in
brain as a memory. The scheme of our model is represented in Fig. 21.1.

21.4.2 Value of Information in Brain

The complex system responds to the information and has a particular role to choose
the information (value of information). Brain selects some information (inputs) from
a huge flow of information (inputs). It will be important to find a rule or rules of such
a selection mechanism, which will be discussed in the framework of adaptive dy-
namics. In the above model of the brain, an output signal s (information) is somehow
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coded into a quantum state ϕP , then it runs in the brain with a certain processing
effect Λ∗ and a memory stored by a state ϕO , and it changes its own figure. Thus we
have two standpoints to catch the value of information in the brain. Suppose that we
have a fixed “purpose (intention) of the brain” described by a certain operator Q,
then one view of the value of information is whether the signal s is important for
the purpose Q and the processing Λ∗, and another is whether the processing Λ∗
chosen in the brain is effective for s and Q. From these views, the value should
be estimated by a function of ϕP ⊗ ϕO , Λ∗, and Q so that it is important to find a
proper measure V (ϕP ⊗ ϕO,Λ∗,Q) estimating the effect of a signal and a function
of the brain. The following properties should hold:

Definition 21.2 (Value of information)

1. s = {s1 , s2 , . . . , sn} is more valuable than s′ = {s′1 , s ′2 , . . . , s′n} for Λ∗ and Q iff

V (ϕP ⊗ ϕO,Λ∗,Q) � V (ϕ′
P ⊗ ϕO,Λ∗,Q).

2. Λ∗ is more valuable than Λ′ ∗ for given s = {s1 , s2 , . . . , sn} and Q iff

V (ϕP ⊗ ϕO,Λ∗,Q) � V (ϕP ⊗ ϕO,Λ′ ∗,Q).

An example of this estimator is discussed in [253]. There exist some relations
between the information of value and the complexity or the chaos degree discussed
in Chap. 10 with the properly chosen complexity C and transmitted complexity T ,
for which we conjecture

D(ϕP ⊗ ϕO,Λ∗;Q) ≤ D(ϕP ⊗ ϕO,Λ′ ∗;Q) ⇐⇒
V (ϕP ⊗ ϕO,Λ∗,Q) ≥ V (ϕP ⊗ ϕO,Λ′ ∗,Q).

The detailed study of this value in the brain is very subtle and more evaluation is
needed.

21.4.3 Postulates Concerning the Recognition of Signals

Singer, a modern brain researcher, summarizes in [722] some common experiences
discovered mainly in the last decade. Following the main ideas in [722], we extract
some postulates any mathematical model of the procedure of recognition of signals
should fulfill:

(P1) The brain acts discrete in time.
(P2) Signals are represented by populations of excited neurons.
(P3) Signals can be decomposed into parts in compliance with the fact that there

are different regions of the brain being responsible for different tasks.
(P4) The brain acts in parallel with respect to the different regions.
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(P5) Signals stored in the brain are superpositions of finitely many elementary
signals.

(P6) The brain permanently creates complex signals representing a hypothesis
concerning an “expected view of the world”.

(P7) Recognition of a signal produced by our senses is a random event which can
occur as a consequence of the interaction of that signal and a signal created
by the brain.

(P8) Recognition causes a loss of excited neurons in some regions of the brain.
(P9) Recognition changes the state of the signal coming from our senses. One will

be aware of that changed signal.
(P10) Changes in some region of the brain have immediate consequences concern-

ing the other regions.

In what follows, we will introduce some basic components of the model—the
basic spaces for the signals and the memory, and the basic operators describing the
process of recognition. We will check whether this approach is in accordance with
the above formulated postulates. The main components of the model are

– a Hilbert space H representing the space of signals,
– a Hilbert space H representing the memory,
– an isometry D : H → H ⊗ H describing the creation of signals from the memory,
– a unitary operator V on H ⊗ H describing the interaction of two signals.

21.4.4 The Space of Signals

Our quantum-like model of signals in the brain is based on the so-called bosonic
Fock space which was discussed in Chap. 18. The use of that Fock space has several
advantages. For instance, as it was pointed out in [719, 722], the space G represent-
ing the whole volume of the brain can be divided into disjoint regions G1, . . . ,Gn

responsible for different aspects of the signals. More precisely, corresponding to that
decomposition of the space the signal should be decomposed into different parts rep-
resenting a special type of information contained in the signal. This can be reflected
in the fact that the bosonic Fock space corresponding to G can be identified with the
tensor product of the bosonic Fock spaces corresponding to the subsets G1, . . . ,Gn.
Moreover, we need the double Fock space, namely, the Fock space over the Fock
space of neurons, the use of such Fock spaces is very essential for the study of brain
in the following reasons: (i) The first (basic) Fock space is needed for the descrip-
tion of neurons as the number of the excited neurons is not fixed and it will be from
0 up to a huge number (which can be considered as ∞). (ii) A set of excited neurons
is described by a state of the first Fock space. We call the set of all such states the
EN-set. The second (upstairs) Fock space is needed for the study of the memory
and recognition because every combination of some EN-sets will be based on the
brain function, and the number of the EN-sets used for the combination will not be
fixed as in the case of neurons. Thus we need the double Fock space to describe the
function of the brain.
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Our brain contains about 100 billions of neurons. Thus a lot of signals could be
described in terms of a classical probabilistic model according to postulate (P2). But
there are many well-known facts being in contradiction to the classical models. In
a classical model, it is difficult to explain that activities in one region of the brain
have immediate consequences concerning the other regions (this is the so-called
binding problem). However, because of nonlocality of quantum theory a quantum
model may be in accordance with postulate (P10). We need a quantum-like model
of the brain to explain its activities being dependent on nonlocality and correlation
existing in the brain.

The starting point for our quantum model is a suitable compact subset G ⊂ R
3

representing the physical volume of the brain. The Hilbert space L2(G) of square
integrable complex-valued functions on G describes a quantum particle inside of G.
Now, a neuron is excited if a certain amount of energy (electric potential) is stored in
it. For that reason, we identify an excited neuron with a quantum particle localized
inside the neuron, i.e., in our model the quantum particle represents that amount of
energy which makes the difference between an excited and a nonexcited neuron. In
this sense, the bosonic Fock space

Γ
(
L2(G)

)=
∞⊕

n=0

S+L2(G)⊗n

represents populations of excited neurons inside the volume G of the brain, where
S+ is defined in Chap. 18. In accordance with postulate (P2), we will use (a sub-
space of) H ≡ Γ (L2(G)) as our basic space of signals. Incoming signals and
signals taken from the memory are states on the Fock space H. The use of the
Fock space has several advantages. The most striking one is that the Fock space
over G can be identified with the tensor product of the bosonic Fock spaces cor-
responding to the subsets G1, . . . ,Gn for an arbitrary disjoint partition of the
space G:

Γ
(
L2(G)

)= Γ
(
L2(G1)

)⊗ · · · ⊗ Γ
(
L2(Gn)

)
. (21.1)

The property (21.1) is conformed to postulate (P3). Postulate (P5) states that there
is a finite number of elementary signals generating all signals. Due to the excep-
tional properties of exponential vectors being in accordance with our postulates,
we restrict ourselves to signals given by exponential vectors. Besides the above
decomposition property, the Fock space has the property that exponential vec-
tors from H decompose in the same way into independent partial signals from
Γ (L2(Gr)), r ∈ {1, . . . , n}, and the partial signals are again given by exponen-
tial vectors. More precisely, an exponential vector exp(f ) ∈ H corresponding to
f ∈ L2(G) is given by

exp(f ) = (exp(f )n

)∞
n=0 ∈ Γ

(
L2(G)

)
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with

exp(f )0 = 1, exp(f )n(x1, . . . , xn) =
n∏

k=1

f (xk) (n ≥ 1, x1, . . . , xn ∈ G).

For f ∈ L2(G) and for a disjoint decomposition G1, . . . ,Gn of G one has

exp(f ) = exp(f|1) ⊗ · · · ⊗ exp(f|n) (21.2)

where f|k is the restriction of f to Gk , k ∈ {1, . . . , n}. This property is in accordance
with postulate (P3). Moreover, this property of the exponential vectors enables us to
reflect in a clear sense the fundamental experimental experience (P4) that the brain
is acting in parallel in the disjoint regions.

Now, for a partition G1, . . . ,Gn of G we fix positive numbers λ1, . . . , λn repre-
senting the intensity of the signals in the single regions, and we fix finite orthonormal
systems

f
(k)
1 , . . . , f (k)

rk
∈ Γ

(
L2(Gk)

) (
f (k) ∈ L2(Gk), nk ∈ N, k ∈ {1, . . . , n}).

The exponential vectors exp(λkf
(k)
1 ), . . . , exp(λkf

(k)
rk ) ∈ Γ (L2(Gk)) span finite-

dimensional subspaces Hk ⊂ Γ (L2(Gk)) representing the space of signals in the
region Gk . Since |λk |2 is the expectation of the number operator with respect to the
pure (coherent) state given by λkf

(k)
j the intensity of the signals in the region Gk is

represented by |λkf
(k)
j |2. By choosing the above-mentioned orthonormal systems,

we pass from the infinite-dimensional spaces Γ (L2(Gk)) to the finite-dimensional
subspaces Hk , and on G we get a finite-dimensional space

Hsig ≡ H1 ⊗ · · · ⊗ Hn

of regular signals. The functions f
(k)
j represent the type of signals, and the number

λk the intensity of the signals in the region Gk .

21.4.5 The Memory Space

Now we want to describe the (long-term) memory. We have used the Hilbert space
H = Γ (L2(G)) in order to describe signals (coded by sets of excited neurons).
The memory contains information concerning sets of signals. For that reason, it
seems to be reasonable to describe the memory using a space consisting of sets of
configurations. Mathematically, this can be done by constructing the (symmetric)
Fock space H over the Hilbert space H, i.e.,

H ≡ Γ (H) =
∞⊕

n=0

S+H⊗n.
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We will call this space compound Fock space over G. Let us remark that H itself
can be represented as an L2-space over a space of configurations M . Consequently,
the compound Fock space H is a Fock space of the same kind as H. In an analogous
way to (21.2) we can define exponential vectors EXP(Ψ ) in the memory space H
(one only has to replace points from G by configurations of points from M (see
Sect. 18.4.1)):

EXP(Ψ ) = ((EXP(Ψ )
)
n

)∞
n=0

(
EXP(Ψ )

)
0 = 1,

(
EXP(Ψ )

)
n
(ϕ1, . . . , ϕn) =

n∏

k=1

Ψ (ϕk) (Ψ ∈ H, ϕk ∈ M,n ∈ N).

It is well known [722] that there are finite sets of certain elementary signals
corresponding to the different regions of the brain, and the only signals which can be
stored in the memory are superpositions of such elementary signals. That’s why we
first passed over from H to the finite-dimensional subspace Hsig of regular signals.
Now, the same arguments lead to a restriction of H to Hmem ⊂ H. This subspace
we will call the memory space.

Now, according to a postulate, recognition is based on a comparison of incoming
signals with signals coming from the memory. For that reason, according to pos-
tulate (P6), we have to define an operator describing the removal of single signals
from the sets of signals stored in the memory. This will be done with the aid of an
isometry being a bounded variant of the Hida–Malliavin derivative.

Let D : Hmem → Hmem ⊗ Hsig be the isometry given on the exponential vectors
EXP(R) by

DEXP(R) = EXP(R) ⊗ 1√
N + 1

R (R ∈ Hsig)

where N denotes the number operator in H.
More precisely, if ϕ is a set of excited neurons ϕ ∈ M , and Φ a family of such

sets of neurons we have

(
DEXP(R)

)
(Φ,ϕ) = 1√|Φ| + 1

· EXP(R)(Φ) · R(ϕ).

21.4.6 The Exchange Operator

Now let us consider a unitary operator V on H ⊗ H describing the interaction of
two signals, one coming from our senses and one created by the memory with the
aid of the operator D. We fix a decomposition of G into subsets G1, . . . ,Gn in
compliance with the fact that there are different parts of the brain being responsible
for different tasks. Because of the decomposition (21.1) of the Fock space, we can
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make the following identification

H ⊗ H = (Γ (L2(G1)
)⊗ Γ

(
L2(G1)

))⊗ · · ·
⊗ (Γ (L2(Gn)

)⊗ Γ
(
L2(Gn)

))
. (21.3)

Postulate (P4) states that the brain acts in parallel with respect to the different
regions. For that reason, the unitary operator V should decompose in the same way
as the Fock space does. Experiments show that the regions can increase or decrease
[541]. Further, they can change their location on the surface of the brain [735]. On
the other hand, the physical structure of the brain does not change, i.e., there are
always the same neurons, irrespective of the task they are involved.

Consequently, for each possible finite disjoint decomposition G1, . . . ,Gn of G

the operator V : H ⊗ H → H ⊗ H has to have the representation

V = VG1 ⊗ · · · ⊗ VGn (21.4)

where VGr is a unitary operator on Γ (L2(Gr)) ⊗ (L2(Gr)), r ∈ {1, . . . , n}. Con-
dition (21.4) is a very strong one. It was shown in [258] that only operators

V : H ⊗ H → H ⊗ H acting on exponential vectors of the type

V exp(f ) ⊗ exp(g) = exp(b1f + b2g) ⊗ exp(b3f + b4g)
(
f,g ∈ L2(G)

)

fulfill condition (21.4). Hereby, (b1, b2, b3, b4) : G → C
4 are functions satisfying

∣
∣b1(x)

∣
∣2 + ∣∣b2(x)

∣
∣2 = 1 = ∣∣b3(x)

∣
∣2 + ∣∣b4(x)

∣
∣2 (x ∈ G),

b1(x)b3(x) + b2(x)b4(x) = 0 (x ∈ G).

Moreover, taking into account that neurons are “nonspecialized” (cf. [722]) the func-
tions bk should be constant. Adding a symmetry condition, we finally infer

b4 = − 1√
2
, b1 = b2 = b3 = 1√

2
.

Summarizing we can conclude that the interaction of two signals should be de-
scribed by the symmetric beam splitter V on H ⊗ H given on exponential vectors
f,g ∈ L2(G) by

V exp(f ) ⊗ exp(g) = exp

(
1√
2
(f + g)

)

⊗ exp

(
1√
2
(f − g)

)

. (21.5)

Observe that the operator V is unitary and self-adjoint which implies V V = IH⊗H
(I denotes the identity operator). Further, V is a so-called exchange operator, i.e.,

V preserves the number of excited neurons supporting both of the signals in each
part of G. For that reason, the use of the unitary operator V reflects the hypothe-
sis that signals permanently exchange their supports without any loss of informa-
tion [722]. A detailed investigation of the class of exchange operators was given
in [250].
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21.4.7 Processing of the Signals

Processing is described on the space

H̃ ≡ Hsig ⊗ Hsig ⊗ Hmem

↑ ↑ ↖
sig- in- memory
nal com- before
chosen ing and
from sig- after
mem- nal process-
ory ing

With the aid of D, a signal is created from memory. Then this signal and the
incoming signal interact via the operator V , and two new signals arise. The operator

D∗ adjoint to D reimplants the changed signal to the memory. This is, of course,
only the processing in a very simplified way where only one step is taken into ac-
count. In a more realistic model, one has to incorporate also repeated interactions,
amplification processes, etc. Schematically, one step of the processing could be il-
lustrated by the following picture

Hsig
︸︷︷︸

⊗ Hmem︸ ︷︷ ︸

I ⊗ D�
�
�
�
︷ ︸︸ ︷

Hsig ⊗ Hsig
︸ ︷︷ ︸

⊗ Hmem︸ ︷︷ ︸

Ṽ ⊗ I�
�
�
�

︷ ︸︸ ︷

Hsig
︸︷︷︸

⊗ Hsig ⊗ Hmem
︸ ︷︷ ︸

I ⊗ D∗
�
�
�
�

Hsig ⊗ Hmem

21.4.8 Recognition of Signals

In order to describe the basic idea of recognition, we consider the special case of
coherent states of the input-signal given by the exponential vectors Ψ in = exp(g)
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and coherent signals Ψ mem = exp(f ) chosen from the memory. The interaction with
the beam splitter V of the signals gives again a pair of coherent states

V
(
exp(f ) ⊗ exp(g)

)= exp

(
1√
2
(f + g)

)

⊗ exp

(
1√
2
(f − g)

)

.

If we have f = g then exp( 1√
2
(f − g)) = exp(0) represents the vacuum state. Even

in the case f �= g, the vacuum can occur with probability e− 1
2 ‖f −g‖2

. In the case
f = g, the next step gives the pair of states

V
(

exp

(
1√
2
(f + g)

)

⊗ exp(0)

)

= exp

(
1

2
(f + g)

)

⊗ exp

(
1

2
(f + g)

)

,

i.e., the pair of created signal and signal arising from the senses coincide after that
two steps of exchange if the above mentioned event occurs. For that reason, we will
interpret this event as “full recognition” (postulate (P7)). If nothing happens, the
second step of exchange reconstructs the original pair of states

V
(
Ψ mem ⊗ Ψ in)= Ψ mem ⊗ Ψ in,

and the procedure can start again. Of course, in a real brain we would have only an
approximate recognition of the function g.

Observe that the event of recognition causes a change of the signals. Further-
more, the repetitions of the procedure after the first recognition will not cause fur-
ther changes of the pair of states. The recognition causes a certain loss of excited
neurons, with reflects postulate (P8). In the case of our example, the expectation of
that loss is

‖f ‖2 + ‖g‖2 − 1

2
‖f + g‖2 = 1

2
‖f − g‖2.

Furthermore, the model reflects another well known experience, namely that in the
case of signals being “unexpected” from the point of view of the memory, the prob-
ability of recognition is small but the measured activity, i.e., the loss of excited
neurons, is large.

Normally, full recognition does not occur—only some kind of partial recognition.
We fix a decomposition G1, . . . ,Gn of G. In a first step, in one of the regions Gk

recognition can occur. All further applications of VGk
will not cause any change.

However, occasionally after several applications of V in further regions we may get
additional partial recognition. Such a procedure is in accordance with postulate (P1)
claiming that recognition is a process discrete in time. That means the recognition
of the signal will be improved step by step up to the maximal level. Such a model
agrees with experimental experiences. Following [735], one step of this process lasts
10−13–10−10 seconds, and the whole procedure lasts 10−3–10−1 seconds.

Further mathematical study of the recognition is given in the papers [256, 259].
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21.4.9 Measurements of the EEG-Type

Let u be a function on G representing the electric potential of one excited neuron
measured by an electrode placed on the surface of the scalp. If ϕ denotes a finite
subset of G representing the positions of a configuration of excited neurons then the
electric potential of that configuration measured by the electrode is given by

U(ϕ) ≡
(∑

x∈ϕ

u(x)

)

.

We mentioned already that the bosonic Fock space H can be identified with a certain
L2-space of functions of finite point configurations, i.e., functions of finite subsets
ϕ of G [243], and the Fock space H can be identified with a certain L2-space of
functions of finite families Φ of point configurations from G. For that reason, the
elements of H ⊗ H ⊗ H are functions Ψ (Φ,ϕ1, ϕ2) where ϕ1 and ϕ2 are finite
subsets of G, and Φ denotes a finite family of point configurations from G. One
may interpret

ϕ1 as the “support” of the created signal,
ϕ2 as the “support” of the arriving signal,⋃

ϕ∈Φ

ϕ as the “support” of all signals in the memory.

Then

Z(Φ,ϕ1, ϕ2) ≡ ϕ1 ∪ ϕ2 ∪
⋃

ϕ∈Φ

ϕ

represents the positions of all excited neurons in the brain. Consequently, the oper-
ator of multiplication corresponding to the function U(Z(ϕ1, ϕ2,Φ)) represents the
measurement of the electric potential of the brain corresponding to one electrode.

Now, in the case of an EEG-device one uses a sequence of potentials (uk)
r
k=1

of the type uk(x) ≡ u(x − yk) (x ∈ G). Hereby, yk represents the position of the
kth electrode placed on the surface of the scalp. The corresponding operators of
multiplication commute [255], i.e., one is able to perform the corresponding mea-
surements simultaneously.

In this section, we briefly discussed the fundamentals of mathematical descrip-
tion of the brain and its activities, whose details are in [256, 259, 603].

21.5 Evolution Tree and Study of the HIV and the Influenza
A Viruses: As Applications of Information Dynamics

In this section, we study the evolution of species and the characterization of the
HIV-1 and the Influenza A viruses by applying various entropies and the chaos de-
gree in dynamical processes.
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21.5.1 Genetic Difference and Evolution Tree

It is interesting to study the evolution of species only from the data of the genome or
sequences of amino acids. We discuss the evolution tree by introducing a measure
defined by the Shannon’s entropies.

Almost all genetic differences are based on counting or predicting the number
of substitutions during the biological evolution of each organism. There are several
problems with this type of genetic difference when one considers multiple changes
in one site. In such a case, entropy will play a rather nice role. Moreover, a measure
by means of entropy allows us not only to give a difference for the substitution rate
in two sequences but also to enable including information transmitted between two
sequences.

Let X, Y be the aligned amino acid sequences of two organisms. X and Y are
composed of 20 kinds of amino acids and the gap (indel) “∗”. Then we have three
complete event systems:

(
X

p

)

=
(

a0 a1 · · · a20
p0 p1 · · · p20

)

,

(
Y

q

)

=
(

a0 a1 · · · a20
q0 q1 · · · q20

)

,

(
X × Y

r

)

=
(

** *a1 · · · a20a20
r00 r01 · · · r2020

)

.

That is, the complete event system (X,p) of X is determined by the occurrence
probability pi (0 ≤ i ≤ 20) of each amino acid and the gap *, which is the proba-
bility distribution p = (pi)

20
i=0. Similarly, the complete event system (Y, q) of Y is

determined by the probability distribution q = (qj )
20
j=0. In addition, the compound

event system (X × Y, r) of X and Y is determined by the joint probability distribu-
tion r = (rij )

20
i,j=0, that is, rij ≡ p(xi ∈ X,yj ∈ Y), which satisfies the conditions

∑
j rij = pi and

∑
i rij = qj .

These event systems define various entropies, among which the following two
are important:

1. Shannon entropy

S(X) = −
∑

i

pi logpi,

which expresses the amount of information carried by (X,p).
2. Mutual entropy

I (X,Y ) =
∑

i,j

rij log
rij

piqj

,

which expresses the amount of information transmitted from (X,p) to (Y, q).
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Using the entropy and the mutual entropy, a quantity measuring the similarity be-
tween X and Y was introduced as

r(X,Y ) = 1

2

{
I (X,Y )

S(X)
+ I (X,Y )

S(Y )

}

,

which is called the symmetrized entropy ratio, and it takes values in the domain
[0,1]. We can also define the following similarity

r ′(X,Y ) = I (X,Y )

S(X) + S(Y ) − I (X,Y )
.

As the similarity between X and Y becomes larger, the values of the above r(X,Y )

and r ′(X,Y ) get larger. Using one of these rates, a measure, called the entropy
evolution rate (EER) and indicating the difference between X and Y , was introduced
as follows [571]:

ρ(X,Y ) = 1 − r(X,Y )
(
or 1 − r ′(X,Y )

)
, 0 ≤ ρ(X,Y ) ≤ 1.

As the difference between X and Y becomes larger, the value of the entropy evolu-
tion rate gets larger.

When one is interested in studying the evolution tree for n-species, Xk (k =
1, . . . , n), one can compute the EER ρij ≡ ρ(Xi,Xj ) for the ith and j th species,
which define the so-called genetic matrix G ≡ (ρij ).

21.5.2 A Method Constructing Phylogenetic Trees

In this subsection, we briefly review the UPG (unweighted pair group clustering)
method and the NJ (neighbor-joining) method writing a phylogenetic tree.

The UPG method was initiated by Sneath and Sokai and by Nei [728]; it is now
understood as a way to divide organisms into several groups. The pair having the
smallest difference makes the first group. Then we try to find the next group (pair or
triple) giving the second smallest difference calculated for any pair out of organisms
and the first group. Moreover, we consider the difference between two groups, that
is, the averaged difference of all pairs of organisms in two groups. We repeat this
procedure and make a final group as well as a final relation among all organisms.
Let us show this procedure by an example.

Let the difference between an organism A and an organism B be denoted by
ρ(A, B), which is an element of the properly defined genetic (distance) matrix given
in advance. The averaged difference between an organism A and a group (B, C) is
denoted by ρ(A, (B, C)), and it is computed by

ρ
(

A, (B, C)
)= ρ(A, B) + ρ(A, C)

2
.
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Table 21.4 Genetic distance
matrix A B C D E

A 0 3 5 7 8

B 3 0 6 8 6

C 5 6 0 9 10

D 7 8 9 0 7

E 8 8 10 7 0

The averaged difference between a group (A, (B, C)) and a group (D, E ) is com-
puted as

ρ
(

A, (B, C), (D, E )
)

= ρ(A, D) + ρ(A, E ) + ρ(B, D) + ρ(B, E ) + ρ(C, D) + ρ(C, E )

6
.

Now, suppose that the genetic distance matrix is given as in Table 21.4. Then an
organism A and an organism B are first combined together because the difference
between A and B is the smallest. Secondly, we compute the differences for a group
(A, B) and one of three organisms C , D, and E :

ρ
(
(A, B), C

) = ρ(A, C) + ρ(B, C)

2
= 5 + 6

2
= 5.5,

ρ
(
(A, B), D

) = ρ(A, D) + ρ(B, D)

2
= 7 + 8

2
= 7.5,

ρ
(
(A, B), E

) = ρ(A, E ) + ρ(B, E )

2
= 8 + 8

2
= 8,

(
ρ(C, D) = 9, ρ(C, E ) = 10, and ρ(D, E ) = 7

)
.

Since the pair having the smallest difference forms a group, the group (A, B) and
the organism C are combined.

We next compute the following three differences:

ρ
((

(A, B), C
)
, D
) = ρ(A, D) + ρ(B, D) + ρ(C, D)

3

= 7 + 8 + 9

3
= 8,

ρ
((

(A, B), C
)
, E
) = ρ(A, E ) + ρ(B, E ) + ρ(C, E )

3

= 8 + 8 + 10

3
= 8.3,

(
ρ(D, E ) = 7

)
.
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Fig. 21.2 Example of
phylogenetic tree by UPG

Fig. 21.3 Network of
organisms

Accordingly, we have a group (D, E ). Finally,

ρ
((

(A, B), C
)
, (D, E )

)= 8.3.

On the basis of the above results, we can write a phylogenetic tree of these organisms
as in Fig. 21.2.

The NJ method was initiated by Saito and Nei [670]. In this method, the branch
length is reflected from the genetic difference.

Let us assume that there exist n organisms, and call a node by a virtual point
through which some organisms are connected. We call the two organisms connected
by one node the “neighborhood”, and the set of neighborhoods makes one group.
The NJ method is an iterative algorithm combining two neighborhoods (i.e., an or-
ganism and an organism, an organism and a group, a group and a group) to make a
new group until all organisms make one group.

First, we have to find the group of just two organisms, a “neighborhood”. In order
to find such a neighborhood, let us consider the following network as in Fig. 21.3.
In this network, two organisms a1 and a2 is supposed to be a neighborhood with a
node CA and the other organisms are connected through another node CB .

Put A = {a1, a2} and B = {b1, b2, . . . , bn}. The sum of all branch lengths TA,B

in the above network is defined as

TA,B = T(a1,a2),(b1,b2,...,bn)

= 1

2n

2∑

i=1

n∑

j=1

Daibj
+ 1

2
Da1a2 + 1

n

n−1∑

i=1

n∑

j=i+1

Dbibj
.

We look for the pair giving the minimum value of the above TA,B . The pair of
organisms {a1, a2} which gives the minimum value makes a neighborhood.

Once certain two organisms are selected as a neighborhood, we can calculate
each branch length as follows. Let Da1,CA

be the length between an organism a1
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and a node CA, and let Da2CA
be the length between an organism a2 and a node CA

defined as

Da1CA
= 1

2
Da1a2 + 1

2n

n∑

i=1

(Da1bi
− Da2bi

),

Da2CA
= 1

2
Da1a2 + 1

2n

n∑

i=1

(Da2bi
− Da1bi

).

Then, we also define a genetic difference between a neighborhood of organisms in
the pair A = {a1, a2} and another organism c as

DA,{c} = D(a1,a2),c

= 1

2
(Da1c + Da2c).

After we find the pair {a1, a2}, we regard this pair as one organism and repeat the
above procedures.

Let us explain the above procedure by an example having the genetic differences
as in Table 21.4.

When A = {a1, a2}, we denote the sum of all the branches TA,B as

TA,B = T(a1,a2),(b1,b2,...,bn) = Ta1a2 .

Then we calculate a new distance matrix (Tij ). For example, TAB is calculated as

TAB = T(A,B),(C,D,E )

= 1

2 · 3

2∑

i=1

3∑

j=1

Daibj
+ 1

2
Da1a2 + 1

3

2∑

i=1

3∑

j=i+1

Dbibj

= DA C + DA D + DA E + DB C + DB D + DB E + 3DA B + 2(DC D + DC E + DD E )

6

= 5 + 7 + 8 + 6 + 8 + 8 + 3 · 3 + 2(9 + 10 + 7)

6
= 17.16.

Table 21.5 shows the distances Tij calculated as above. From this table, the or-
ganisms D and E are paired as they give a minimum value. Here, the length between
D and CA, and the length between E and CA are

DDCA
= 3.17,

DE CA
= 3.83.

Now, the tree is like in Fig. 21.4.
The distance matrix is rewritten as Table 21.6.
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Table 21.5 Genetic distance
matrix Tij A B C D E

A 0 17.2 17.3 18.2 18.3

B 17.2 0 17.5 18.3 18.0

C 17.3 17.5 0 18.0 18.2

D 18.2 18.3 18.0 0 16.5

E 18.3 18.0 18.2 16.5 0

Fig. 21.4 The network based
on the above data

Table 21.6 Refined distance
matrix A B C D, E

A 0 3 5 7.5

B 3 0 6 8

C 5 6 0 9.5

D, E 7.5 8 9.5 0

Fig. 21.5 Unrooted tree by
the NJ method

We repeat this procedure until all organisms are connected into one group. Fi-
nally, the difference between two groups is calculated by selecting organisms from
each group. The final network is in Fig. 21.5. Taking the middle point of the
longest path as a location of a common ancestor, we get the final phylogenetic tree
(Fig. 21.6).
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Fig. 21.6 Rooted tree by the
NJ method

In the next subsection, we write phylogenetic trees by using these methods with
the genetic matrix constructed from our entropy evolution rate ρ(A, B) and the
substitution rate.

21.5.3 Phylogenetic Tree for Hemoglobin α

In this subsection, we write phylogenetic trees for hemoglobin α. We here con-
sider the following species: Monodelphia (human, horse), Marsupialia (gray kan-
garoo), Monotremata (platypus), Aves (ducks, greylag goose), Crocodilia (alligator,
nile crocodile), viper, bullfrog tadpole, Osteinthyes (carp, goldfish), Port Jackson
shark. All data are taken from the PIR [282]. Let the degree of difference between
two organisms A and B be given as

ρ1(A, B) = 1 − r(A, B)

or

ρ2(A, B) = n

N
,

where n is the number of replaced amino acids between the sequences A and B and
N be the number of amino acids in A or B both after the alignment. Then we can
make the genetic matrix ρk from ρk(A, B) (k = 1,2) such that ρk = (ρk(A, B)), by
which we can construct the phylogenetic tree for the above species. The difference
ρ1 is new, but the difference ρ2 (or its modification) is used on several occasions.

The phylogenetic trees written by ρ1 and ρ2 are shown in Fig. 21.7 and Fig. 21.8,
respectively.

Figure 21.9 is a result estimated from the fossils of species. At first glance,
Fig. 21.7 is closer to Fig. 21.9 than Fig. 21.8.

For more scientific judgment among the resulted phylogenetic trees, Robinson
and Foulds [662] considered a certain operation which expresses the movement of a
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Fig. 21.7 Tree constructed
by entropy evolution ratio

Fig. 21.8 Tree constructed
by substitution rate

Fig. 21.9 Tree constructed
by fossils

branch between two phylogenetic trees. For two phylogenetic trees, say X and Y , if
we can overlap X with Y by moving n branches in X, then the difference between
X and Y is said to be n. There are two such operations α and β: α is the operation
adding a branch in a tree, and β is that eliminating a branch, as shown in Fig. 21.10.

The difference of three phylogenetic trees in Fig. 21.7, Fig. 21.8, and Fig. 21.9
are shown in Table 21.7. Therefore, if we believe the phylogenetic tree written by the
data of fossils and if the UPG method is a plausible way to write the phylogenetic
tree, then the genetic matrix ρ1 constructed by the entropy ratio will be better than
the genetic matrix ρ2. Even so, we have a little difference between Fig. 21.7 and
Fig. 21.9, so that we might need to refine both the UPG method and the genetic
matrix in order to write more accurate phylogenetic trees.
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Fig. 21.10 RF operations

Table 21.7 RF-distance
between trees Figure 21.7 Figure 21.8 Figure 21.9

Figure 21.7 2 2

Figure 21.8 2 4

21.5.4 Evolution and Its Tree of HIV by EER

We used the sequence data of V3 region of the env gene obtained from 25 HIV-1
infected patients (P1–P25) reported in [170, 269, 356, 705, 819] and those of the
protease (PR) region of the pol gene from 13 different patients (P13–P25) reported
in [269, 356] (Table 21.8). For each infected patient, data were obtained at several
points in time after HIV-1 infection. Some patients had progressed to AIDS and
died of AIDS-related complications, while others have been asymptomatic during
the period of the follow-up.

To estimate prognosis in patients with human immunodeficiency virus type 1
(HIV-1) infection, we analyzed sequences of V3 region obtained at several points in
time following seroconversion of each patient by means of a genetic measure called
entropy evolution rate. Our results indicated that the entropy evolution rate can be
one of surrogate markers to estimate the stage of disease.

Data used in our analysis are amino acid and nucleotide sequences of the V3
region for virus clones that were isolated at several time points from each of HIV-1-
infected patients. Here, 25 patients were designated as patients P1–P25. Table 21.8
shows the summary of data for patients used in this study.

In order to examine the relation between sequence variability in V3 and dis-
ease progression, we constructed phylogenetic trees using the neighbor-joining (NJ)
method with genetic matrix made using the entropy evolution rate. The denotation of
viral sequences in phylogenetic analysis means that the first part is the time follow-
ing seroconversion (year (y), month (m)) or the date (e.g., 11/’87). The second part
indicated in parentheses is the number of identical sequences (e.g., (9)). [M] and
[T] denote the macrophage-tropic virus and T-cell-tropic virus, respectively. The
filled circles indicate SI (syncytium inducing) phenotype, the others indicate NSI
(non-syncytium inducing) phenotype.
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Table 21.8 HIV-1 infected patients

Patients AIDS Death Molecular Region of

diagnosis diagnosis type HIV-1 gene

P1 × ◦109 months (9.1 years) after
seroconversion

viral RNA of plasma and
viral DNA of PBMC

V3

P2 × × viral RNA of plasma and
viral DNA of PBMC

V3

P3 ◦ ◦109 months (9.1 years) after
seroconversion

viral RNA of plasma and
viral DNA of PBMC

V3

P4 ◦ ◦ 97 months (8.1 years) after
seroconversion

viral RNA of plasma and
viral DNA of PBMC

V3

P5 ◦ ◦ 85 months (7.1 years) after
seroconversion

viral RNA of plasma and
viral DNA of PBMC

V3

P6 ◦ ◦109 months (9.1 years) after
seroconversion

viral RNA of plasma and
viral DNA of PBMC

V3

P7 × × viral RNA of plasma and
viral DNA of PBMC

V3

P8 × × viral RNA of plasma and
viral DNA of PBMC

V3

P9 ◦ ◦ around 10 years after sero-
conversion

viral RNA of serum V3

P10 ◦ ◦ around 14 years after sero-
conversion

viral RNA of serum V3

P11 ◦ × viral RNA of serum V3

P12 × × viral RNA of serum V3

P13 × × viral DNA of PBMC V3, PR

P14 × × viral DNA of PBMC V3, PR

P15 × × viral DNA of PBMC V3, PR

P16 × × viral DNA of PBMC V3, PR

P17 × × viral DNA of PBMC V3, PR

P18 × × viral DNA of PBMC V3, PR

P19 × × viral DNA of PBMC V3, PR

P20 × × viral DNA of PBMC V3, PR

P21 × × viral DNA of PBMC V3, PR

P22 × × viral DNA of PBMC V3, PR

P23 × × viral DNA of PBMC V3, PR

P24 × × viral DNA of PBMC V3, PR

P25 × × viral DNA of PBMC V3, PR

PBMCs; Peripheral blood mononuclear cells
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Fig. 21.11 Months post seroconversion

We analyzed sequences of the V3 region obtained at several time points after
seroconversion of each patient by means of entropy evolution rate.

We here explain the evolution tree of two persons P1 and P12. Person P1 is a
patient who had a decline of CD4 + T cells to less than 200 cells/µl in approximately
six years (diagnosis as AIDS) after seroconversion, and died in 9.1 years. Person
P12 is a patient who has been asymptomatic during the more than five years of
follow-up. The analysis of other patients has been done in [596, 677]. The change
of entropy evolution rate for Patient P1 is given in Fig. 21.11 and the evolution tree
for P1 is given in Fig. 21.12. Those for patient P12 are given in Figs. 21.13 and
21.14, respectively.

21.5.5 Use of the Entropic Chaos Degree to Study Influenza
A Viruses and HIV-1

Influenza pandemics threaten our lives. The twentieth century saw three influenza
pandemics: the 1918 (“Spanish influenza”) H1N1 virus, the 1957 (“Asian in-
fluenza”) H2N2 virus, and the 1968 (“Hong Kong influenza”) H3N2 virus. Ac-
cording to the World Health Organization (WHO), the deaths of the 1918, 1957,
and 1968 pandemics are estimated at 40–50 million people, 2 million people, and
1 million people worldwide, respectively. And in the spring of 2009, a new H1N1
influenza virus emerged and caused another pandemic. The new 2009 H1N1 virus
still remains as a very high transmission among humans and has spread worldwide.
As of January 31, 2010, WHO reported that at least 15 174 people worldwide have
been killed by the 2009 H1N1 infections.

Moreover, though it is not considered a pandemic, an H1N1 strain which ap-
peared in 1977 (called “Russian influenza”) caused severe epidemic in children



648 21 Applications to Life Science

Fig. 21.12 The evolution tree for P1

and young people worldwide. Like the 1977 epidemic, a large mortality was
also recorded for the epidemics that occurred in 1928–1929 (H1N1), 1932–1933
(H1N1), 1951–1953 (H1N1), and 1997–1999 (H3N2) [291, 531, 545]. By contrast,
the epidemic H1N1 virus which emerged in 1947 was globally distributed like a
pandemic virus, but the mortality was relatively low like a yearly influenza epidemic
[531, 545, 708].

It is very interesting to find the dynamics causing the changes of viruses from one
type to another. If one could get a rule to describe the dynamics such as Schrödinger
equation of motion and trace the changes of the viruses, it would be a great step in
studying the genome of the influenza A virus, even more in studying the disease due
to that virus. However, it is also very difficult to find such an equation of motion and
more difficult to solve it because the micro-dynamics of the virus change will be one
of the multi-body problems with very complicated interactions. In any case, we have
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Fig. 21.13 Months post seroconversion

to look for some rule representing the dynamics even in not complete micro-level,
that is, in a certain macro-level. Most of biologists discuss the changes of viruses by
looking at each site of genome or counting the substitution rate of the sites. We use
the probability theory and the chaos degree to study such changes, which provide us
with a few more rules than merely counting.

Influenza A viruses have eight pieces of segmented RNA that encode 11 pro-
teins [614]. The antigenic properties in the two viral surface proteins, hemagglutinin
(HA) and neuraminidase (NA), are used to classify influenza A viruses into differ-
ent subtypes. Influenza A viruses representing 16 HA (H1 to H16) and 9 NA (N1 to
N9) antigens have been detected in wild birds and poultry all over the world [453,
614]. Wild aquatic birds are considered to be natural reservoirs for all subtypes of
Influenza A viruses [263, 544].

Avian influenza A viruses are classified as either highly pathogenic avian in-
fluenza (HPAI) or low pathogenic avian influenza (LPAI) viruses, based on a poly-
basic amino acid cleavage site within the HA and the severity of disease. To date,
only subtypes containing H5 or H7 have been found in the highly pathogenic form.
Since 2003, the HPAI H5N1 viruses have spread throughout Asia, Europe, Middle
East, North and West Africa with outbreaks in poultry and continuing cases of hu-
man infection [214, 633]. Despite widespread exposures to poultry infected with the
H5N1 viruses, the H5N1 viruses have never circulated widely among humans [2].
According to the WHO, almost all human infections can be linked to contact with
infected poultry.

Currently, influenza A viruses circulating among humans are H1N1, H1N2, and
H3N2 subtypes. Influenza A viruses continually change by the accumulation of
point mutation in the gene that encodes the two HA and NA proteins. This continual
change is called “antigenic drift”, and is associated with seasonal influenza. Be-
sides antigenic drift, influenza A viruses suddenly change to form a new influenza
A subtype or a virus with HA segment or HA and NA segments emerging by re-
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Fig. 21.14 The evolution tree for P12

assortment when two more influenza virus strains of the same or different subtypes
co-infect a single host cell and whereby exchanging RNA segments [544]. This sud-
den change is called “antigenic shift”, and is associated with a pandemic. The cause
of the 1957, 1968, and 2009 pandemics is considered as antigenic shift [708, 726],
though the prerequisite condition for pandemic emergence is unknown [744, 755].
Moreover, the cause of the 1947, 1951–1953, and 1997–1999 epidemics is con-
sidered as intrasubtypic antigenic shift [531, 744]. Other severe epidemic viruses
with high mortality are caused by antigenic drift, such as seasonal influenza viruses
[531].

Given this, we have the following questions: (i) Why the H5N1 viruses have not
initiated sustained human-to-human transmission? (ii) What evolutional processes
determine the severity of influenza A viruses? (iii) What are the conditions lead-
ing to differences between severe epidemic influenza viruses, pandemic influenza
viruses, and seasonal influenza viruses? (iv) If the reason for the differences is anti-
genic change in the HA segment or HA and NA segments, we would like to know
how much change HA and NA proteins or proteins other than HA protein need to
acquire severe epidemic or pandemic capability.
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Although these questions may be difficult to answer, we would like to find an
answer from an information-theoretical point of view. Entropic Chaos Degree that
has been introduced in Information Dynamics can explore a change in the amount
of information that the whole sequence holds. We applied the entropic chaos degree
to the course of sequence changes in 10 proteins (PB1, PB2, PA, HA, NP, NA, M1,
M2, NS1, and NS2) of influenza A viruses that were sampled between 1918 and
2009.

21.5.6 Entropic Chaos Degree

Entropic chaos degree (ECD for short) has been used to characterize the chaotic
aspects of the dynamics leading sequence changes [573, 590]. We will remind the
ECD that was discussed in Chap. 10. The ECD for the amino acid sequences is given
as follows [599]. Take two influenza A viruses X and Y . We would like to find a
rule how X changes to Y if X is supposed to be ahead of Y . As we explained above,
it is almost impossible to write down the equation of motion in the very micro-
level, say the level of quantum mechanics. However, it is true that there exists some
micro-dynamics causing the change from X to Y even though we cannot state the
exact form of the dynamics. We denote this dynamics by Λ∗

micro and its extension to
a macro-scale properly considered by Λ∗. Even when the micro-dynamics Λ∗

micro
is hidden, we can somehow find the macro-dynamics Λ∗. The macro-dynamics we
consider here is one in the usual discrete probability theory, in which we can apply
the usual Shannon’s information theory. So the macro-dynamics Λ∗ is nothing but
a channel from the probability space of X to the probability space of Y . After two
amino acid sequences are aligned, they are symbolized as X and Y . The complete
event system of X is determined by the occurrence probability pi of each amino
acid ai and p0 of the gap ∗;

(X,p) =
( ∗ a1 · · · a20

p0 p1 · · · p20

)

.

In the same way, the complete event system of Y is denoted by

(Y,p) =
( ∗ a1 · · · a20

p0 p1 · · · p20

)

.

The compound event system is denoted by

(X × Y, r) =
(

** *a1 · · · a20a20
r00 r01 · · · r2020

)

⎛

⎝
20∑

j=0

rij = pi,

20∑

i=0

rij = pj

⎞

⎠ ,
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and it represents the joint probability for the event of X and the event of Y . From the
hidden dynamics for a sequence change, a mapping Λ∗ coming from this dynamics
can be considered to describe the change of the sequence from X to Y , and it is
a channel sending the probability distribution p to p ≡ Λ∗p. As stated above, it
is difficult to know the details of the hidden dynamics in the course of sequence
changes. The ECD can be used to measure the complexity without knowing the
hidden dynamics.

The ECD for the amino acid sequences is given by the following formula:

ECD(X,Y ) ≡
∑

i

piS(Λ∗δi),

where S(·) is the Shannon entropy and

p =
∑

i

piδi , δi(j) =
{

1 (i = j),

0 (i �= j).

Note that the ECD(X,Y ) is written as ECD(p,Λ∗) to indicate when p and Λ∗ are
desired. By a simple computation, when p, p (= Λ∗p) and r are obtained by some
proper means, the ECD above is represented as

ECD =
∑

i,j

ri,j log
pi

rij
.

This chaos degree was originally considered to find how much chaos is produced by
the dynamics Λ∗ [608]. As discussed in Chap. 10, one considers that

1. Λ∗ produces chaos if ECD > 0
2. Λ∗ does not produce chaos if ECD = 0.

Moreover, the chaos degree ECD(X,Y ) provides a certain difference between X

and Y through a change from X to Y , so that the chaos degree characterizes the
dynamics changing X to Y .

21.5.7 Evolution Analysis of Influenza A Viruses

We apply the rate of entropic chaos degree (RECD for short)

RECD(X,Y ) ≡ ECD(X,Y )

S(Y )

to characterize influenza A virus strains that were sampled between 1918 and 2009.
We calculate the RECD between an influenza A virus and another one. Amino

acid sequences of 10 proteins (i.e., PB2, PB1, PA, HA, NP, NA, M1, M2, NS1,
and NS2, except PB1-F2) from all 8 genomic segments that were sampled between
1918 and 2009 were downloaded from Influenza Virus Resources at the National
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Center for Biotechnology Information (NCBI) and Influenza Research Database at
the Biodefense and Public Health Database (BioHealthBase) Bio-informatics Re-
source Center (BRC). In this study, we used the 10 encoded protein sequences from
available influenza A virus strains where all 8 genomic segments were completely
sequenced. All strain names are listed in Fig. 21.15.

For each of the 10 proteins, we aligned the amino acid sequences with some
alignment methods [319, 527] and evaluated the RECD between the sequences.
The RECD’s RECDHA(X,Y ), RECDNA(X,Y ), and RECDinter(X,Y ) represent the
RECD of HA protein, NA protein, and internal viral protein (PB2, PB1, PA,
NS, M1, M2, NS1, and NS2) for a strain X with another strain Y , respectively.
RECDinter(X,Y ) was defined as

RECDinter(X,Y ) = 1

8

⎧
⎪⎪⎨

⎪⎪⎩

RECDPB2(X,Y ) + RECDPB1(X,Y )

+RECDPA(X,Y ) + RECDNP(X,Y )

+RECDM1(X,Y ) + RECDM2(X,Y )

+RECDNS1(X,Y ) + RECDNS2(X,Y )

⎫
⎪⎪⎬

⎪⎪⎭
.

To classify influenza A viruses according to the value of the RECD, phylogenetic
tree was constructed with the Neighbor-joining method of PHYLIP version 3.69
(Felsenstein J., PHYLIP: Phylogeny Inference Package) [235, 236] using the dif-
ference measured by the RECD. We carried out phylogenetic analysis of the HA,
NA, and internal virus protein sequences, and examined the evolutionary process of
influenza A viruses to find a factor causing various degree of influenza activity.

Results and Discussion

Phylogenetic analysis of the internal viral protein gave the following results as
shown in Figs. 21.16, 21.17 and 21.18:

1. H5N1 viruses isolated from humans in Eurasia between 2003 and 2007 were
closely related to H5N1 viruses isolated from birds in Eurasia after 2001.

2. Influenza A viruses adapting to humans and transmitting among humans were
distinguished from swine lineage and avian lineage, which is one of the most
important results.

3. Human influenza A viruses of human lineage fell into separate clusters (1918,
1933–1936, 1940–2008, 1968–1982, 1977, 1999–2008, and 2009).

We insist that influenza A viruses were clearly classified into three lineages (i.e.,
Avian lineage, Human lineage, and Swine lineage) for the phylogenetic analysis
by the RECD, which gives better classification compared with the tree by another
measure in common use, called the substitution rate.

Although we will not discuss the details here (they are given in [678]), our results
indicate that the influenza strains that caused severe epidemics with high mortality
or pandemics emerged under the following conditions:
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1. The HA and NA proteins of such epidemic or pandemic strain necessarily have
to be different from those of human strains that had already appeared prior to
that strain, namely new HA protein and new NA protein.

2. As for the internal protein (PB2, PB1, PA, NS, M1, M2, NS1, and NS2), the
influenza strain that caused such an epidemic or pandemic necessarily has to be
different from previous severe epidemic and pandemic strains.

3. A prerequisite for human–human transmission is that the internal protein is lo-
cated in the human lineage.

In contrast to the severe epidemic or pandemic strains, each of the seasonal in-
fluenza strains was not the origin of strains belonging to a cluster for the HA protein
and/or the NA protein. In addition, almost all the seasonal influenza strains were
derived from a preexisting human strain for the internal protein.

We performed the classification of influenza A viruses using the difference be-
tween sequences measured by means of the RECD. Phylogenetic analysis of the in-
ternal protein (PB2, PB1, PA, NS, M1, M2, NS1, and NS2) revealed that influenza
A viruses can be divided into three lineages (i.e., Avian lineage, Human lineage,
and Swine lineage), and they evolve independently in each lineage. In this study,
we have come to the conclusion that the internal protein has a significant impact on
the ability for transmission among humans. Although the HA protein of influenza
A viruses is known to be responsible for the restriction of interspecies transmission,
we found that the internal protein plays a key role in species transmission. Fur-
thermore, our present results indicate that a pandemic strain or a severe epidemic
strain emerges in a combination of new HA, new NA, and new internal proteins that
are phylogenetically distinct from those of previous pandemic and severe epidemic
strains.

Based on this study, we are convinced that entropic chaos degree describes the
dynamics hidden in the evolution of the influenza A virus and can be a useful mea-
sure for understanding the classification and severity of an isolated strain of in-
fluenza A virus.

21.5.8 Evolution of the HIV-1 Viruses by ECD

As another application of ECD, we will briefly discuss evolutional change of HIV-1.
We used the V3 sequences for some virus clones at each time. We calculate the ECD
and take its average.

Figure 21.19 shows the course of variation of V3 region studied by the entropic
chaos degree in two HIV-1-infected patients.

P1 has died of AIDS-related complications at 109 months post-seroconversion.
In contrast, P12 has been asymptomatic during the follow-up period. The vertical
axis shows the value of the entropic chaos degree. x–y at the horizontal axis means
x months and y months after seroconversion.

Since the ECD describes the stage of the variation, it can be considered that the
state of the disease progression is characterized by this degree. P1 has progressed to
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Fig. 21.19 The course of variation of V3 region by ECD

immunologic AIDS (about six years post-seroconversion 200 CD4 + T cells per µl)
and has died of AIDS-related complications at 109 months post-seroconversion. The
value of the ECD gradually increases from the primary HIV-1 infection to around the
time of AIDS diagnosis, and then continues to decrease up to death for duration of
AIDS. For almost all patients who died of AIDS-related complications, the entropic
chaos degree showed the same variation patterns.

In contrast, P12 has been asymptomatic for 59 months after infection. The value
of the ECD for asymptomatic patients like P12 has stayed stable and low. Our results
indicate that the value is comparatively low at the early stage of HIV-1 infection, and
then gradually increases from asymptomatic HIV-1 infection to around the time of
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AIDS diagnosis, then decreases up to death. That is, the variation pattern of the ECD
indicated that the degree is useful to infer patient’s stage of disease progression after
HIV-1 infection.

21.6 Code Structure of HIV-1

The purpose of this study is to find the similarity between the code structure of
nucleotide sequences in HIV-1 genes and the code structure of an artificial code,
and to examine whether a nucleotide sequence can be explained by an artificial
code.

Information of life is stored as a sequence of nucleotides and the sequence which
is composed of four bases seems to be a sort of code. Hence we can consider that the
DNA or gene in each organism is a code showing its inherent structure. Thus we ask
what kind of structure each code has. More precisely, we ask what roles the code
structure has for the emergence of life and how it is concerned with the changes
of the living body. On such questions, we explore the code structure of different
genetic sequences of HIV-1 (Human Immunodeficiency Virus Type 1) and then we
study the characteristics of HIV-1. Therefore, as the first step, we search for the
similarity between the nucleotide sequences of HIV-1 genes and the sequences en-
coded by various artificial codes in information transmission and examine whether
a nucleotide sequence can be explained by a certain artificial code [596].

21.6.1 Coding Theory

In a transmission system, errors that occur in communication processes are mainly
divided into two groups: burst error and random error. It is the coding theory that
teaches us how to symbolize the information and how to add the redundancy de-
tecting and correcting the errors (see Chaps. 15, 17 for the related topics). The
encoder that transforms the information sequence into the code sequence usually
encodes each regular block, which is a segment, dividing the information sequence
into several blocks. Each block of the code is called a code-word. The set of all
code-words is called a code. Suppose that the information block i = (i1, i2, . . . , ik)

consisting of numbers of k information symbols, i1, i2, . . . , ik , is encoded, and the
code-word x = (i1, i2, . . . , ik,p1,p2, . . . , pn−k) is obtained. The check symbols
p1,p2, . . . , pn−k added to the information block are dependent on i and form a
redundancy to detect and correct errors. The code structured as above is called a
systematic code, and the systematic code with the code length n, the k informa-
tion symbols and the n − k check symbols is called a code with information speed

R = k
n

, or a (n, k) code. Moreover, if the relation between the information symbols
and the check symbols is linear, then the systematic code is called linear. A cyclic
code and a convolutional code that we describe below are linear codes.
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Cyclic Code

A cyclic code in a Galois field GF(q) is a (n, k) linear code for which any cyclic
permutation of elements of any code-word is again a code-word.

In order to encode information with q-element (n, k) cyclic code, we use a poly-
nomial G(t) of degree n− k on GF(q) such that the coefficient of the highest power
is 1, which is called a generator polynomial. Every generator polynomial of a cyclic
code is always a factor of tn − 1.

Let k information symbols be represented by a k − 1 degree polynomial:

I (t) = i1 + i2t + · · · + ikt
k−1.

Multiplying I (t) by tn−k and then dividing by G(t), the remainder R(t) is ob-
tained:

R(t) = p1 + p2t + · · · + pn−kt
n−k−1.

Put X(t) as follows:

X(t) = I (t)tn−k + R(t),

which represents the information symbols in the coefficients of degree from n − k

to n−1 and the check symbols in the coefficients from 0 to n− k −1. X(t) is called
a code polynomial.

Convolutional Code

With the cyclic code, the information is encoded for each regular block. However,
convolutional codes have a property that past blocks also affect the present block.

In the convolutional code, the information sequence is divided into information
blocks of length k, and the k information symbols on GF(q) go into the encoder
and are encoded per unit time. The information sequence I j (D) (j = 1,2, . . . , k) is
expressed by a polynomial:

I j (D) = i
j

0 + i
j

1 D + i
j

0 D2 + · · · (j = 1,2, . . . , k),

where i
j
t is the j th information symbol of the information block at time t . D rep-

resents the delay per unit time in the encoder and is called the delay operator. The
code sequence Xi(D) (i = 1,2, . . . , n) is also expressed as

Xi(D) = xi
0 + xi

1D + xi
0D

2 + · · · (i = 1,2, . . . , n),

where xi
t = i

j
t (i = j = 1,2, . . . , k) is the ith symbol of the code block with length

n at time t .
The convolutional code is also a systematic code. Therefore, the following equa-

tion holds:

Xi(D) = I j (D) (i = j = 1,2, . . . , k).
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The other Xi(D) (i = k + 1, . . . , n) is a check sequence represented by a proper
polynomial G

j
i (D) (j = 1, . . . , k, i = k + 1, . . . , n) with the delay operator D:

Xi(D) =
k∑

j=1

G
j
i (D)I j (D).

This G
j
i (D) is called the generator polynomial. The information speed R of the

convolutional code is R = k
n

. When the number of delay operators is m, the number
of code blocks on which the information symbol has direct influence is m + 1. In
addition, since each code block has length n, the influence of the information symbol
extends to n(m + 1) symbols, which is called the constraint length.

21.6.2 Application of Artificial Codes to Genome

How to Encode Genes

Information can be expressed by the elements of GF(q), the Galois field. Since DNA
is composed of four different nucleotide bases, A, G, T, and C, it is natural to take
q = 4. Let α be a root of the algebraic equation over GF(2) taken to be t2 + t +1 = 0,
i.e., α satisfies α2 + α + 1 = 0. The set of elements of GF(4) can be denoted by
{0,1, α,α2} and any power of α can be expressed by these four elements. In other
words, the set GF(4) = {0,1, α,α2} is closed under addition + and multiplication ·.

As it was mentioned, a gene is an ordered sequence of nucleotide bases, and it is
considered to be a sort of symbol sequence (code). Therefore, to find out the code
structure of genes or DNA as our ultimate goal, we first investigate the similarity be-
tween the sequences encoded by artificial codes and nucleotide sequences of DNA,
and we examine in which sense those nucleotide sequences can be explained by an
artificial code.

Three consecutive nucleotides correspond to one amino acid, and these three
nucleotides are called a codon. The total number of a three-nucleotide codes is
43 = 64, which means we have 64 codons. However, only 20 amino acids exist
in nature. Moreover, it is considered that the third nucleotide for a codon will not
play an essential role in making an amino acid. This shows that the gene or DNA
has redundancies to correct errors to a certain extent, that is, a similar structure as
an error-correcting code. Based on the above consideration, in order to study the
code structure of a genome sequence, we examine the similarity between an arti-
ficial error-correcting code and the nucleotide sequence of the genome. First, we
select artificial correcting codes satisfying the hypothesis below, and then we inves-
tigate which artificial code characterizes the nucleotide sequence of the gene. The
hypothesis we make is the following:

Each codon determines an amino acid and the third nucleotide of the codon will
not have much influence on the amino acid, so that the third nucleotide is supposed
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to play a role of a check symbol in an error-correcting code. That is, an error-
correcting code that a genome has is considered to be a code which has the code
length that does not destroy the codon unit and changes the third nucleotide.

Under this hypothesis, we consider how the code structure of a gene is analyzed.
Since GF(4) consists of four elements, 0, 1, α, and α2, the four bases can be ex-
pressed as

A → 0, T → 1, C → α, G → α2.

We rewrite an important part of the sequence in a gene by that of these four
elements, and we make the error-correcting code by using an artificial code. The
total length of such a code is a multiple of 3, and the length of the information
symbols is a multiple of 2.

Artificial error-correcting codes used for our study are BCH (Bose–Chandra–
Hocquenghem) codes, self-orthogonal codes, and Iwadare-codes, which are briefly
explained below.

BCH Code

Let α be a primitive element of GF(q). The minimal polynomial of α is the nonzero
polynomial f (t), having the smallest degree such that f (α) = 0. When α is a prim-
itive element of GF(qm) (extended field of degree m over GF(q)), a BCH code is a
cyclic code whose generator is the minimal polynomial such that α,α2, . . . , α2s are
the roots of the polynomial, where s is the error correcting capacity. Let Mi(t) be the
minimal polynomial of an element βi of GF(qm), then the q-element (n, k)-BCH
codes are characterized by

code length n : n = qm − 1,

the number of information symbols k : k ≥ n − 2ms,

the number of check symbols n − k : n − k ≤ 2ms,

minimal distance dmin : dmin ≥ 2s + 1,

generator polynomial G(t) : G(t) = LCM[M1(t),M2(t), . . . ,M2s(t)].
Let us encode a certain nucleotide sequence by a (12,8)-BCH code. The (12,8)-

BCH code is obtained from the (15,11)-BCH code with q = 4, m = 2, s = 1.
Let α be a root of the irreducible polynomial t2 + t +1 over GF(2) and β be a root

of the irreducible polynomial t2 + t +α over GF(4). Then the generator polynomial
G(t) is given by

G(t) = LCM
[
M1(t),M2(t)

]= (t2 + t + α
)(

t2 + t + α2)= t4 + t + 1.

Example 21.3 Let us encode the nucleotide sequence A : GCAAGGCTAC-
CTTCCAGGAATGCT by the (12,8)-BCH code of error-correcting capability
s = 1 with the generator polynomial G(t) = t4 + t + 1. We proceed as follows:
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1. Transform bases into the elements of the Galois field as follows:

α2α00α2α2α10αα11αα0α2α2001α2α1,

where the underlines represent the third base of each codon, corresponding to the
check symbols.

2. Remove the check symbols and divide the remainder (information symbols) into
8 blocks:

(
α2α0α2α1αα

)(
1α0α200α2α

)
.

3. Calculate the check symbols from the information symbols in each block by
means of the code rule:

R1(t) = I1(t)t
4 modG(t)

= (α2t4 + αt5 + α2t7 + αt8 + t9 + αt10 + αt11) modG(t)

= α2t,

R2(t) = I2(t)t
4 modG(t)

= (t4 + αt5 + α2t7 + α2t10 + αt11) modG(t)

= 1 + t + α2t2 + t3,
(
0α200α2α0α2α1αα

)(
11α211α0α200α2α

)
.

4. Put the calculated check symbols of each block back into the corresponding po-
sitions of the third nucleotide of a codon:

(
α2α00α2α2α10αα0

)(
1α10α2100α2α2α1

)
.

5. Finally, rewrite the encoded symbol sequence back into the encoded nucleotide
sequence, and obtain the coded sequence AC by way of the (12,8)-BCH code:

AC : GCAAGGCTACCATCTAGTAAGGCT.

Self-orthogonal Code

Let us take a set of integers M = {dj : j = 1,2, . . . , J } such that all di − dj (i �= j)

are different. This set is called a complete simple difference set of multiplicative
order J . For such a set M , a self-orthogonal convolutional code with information
speed R = 1

2 and constraint length Lc = 2(dJ + 1) is obtained if we use a generator
polynomial such as G1

2(D) = Dd1 + Dd2 + · · · + DdJ . This code can correct J
2

random errors.
For example, a set M = {0,2,5,6} is such a set of J = 4. The self-orthogonal

code with R = 1
2 and LC = 14 is made by the generator polynomial G1

2(D) =
1 + D2 + D5 + D6, whose error-correcting capacity is 2. It is easy to make the
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self-orthogonal code with R = 2
3 from the self-orthogonal code with R = 1

2 . The
difference set, M , is divided into two sets {0,2}, {5,6} ≈ {0,1} (mod 5), by which
we can obtain the generator polynomial of the self-orthogonal code with R = 2

3 as

G1
3(D) = 1 + D2,

G2
3(D) = 1 + D.

In this case, the constraint length is 9 and the error-correcting capacity is 1.

Iwadare Code

The burst-correcting convolutional code with information speed R = 1
2 is called an

Iwadare code if the generator polynomial satisfies either of the following two:

(a) G
j
n(D) = Dn−2+2b(n−j)+∑n−2−j

i=1 i
(
1 + Db+n−j−1),

(b) G
j
n(D) = Dβ(n−j)+n−j−1(1 + Dβn+n+j−2),

where j = 1,2, . . . , n − 1. This code can correct burst errors of length bn.

21.6.3 Code Structure of HIV-1

Table 21.9 shows the codes used in our study. We encoded the n nucleotide se-
quences of each patient at a specific point in time, and then got the encoded amino
acid sequences XC

j (j = 1,2, . . . , n) by code C. Here, a degree to measure the sim-

ilarity between an artificial code of XC
j and the code of amino acid sequences Xj

(j = 1,2, . . . , n) before coding is defined by

DC(j) = ρ
(
Xj ,X

C
j

)
.

When the code structure of Xj gets closer to C, the value of DC(j) gets closer to 0.
Moreover, to look for a common code of a group of several V3 sequences or PR
sequences, we use the degree of code difference DC defined by

DC =
∑n

j=1 ρ(Xj ,X
C
j )

n
.

By calculating DC for various C codes, we can find a common code structure of
V3 sequences (or PR sequences) obtained at each point in time after HIV-1 infection
if DC for a code is smaller than that of any other codes. Then we can infer that the
group has the property that code C owns.

To study the code structure of the nucleotide sequences of HIV-1, we take the
sequences from the V3 region in the env gene and the PR region in the pol gene.
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Table 21.9 Cyclic and convolutional codes used

Cyclic codes Designation Code
length

Error-correcting
capacity

Generator polynomial

(3,2)-cyclic code J (3,2) 3 1 (random error)∗ t + 1

(12,8)-BCH code J (12,8) 12 1 (random error) t4 + t3 + 1

(15,10)-BCH code J (15,10) 15 1 (random error) t5 + t3 + 1

(27,18)-BCH code J (27,18) 27 2 (random error) t9 + α2t8 + αt7 + t6

+ t5 + t3 + αt2 + 1

(36,24)-BCH code J (36,24) 36 3 (random error) t12 + t11 + αt10 + α2t9

+ t7 + αt6 + αt5 + α2t3

+ α2t2 + α2t + 1

(99,66)-BCH code J (99,66) 99 7 (random error) t33 + t32 + t31 + α2t30

+ αt29 + t28 + α2t27

+α2t25 +α2t24 +α2t23

+ α2t22 + α2t21 + t20

+ αt19 + t18 + α2t15

+ t13 + αt11 + α2t10

+ t8 + αt7 + αt6 + α2t5

+ αt4 + α2t3 + t + 1

(105,70)-BCH code J (105,70) 105 5 (random error) t35 + t34 + α2t33 + αt32

+ αt30 + t29 + αt26

+ α2t25 + αt24 + α2t21

+α2t19 +α2t18 +α2t17

+ αt16 + t14 + α2t12

+ t11 + αt9 + t7 + t5

+ t4 + t2 + α2t + α

Convolutional codes Designation Code
lengths

Error-correcting
capacity

Generator polynomial

Self-orthogonal code 1 T (j1) 9 1 (random error) D + 1, D2 + 1

Self-orthogonal code 2 T (j2) 42 2 (random error) D12 + D9 + D8 + 1,
D13 + D11 + D6 + 1

Self-orthogonal code 3 T (j3) 120 3 (random error) D39 + D36 + D23

+ D21 + D14 + 1,
D38 + D33 + D28

+ D27 + D8 + 1

Iwadare code 1 T (b1) 27 3 (burst error) D8 + D3, D7 + D

Iwadare code 2 T (b2) 24 3 (burst error) D7 + D5, D4 + D3

∗Error-detecting capacity

Then we encode, by means of various C codes, these nucleotide sequences obtained
from infected patients, and then calculate the index DC mentioned above.

As a result, at all points in time observed for all patients, the codes for both V3
region and PR region are close to the (3,2)-cyclic code, which means that both
regions do not have the error-correcting capacity. We think that this result is deeply
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Fig. 21.20 The value of DC by various C codes for the PR region of the pol gene obtained at each
point in time from two patients (P20 and P22). We also got the same result for other patients as
discussed above

related to a high mutation of the HIV-1 gene. In the PR region, the value of DC

by the (3,2)-cyclic code is almost a constant 0.05, the lowest among values of all
codes at all points in time for all patients. In other words, the code of the PR region is
closest to the (3,2)-cyclic code. Moreover, we observe that the PR region is second
closest to the code structure of the self-orthogonal code 3 which has the random
error-correcting capacity s = 3. Accordingly, we can infer that the third base of the
check symbol in a certain block affects widely and randomly the first and second
bases of the information symbols in many other blocks due to the long constraint
length of the self-orthogonal code 3 when correcting mutations in the nucleotide
sequence of the PR region.

On the other hand, the V3 region has a similar structure not only for the (3,2)-
cyclic code but also for the (15,10)-BCH code with the error-correcting capacity
s = 1, the self-orthogonal code 1 with s = 1 and the self-orthogonal code 3 with
s = 3. For almost all patients, the V3 region is closest to the self-orthogonal code 1
among all error-correcting codes. On the other hand, the value DC of the PR region
for all 13 patients was not low for the self-orthogonal code 1. Therefore, the code
structure of the V3 region is characterized by this self-orthogonal code 1 with s = 1
whose constraint length is 9 so that the effect range of every base to other bases will
be narrow.
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However, the fact that the code structure of V3 region is close to various artificial
codes, such as the (3,2)-cyclic code, the (15,10)-BCH code, the self-orthogonal
code 1, and the self-orthogonal code 3, indicates the variety of its structure. In addi-
tion, the code structure of the V3 region for patients whose condition remains rather
good during the latency period without any indication of AIDS-related illnesses is
completely different from the structure of the (12,8)-BCH code with s = 1 and that
of the (27,18)-BCH code with s = 2, where the value of DC is high when compared
with patients who died of AIDS-related illnesses.

We tried to check whether it is possible to see the different functions of several
HIV-1 genes through the code structure. First, we encoded the nucleotide sequences
of the V3 region and that of the PR region obtained at each point in time throughout
longitudinal follow-ups of all patients, and then we plotted the value of DC by three
different codes, the self-orthogonal codes with s = 1, s = 2, and s = 3, on x-axis, y-
axis, and z-axis, respectively (Fig. 21.22). This 3D graph shows that two respective
genes (in V3 and in PR) clearly form two different clusters. This implies that the
self-orthogonal codes will be useful to observe the differences of HIV-1 genes.

21.7 p-adic Modeling of the Genome and the Genetic Code

In this section, we consider the p-adic modeling in genomics. p-adic numbers are
an alternative to the real numbers. For an introduction to p-adic analysis and its
applications, see [210, 404, 783]. We follow the work of Dragovich and Dragovich
[209]. There is also another approach to p-adic modeling in genomics developed by
Khrennikov and Kozyrev [423].

Considering nucleotides, codons, DNA and RNA sequences, amino acids, and
proteins as information systems, the corresponding p-adic formalisms for their in-
vestigations will be formulated. Each of these systems has its characteristic prime
number p used for construction of the related information space. Relevance of this
approach is illustrated by some examples. In particular, it is shown that degenera-
tion of the genetic code is a p-adic phenomenon. A hypothesis is also put forward
on the evolution of the genetic code assuming that the primitive code was based on
single nucleotides and chronologically first four amino acids. This formalism of p-
adic genomic information systems can be implemented in computer programs and
applied to various concrete cases.

A p-adic diffusion equation was suggested and studied in [783]. It was discov-
ered in [76] that the equation can be used to describe the protein dynamics. It was
shown that with the help of p-adic methods obtained results on protein dynamics co-
incide with the data of spectroscopic experiments for Mb–CO rebinding. One of the
most important applications of the dynamics on energy landscapes and interbasin
kinetics is the application to conformational dynamics of proteins. In this case, an
ultrametric parameter describes the conformational coordinate for the protein [77].
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Fig. 21.21 The value of DC by various C codes for the V3 region of env gene obtained from
four patients as representatives of 25 patients: two patients (P4 and P9) who died of AIDS-related
illnesses during the follow-up period and two patients (P12 and P19) who have been asymptomatic
during the follow-up period
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Fig. 21.22 3-D graph of DC with the self-orthogonal code 1 (T (j1)), the self-orthogonal code 2
(T (j2)), and the self-orthogonal code 3 (T (j3)) for the nucleotide sequences of the V3 region and
that of the PR region, where � denotes the sequences in the V3 region and × denotes those in the
RT region

21.7.1 Genetic Code

For a comprehensive information on molecular biology aspects of DNA, RNA, and
the genetic code one can use [809]. To have a self-contained exposition, we shall
briefly review some necessary basic properties of genomics.

The DNA is a macromolecule composed of two polynucleotide chains with a
double-helical structure. Nucleotides consist of a base, a sugar, and a phosphate
group. Helical backbone is a result of the sugar and phosphate groups. There are four
bases and they are the building blocks of the genetic information. They are called
adenine (A), guanine (G), cytosine (C), and thymine (T). Adenine and guanine are
derived from purine, while cytosine and thymine from pyrimidine. In the sense of
information, the nucleotide and its base present the same object. Nucleotides are
arranged along chains of double helix through base pairs A–T and C–G bonded by
2 and 3 hydrogen bonds, respectively. As a consequence of this pairing, there is
an equal number of cytosine and guanine as well as the equal number of adenine
and thymine bases. DNA is packaged in chromosomes which are localized in the
nucleus of the eukaryotic cells.

The main role of DNA is to store genetic information, and there are two main
processes to exploit this information. The first one is replication in which DNA du-
plicates giving two new DNA containing the same information as the original one.
This is possible owing to the fact that each of two chains contains complementary
bases of the other one. The second process is related to the gene expression, i.e.,
the passage of DNA gene information to proteins. It is performed by the messen-
ger ribonucleic acid (mRNA) which is usually a single polynucleotide chain. The
mRNA is synthesized during the first part of this process, known as transcription,
when nucleotides C, A, T, G from DNA are respectively transcribed into their com-
plements G, U, A, C in mRNA, where T is replaced by U (U is the uracil, which
is a pyrimidine). The next step in gene expression is translation, when the informa-
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tion coded by codons in the mRNA is translated into proteins. In this process, the
transfer tRNA and ribosomal rRNA also participate.

Codons are ordered trinucleotides composed of C, A, U (T), and G. Each of them
presents information which controls the use of one of the 20 standard amino acids
or a stop signal in the synthesis of proteins.

Protein synthesis in all eukaryotic cells is performed in the ribosomes of the
cytoplasm. Proteins [260] are organic macromolecules composed of amino acids ar-
ranged in a linear chain. Amino acids are molecules that consist of amino-, carboxyl-
and R- (side chain) groups. Depending on the R-group, there are 20 standard amino
acids. These amino acids are joined together by a peptide bond. The sequence of
amino acids in a protein is determined by sequence of codons contained in DNA
genes. The relation between codons and amino acids is known as the genetic code.
Although there are at least 16 codes (see, e.g., [267]), two of them are the most
important: the standard (eukaryotic) code and the vertebral mitochondrial code.

In the sequel, we shall mainly have in mind the vertebral mitochondrial code be-
cause it is a simple one, and the others may be regarded as its slight modifications. It
is obvious that there are 4×4×4 = 64 codons. However (in the vertebral mitochon-
drial code), 60 of them are distributed on the 20 different amino acids and 4 make
stop codons which serve as termination signals. According to experimental obser-
vations, two amino acids are coded by six codons, six amino acids by four codons,
and 12 amino acids by two codons. This property that some amino acids are coded
by more than one codon is known as genetic code degeneracy. This degeneracy is a
very important property of the genetic code and gives an efficient way to minimize
errors caused by mutations.

Since there is, in principle, a huge number (between 1071 and 1084 [347]) of
all possible assignments between codons and amino acids, and only a very small
number of them is represented in living cells, it has been a persistent theoretical
challenge to find an appropriate model explaining contemporary genetic codes. An
interesting model based on the quantum algebra Uq(sl(2)⊕ sl(2)) in the q → 0 limit
was proposed as a symmetry algebra for the genetic code (see [267] and references
therein). In a sense, this approach mimics quark model of baryons. To describe
the correspondence between codons and amino-acids, an operator was constructed
which acts on the space of codons, and its eigenvalues are related to amino acids.
Despite some successes of this approach, there is a problem with rather many param-
eters in the operator. There is still no generally accepted explanation of the genetic
code.

Ultrametric and p-adic methods seem to be very promising tools in further in-
vestigation of life.

Modeling of the genome, the genetic code, and proteins is a challenge as well
as an opportunity for applications of p-adic mathematical physics. Recently [208],
a p-adic approach to DNA and RNA sequences and to the genetic code was in-
troduced. The central point of the approach is an appropriate identification of four
nucleotides with digits 1, 2, 3, 4 of 5-adic integer expansions and an application of
p-adic distances between obtained numbers. 5-adic numbers with three digits form
64 integers which correspond to 64 codons. In [209], p-adic degeneracy of the ge-
netic code was analyzed. As one of the main results, an explanation of the structure
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of the genetic code degeneracy using p-adic distance between codons was obtained.
A similar approach to the genetic code was considered on diadic plane [423].

Let us mention that p-adic models in mathematical physics have been actively
considered since 1987 [785] (see [137, 210, 404, 783] for reviews). It is worth not-
ing that p-adic models with pseudo-differential operators have been successfully
applied to interbasin kinetics of proteins [76]. Some p-adic aspects of cognitive,
psychological, and social phenomena have been also considered [416]. The recent
application of p-adic numbers in physics and related branches of sciences is re-
flected in the proceedings of the second International Conference on p-adic Mathe-
matical Physics [422].

21.7.2 p-adic Genome

We have already presented a brief review of the genome and the genetic code, as
well as some motivations for their p-adic theoretical investigations. To consider p-
adic properties of the genome and the genetic code in a self-contained way, we shall
also recall some mathematical preliminaries.

Some Mathematical Preliminaries and p-adic Codon Space

As a new tool to study the Diophantine equations, p-adic numbers were intro-
duced by a German mathematician Kurt Hensel in 1897. They are involved in many
branches of modern mathematics, either as rapidly developing topics or as suitable
applications. An introduction to p-adic numbers can be found in [783]. However,
for our purposes we will use here only a small portion of p-adics, mainly some finite
sets of integers and ultrametric distances between them.

Let us introduce the set of natural numbers

C5[64] = {n0 + n15 + n252 : ni = 1,2,3,4
}
, (21.6)

where ni are digits related to nucleotides by the following assignments: C (cytosine)
= 1, A (adenine) = 2, T (thymine) = U (uracil) = 3, G (guanine) = 4. This is a
finite expansion to the base 5. It is obvious that 5 is a prime number and that the set
C5[64] contains 64 numbers between 31 and 124 in the usual base 10. In the sequel,
we shall often denote the elements of C5[64] by their digits to the base 5 in the
following way: n0 + n15 + n252 ≡ n0n1n2. Note that here ordering of digits is the
same as in the expansion, i.e., this ordering is the opposite to the usual one. There
is now evident one-to-one correspondence between codons in three-letter notation
and the number n0n1n2 representation.

It is also often important to know a distance between numbers. Distance can be
defined by a norm. On the set Z of integers, there are two kinds of nontrivial norm:
the usual absolute value | · |∞ and p-adic absolute value | · |p, where p is any prime
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number. The usual absolute value is well known from elementary mathematics and
the corresponding distance between two numbers x and y is d∞(x, y) = |x − y|∞.

The p-adic absolute value is related to the divisibility of integers by prime num-
bers. The difference of two integers is again an integer. The p-adic distance between
two integers can be understood as a measure of divisibility by p of their difference
(the more divisible, the shorter). By definition, the p-adic norm of an integer m ∈ Z,
is |m|p = p−k , where k ∈ N ∪ {0} is the degree of divisibility of m by the prime
number p (i.e., m = pk,m′, p � m′) and |0|p = 0. This norm is a mapping from Z

into non-negative rational numbers and has the following properties:

(i) |x|p ≥ 0, |x|p = 0 if and only if x = 0,
(ii) |xy|p = |x|p|y|p ,

(iii) |x + y|p ≤ max{|x|p, |y|p} ≤ |x|p + |y|p for all x, y ∈ Z.

Because of the strong triangle inequality |x + y|p ≤ max{|x|p, |y|p}, p-adic abso-
lute value belongs to the class of non-Archimedean (ultrametric) norms. One can
easily conclude that 0 ≤ |m|p ≤ 1 for any m ∈ Z and any prime p.

p-adic distance between two integers x and y is

dp(x, y) = |x − y|p. (21.7)

Since p-adic absolute value is ultrametric, the p-adic distance (21.7) is also ultra-
metric, i.e., it satisfies

dp(x, y) ≤ max
{
dp(x, z), dp(z, y)

}≤ dp(x, z) + dp(z, y), (21.8)

where x, y and z are any three integers.
The above introduced set C5[64] endowed with the p-adic distance we shall call

the p-adic codon space, i.e., the elements of C5[64] are codons denoted by n0n1n2.
The 5-adic distance between two codons a, b ∈ C5[64] is

d5(a, b) = ∣∣a0 + a15 + a252 − b0 − b15 − b252
∣
∣
5, (21.9)

where ai , bi ∈ {1,2,3,4}. When a �= b, d5(a, b) may have three different values:

• d5(a, b) = 1 if a0 �= b0,
• d5(a, b) = 1/5 if a0 = b0 and a1 �= b1,
• d5(a, b) = 1/52 if a0 = b0, a1 = b1 and a2 �= b2.

We see that the largest 5-adic distance between codons is 1 and it is the maximum
p-adic distance on Z. The smallest 5-adic distance on the codon space is 5−2. Let us
also note that 5-adic distance depends only on the first two nucleotides of different
codons.

If we apply the real (standard) distance d∞(a, b) = |a0 +a15+a252 −b0 −b15−
b252|∞, then the third nucleotides a2 and b2 would play a more important role than
those at the second position (i.e., a1 and b1), and nucleotides a0 and b0 are of the
smallest importance. In the real C5[64] space distances are also discrete, but take
values 1,2, . . . ,93. The smallest real and the largest 5-adic distances are equal to 1.
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While the real distance describes a metric of the ordinary physical space, this p-adic
one serves to describe ultrametricity of the codon space.

It is worth emphasizing that the metric role of digits depends on their position in
the number expansion, and it is quite opposite in real and p-adic cases. We shall see
later, when we consider the genetic code, that the first two nucleotides in a codon
are more important than the third one and that p-adic distance between codons is a
natural one in describing their information content (the closer, the more similar).

p-adic Genomic and Bioinformation Spaces

Appropriateness of the p-adic codon space C5[64] to the genetic code is already
shown in [209] and will be reconsidered in Sect. 21.7.3. Now we want to extend the

C5[64] space approach to more general genetic and bioinformation spaces.
Let us recall that four nucleotides are related to the prime number 5 by their cor-

respondence to the four nonzero digits (1,2,3,4) of p = 5. It is inappropriate to
use the digit 0 for a nucleotide because it leads to non-uniqueness in the represen-
tation of the codons by natural numbers. For example, 123 = 123000 as numbers,
but 123 represents one and 123000 represents two codons. This is also a reason why
we do not use 4-adic representation for codons, since it would contain a nucleotide
represented by the digit 0. One can use 0 as a digit to denote the absence of any
nucleotide.

Let us note also that we have used on C5[64], in [208] and [209], not only the
5-adic but also the 2-adic distance.

Definition 21.4 We shall call (p, q)-adic genomic space a pair (Γp[(p − 1)m], dq)

where

Γp

[
(p − 1)m

] = {n0 + n1p + · · · + nm−1p
m−1 :

ni = 1,2, . . . , p − 1,m ∈ N} (21.10)

is the set of natural numbers, dq is the corresponding q-adic distance on
Γp[(p − 1)m] and nonzero digits ni are related to some p − 1 basic constituents
of a genomic system (or to any other biological information system) in a unique
way. The index q is a prime number.

Here m can be called also multiplicity of space elements with respect to their
constituents. In addition to dp, there can be a few other dq useful distances on
Γp[(p − 1)m].

For simplicity, we shall often call Γp[(p − 1)m] p-adic genomic space and use
the notation

n0 + n1p + · · · + nm−1p
m−1 ≡ n0n1 · · ·nm−1, (21.11)

where the ordering of digits is in the opposite direction to the standard one and
seems here more natural. Earlier introduced codon space C5[64] can be regarded
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as a significant example of the p-adic genomic spaces, i.e., C5[64] = Γ5[(5 − 1)3]
as the space of trinucleotides. Two other examples, which will be used later, are:
Γ5[4]—the space of nucleotides and Γ5[42]—the space of dinucleotides.

Now we can introduce a p-adic bioinformation space as a space composed of
some p-adic genomic spaces.

Definition 21.5 Let Bp[N ] be a p-adic space composed of N natural numbers. We
shall call Bp[N ] p-adic bioinformation space when it can be represented as

Bp[N ] ⊂
m2∏

m=m1

Γp

[
(p − 1)m

]
,

where m1 and m2 are positive integers (m1 ≤ m2), which determine the range of
multiplicity between m1 and m2. In the sequel, we shall present some concrete ex-
amples of the Bp[N ] spaces.

DNA and RNA Spaces

DNA sequences can be considered as a union of coding and non-coding segments.
Coding parts are composed of codons included into genes, which are rather com-
plex systems. In coding segments, information is stored, which through a series of
complex processes is translated into proteins. The space of coding DNA sequences
(cDNA) can be represented as

cDNA[N ] ⊂
m2∏

m=m1

Γ61
[
60m

]
,

where p = 61 because there are 60 codons coding amino acids (in the vertebral
mitochondrial code). Thus the cDNA space can be regarded as a set of N coded
sequences as well as a set of N discrete points (a lattice) of the

∏m2
m=m1

Γ61[60m]
space. While in C5[64] codons are space elements, in cDNA[N ] they are building
units.

The structure and function of non-coding sequences is still highly unknown. They
include information on various regulatory processes in a cell. We assume that the
space of non-coding DNA sequences (ncDNA) is a subspace

ncDNA ⊂
m2∏

m=m1

Γ5
[
4m
]
,

where m1 and m2 are the minimum and maximum values of the size of non-coding
segments.

In a similar way, one can construct a space of all RNA sequences in a cell.
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Table 21.10 List of 20
standard amino acids used in
proteins by living cells.
3-Letter and 1-letter
abbreviations, and chemical
structure of their side chains
are presented

Amino acid Abbr. Side chain (R)

Alanine Ala, A –CH3

Cysteine Cys, C –CH2SH

Aspartate Asp, D –CH2COOH

Glutamate Glu, E –(CH2)2COOH

Phenynalanine Phe, F –CH2C6H5

Glycine Gly, G –H

Histidine His, H –CH2–C3H3N2

Isoleucine Ile, I –CH(CH3)CH2CH3

Lysine Lys, K –(CH2)4NH2

Leucine Leu, L –CH2CH(CH3)2

Methionine Met, M –(CH2)2SCH3

Asparagine Asn, N –CH2CONH2

Proline Pro, P –(CH2)3

Glutamine Gln, Q –(CH2)2CONH2

Arginine Arg, R –(CH2)3NHC(NH)NH2

Serine Ser, S –CH2OH

Threonine Thr, T –CH(OH)CH3

Valine Val, V –CH(CH3)2

Tryptophan Trp, W –CH2C8H6N

Tyrosine Tyr, Y –CH2–C6H4OH

Protein Space

We mentioned some basic properties of proteins in Introduction. Recall also that the
functional properties of proteins depend on their three-dimensional structure. There
are four distinct levels of protein structure (primary, secondary, tertiary, and quater-
nary) [260]. The primary structure is determined by the amino acid sequence and
the other ones depend on side chains of amino acids (see Table 21.10). In addition to
the 20 standard amino acids, presented in Table 21.10, there are also 2 special non-
standard amino acids: selenocysteine and pyrrolysine [816]. They are also coded by
codons, but are very rare in proteins. Thus there are 22 amino acids encoded in the
genetic code. According to Jukes [395], a non-freezing code may contain 28 amino
acids.

The 20 standard (canonical) amino acids employed by the genetic code in pro-
teins of the living cells are listed in Table 21.10. Some their important chemical
properties are presented in Table 21.11.
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Table 21.11 Some chemical properties of 20 standard amino acids. p + n is the number of nucle-
ons

Amino
acids

p + n Polar Hydro-
phobic

In proteins
%

Ala, A 89 no yes 7.8

Cys, C 121 no yes 1.9

Asp, D 133 yes no 5.3

Glu, E 147 yes no 6.3

Phe, F 165 no yes 3.9

Gly, G 75 no yes 7.2

His, H 155 yes no 2.3

Ile, I 131 no yes 5.3

Lys, K 146 yes no 5.9

Leu, L 131 no yes 9.1

Met, M 149 no yes 2.3

Asn, N 132 yes no 4.3

Pro, P 115 no yes 5.2

Gln, Q 146 yes no 4.2

Arg, R 174 yes no 5.1

Ser, S 105 yes no 6.8

Thr, T 119 yes no 5.9

Val, V 117 no yes 6.6

Trp, W 204 no yes 1.4

Tyr, Y 181 yes yes 3.2

Now we want to construct an appropriate space whose elements are proteins. We
propose the protein space Pp to be a subspace of product of genomic spaces

Pp[N ] ⊂
m2∏

m=m1

Γp

[
(p − 1)m

]
,

where the building units are amino acids. Thus Pp[N ] is a space of N proteins with
size measured by the number of amino acids between m1 and m2 (m1 ∼ 10 and
m2 ∼ 104).

In (20.50), the prime number p is related to the number of amino acids by the re-
lation: p − 1 = number of different amino acids used as building blocks in proteins.
At present, there are 22 amino acids (20 standard and 2 special), and consequently
p = 23. One can argue that not all 22 amino acids have been there from the very
beginning of life, and that there has been an evolution of amino acids. Namely, us-
ing 60 different criteria for temporal order of appearance of the 20 standard amino
acids, the obtained result [752] is presented in Table 21.12. The first four amino
acids (Gly, Ala, Asp, and Val) have the highest production rate in Miller’s experi-
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Table 21.12 Temporal appearance of the 20 standard amino acids

(1) Gly (2) Ala (3) Asp (4) Val

(5) Pro (6) Ser (7) Glu (8) Leu

(9) Thr (10) Arg (11) Ile (12) Gln

(13) Asn (14) His (15) Lys (16) Cys

(17) Phe (18) Tyr (19) Met (20) Trp

ment of an imitation of the atmosphere of the early Earth. This could correspond to
p = 5 and single nucleotide codons in a primitive code. In the case of dinucleotide
code, there are 16 codons, and the maximum amino acids that can be coded is 16,
i.e., p = 17. As we already mentioned, according to Jukes [395], it is possible to
code 28 amino acids by trinucleotide code, and it gives the corresponding p = 29.

21.7.3 p-adic Genetic Code

An intensive study of the connection between the ordering of nucleotides in DNA
(and RNA) and the ordering of amino acids in proteins led to the experimental de-
ciphering of the standard genetic code in the mid-1960s. The genetic code is un-
derstood as a dictionary for translation of information from DNA (through RNA) to
synthesis of proteins by amino acids. The information on amino acids is contained
in codons: each codon codes either an amino acid or the termination signal (see,
e.g., Table 21.12 as a standard table of the vertebral mitochondrial code). To the
sequence of codons in RNA there corresponds a quite definite sequence of amino
acids in a protein, and this sequence of amino acids determines the primary structure
of the protein. The genetic code is comma-free and non-overlapping. At the time of
deciphering, it was mainly believed that the standard code was unique, result of a
chance, and fixed a long time ago. Crick [181] expressed such belief in his “frozen
accident” hypothesis which has not been supported by later observations. Moreover,
so far at least 16 different codes have been discovered and some general regularities
have been found. At first glance, the genetic code looks rather arbitrary, but it is not.
Namely, mutations between synonymous codons give the same amino acid. When
a mutation alters an amino acid, it is like a substitution of the original by a similar
one. In this respect, the code is almost optimal.

Despite the remarkable experimental successes, there is no simple and generally
accepted theoretical understanding of the genetic code. There are many papers in
this direction (in addition to already cited, see also, e.g., [668] and [739]), scattered
in various journals, with theoretical approaches based more or less on chemical,
biological, and mathematical aspects of the genetic code. Even before deciphering
of the code, there have been very attractive theoretical inventions (of Gamow and
Crick), but the genetic code happened to be quite different (for a review on the early
inventions around the genetic code, see [323]). However, the foundation of biolog-
ical coding is still an open problem. In particular, it is not clear why the genetic
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Table 21.13 Our table of the
vertebral mitochondrial code
in the usual notation

CCC Pro UCU Ser UAU Tyr UGU Cys

CCA Pro UCC Ser UAC Tyr UGC Cys

CCU Pro UCA Ser UAA Ter UGA Trp

CCG Pro UCG Ser UAG Ter UGG Trp

CAC His CCU Pro CAU His CGU Arg

CAA Gln CCC Pro CAC His CGC Arg

CAU His CCA Pro CAA Gln CGA Arg

CAG Gln CCG Pro CAG Gln CGG Arg

CUC Leu ACU Thr AAU Asn AGU Ser

CUA Leu ACC Thr AAC Asn AGC Ser

CUU Leu ACA Thr AAA Lys AGA Ter

CUG Leu ACG Thr AAG Lys AGG Ter

CGC Arg GCU Ala GAU Asp GGU Gly

CGA Arg GCC Ala GAC Asp GGC Gly

CGU Arg GCA Ala GAA Glu GGA Gly

CGG Arg GCG Ala GAG Glu GGG Gly

code exists just in a few known ways and not in many other possible ones. What
is a principle (or principles) employed in establishment of a basic (mitochondrial)
code? What are properties of codons connecting them into definite multiplets which
code the same amino acid or termination signal? Answers to these and some other
questions should lead us to a discovery of an appropriate theoretical model of the
genetic code.

Let us now turn to Table 21.2. We observe that this table can be regarded as a big
rectangle divided into 16 equal smaller rectangles: 8 of them are quadruplets which
are in one-to-one correspondence to the 8 amino acids, and other 8 rectangles are
divided into 16 doublets coding 14 amino acids and termination (stop) signal (by
two doublets at different places). However, there is no manifested symmetry in the
distribution of these quadruplets and doublets.

In order to get a symmetry, we have rewritten this standard table into a new one
by rearranging 16 rectangles. As a result, we obtained Table 21.13 which exhibits a
symmetry with respect to the distribution of codon quadruplets and codon doublets.
Namely, in our table quadruplets and doublets form separately two figures, which
are symmetric with respect to the mid-vertical line (a left-right symmetry), i.e., they
are invariant under interchange C ↔ G and A ↔ U at the first position in codons
at all horizontal lines. Recall that DNA is also symmetric under simultaneous inter-
change of complementary nucleotides C ↔ G and A ↔ T between its strands. All
doublets in this table form a nice figure which looks like letter T.

Table 21.14 contains the same distribution of amino acids as Table 21.13, but
codons are now presented by 5-adic numbers n0n1n2 instead of capital letters (re-
call: C = 1, A = 2, U = 3, G = 4). This new table can be also regarded as a rep-
resentation of the C5[64] codon space with gradual increasing of integers from 111
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Table 21.14 Our 5-adic table of the vertebral mitochondrial code, which is a representation of the
C5[64] codon space

111 Pro 211 Thr 311 Ser 411 Ala

112 Pro 212 Thr 312 Ser 412 Ala

113 Pro 213 Thr 313 Ser 413 Ala

114 Pro 214 Thr 314 Ser 414 Ala

121 His 221 Asn 321 Ter 421 Asp

122 Gln 222 Lys 322 Ter 422 Glu

123 His 223 Asn 323 Tyr 423 Asp

124 Gln 224 Lys 324 Ter 424 Glu

131 Leu 231 Ile 331 Phe 431 Val

132 Leu 232 Met 332 Leu 432 Val

133 Leu 233 Ile 333 Phe 433 Val

134 Leu 234 Met 334 Leu 434 Val

141 Arg 241 Ser 341 Cys 441 Gly

142 Arg 242 Ter 342 Trp 442 Gly

143 Arg 243 Ser 343 Cys 443 Gly

144 Arg 244 Ter 344 Trp 444 Gly

to 444. The observed left–right symmetry is now invariant under the corresponding
transformations 1 ↔ 4 and 2 ↔ 3. In other words, at each horizontal line one can
perform doublet ↔ doublet and quadruplet ↔ quadruplet interchange around the
vertical midline.

It is worth noting that the above invariance leaves also unchanged the polarity
and hydrophobicity of the corresponding amino acids in all but three cases: Asn ↔
Tyr, Arg ↔ Gly, and Ser ↔ Cys.

Degeneracy of the Genetic Code

Let us now explore distances between codons and their role in the formation of the
genetic code degeneration.

To this end, let us again turn to Table 21.14 as a representation of the C5[64]
codon space. Namely, we observe that there are 16 quadruplets such that each of
them has the same first two digits. Hence the 5-adic distance between any two dif-
ferent codons within a quadruplet is

d5(a, b) = ∣∣a0 + a15 + a252 − a0 − a15 − b252
∣
∣
5

= ∣∣(a2 − b2)5
2
∣
∣
5 = ∣∣(a2 − b2)

∣
∣
5

∣
∣52
∣
∣
5 = 5−2, (21.12)
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because a0 = b0, a1 = b1 and |a2 − b2|5 = 1. According to (21.12), nucleotides
within every quadruplet are at the smallest distance apart, i.e., they are closest com-
pared to all other nucleotides.

Since codons are composed of three arranged nucleotides, each of which is either
a purine or a pyrimidine, it is natural to try to quantify the similarity inside purines
and pyrimidines, as well as the distinction between elements from these two groups
of nucleotides. Fortunately, there is a tool, which is again related to the p-adics,
and now it is the 2-adic distance. One can easily see that 2-adic distance between
pyrimidines C and U is d2(1,3) = |3 − 1|2 = 1/2 as the distance between purines A
and G, namely d2(2,4) = |4 − 2|2 = 1/2. However, the 2-adic distance between C
and A or G, as well as the distance between U and A or G is 1 (i.e., maximum).

With respect to the 2-adic distance, the above quadruplets may be regarded as
composed of two doublets: a = a0a11 and b = a0a13 make the first doublet, and
c = a0a12 and d = a0a14 form the second one. The 2-adic distance between codons
within each of these doublets is 1

2 , i.e.,

d2(a, b) = ∣∣(3 − 1)52
∣
∣
2 = 1

2
, d2(c, d) = ∣∣(4 − 2)52

∣
∣
2 = 1

2
, (21.13)

because 3 − 1 = 4 − 2 = 2.
One can now look at Table 21.14 as a system of 32 doublets. Thus 64 codons are

clustered by a very regular way into 32 doublets. Each of 21 subjects (20 amino acids
and one termination signal) is coded by one, two, or three doublets. In fact, there
are two, six, and 12 amino acids coded by three, two, and one doublet, respectively.
Residual two doublets code the termination signal.

Note that two of 16 doublets code two amino acids (Ser and Leu) which are
already coded by two quadruplets, thus amino acids Serine and Leucine are coded
by six codons (three doublets).

To have a more complete picture on the genetic code, it is useful to consider pos-
sible distances between codons of different quadruplets as well as between different
doublets. Also, we introduce a distance between quadruplets and between doublets,
especially when distances between their codons have the same value. Thus the 5-
adic distance between any two quadruplets in the same column is 1/5, while such
distance between other quadruplets is 1. The 5-adic distance between doublets coin-
cides with distance between quadruplets, and this distance is 1

52 when doublets are
within the same quadruplet.

The 2-adic distances between codons, doublets, and quadruplets are more com-
plex. There are three basic cases:

• Codons differ only in one digit
• Codons differ in two digits
• Codons differ in all three digits.

In the first case, the 2-adic distance can be 1
2 or 1 depending on whether the

difference between digits is 2 or not, respectively.
Let us now look at the 2-adic distances between doublets coding leucine and also

between doublets coding serine. These are two cases of amino acids coded by three
doublets. One has the following distances:
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• d2(332,334) = d2(132,134) = 1
2 for leucine

• d2(311,241) = d2(313,243) = 1
2 for serine.

If we use the usual distance between codons, instead of the p-adic one, then we
would observe that two synonymous codons are very far (at least 25 units apart),
and that those which are close code different amino acids. Thus we conclude that
not the usual metric but the ultrametric is inherent to codons.

How is degeneracy of the genetic code connected with the p-adic distances be-
tween codons? The answer is in the following p-adic degeneracy principle: Two
codons have the same meaning with respect to amino acids if they are at smallest
5-adic and 0.5, 2-adic distance. Here the p-adic distance plays a role of similar-
ity: the closer, the more similar. Taking into account all known codes (see the next
subsection) there is a slight violation of this principle. Now it is worth noting that
in modern particle physics just breaking the fundamental gauge symmetry gives its
standard model. It makes sense to introduce a new principle (let us call it reality
principle): Reality is a realization of some broken fundamental principles. It seems
that this principle is valid not only in physics but also in all sciences. In this con-
text, modern genetic code is an evolutionary breaking the above p-adic degeneracy
principle.

Evolution of the Genetic Code

The origin and early evolution of the genetic code are among the most interesting
and important investigations related to the origin and whole evolution of life. How-
ever, since there are no concrete facts from that early period, it gives rise to many
speculations. Nevertheless, one can hope that some of the hypotheses may be tested
looking for their traces in the contemporary genomes.

It seems natural to consider biological evolution as an adaptive development of
simpler living systems to more complex ones. Namely, living organisms are open
systems in permanent interaction with environment. Thus the evolution can be mod-
eled by a system with given initial conditions and guided by some internal rules
taking into account environmental factors.

We are going now to conjecture on the evolution of the genetic code using our
p-adic approach to the genomic space, and assuming that preceding codes used
simpler codons and older amino acids.

Recall that the p-adic genomic space Γp[(p − 1)m] has two parameters: p—
related to p−1 building blocks, and m—multiplicity of the building blocks in space
elements.

• The case Γ2[1] is a trivial one and useless for a primitive code.
• The case Γ3[2m] with m = 1,2,3, does not seem to be realistic.
• The case Γ5[4m] with m = 1,2,3, offers a possible pattern to consider evolution

of the genetic code. Namely, the codon space could evolve in the following way:
Γ5[4] → Γ5[42] → Γ5[43] = C5[64] (see also Table 21.15).
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Table 21.15 The 5-adic system including digit 0 and containing single nucleotide, dinucleotide
and trinucleotide codons. If one ignores numbers which contain digit 0 in front of any 1, 2, 3,
or 4, then one has a one-to-one correspondence between 1-digit, 2-digits, 3-digits numbers, and
single nucleotides, dinucleotides, trinucleotides, respectively. It seems that evolution of codons has
followed transitions: single nucleotides → dinucleotides → trinucleotides

000 100 C 200 A 300 U 400 G

010 110 CC 210 AC 310 UC 410 GC

020 120 CA 220 AA 320 UA 420 GA

030 130 CU 230 AU 330 UU 430 GU

040 140 CG 240 AG 340 UG 440 GG

001 101 201 301 401

011 111 CCC 211 ACC 311 UCC 411 GCC

021 121 CAC 221 AAC 321 UAC 421 GAC

031 131 CUC 231 AUC 331 UUC 431 GUC

041 141 CGC 241 AGC 341 UGC 441 GGC

002 102 202 302 402

012 112 CCA 212 ACA 312 UCA 412 GCA

022 122 CUA 222 AAA 322 UAA 422 GAA

032 132 CGA 232 AUA 332 UUA 432 GUA

042 142 CGA 242 AGA 342 UGA 442 GGA

003 103 203 303 403

013 113 CCU 213 ACU 313 UCU 413 GCU

023 123 CAU 223 AAU 323 UAU 423 GAU

033 133 CUU 233 AUU 333 UUU 433 GUU

043 143 CGU 243 AGU 343 UGU 443 GGU

004 104 204 304 404

014 114 CCG 214 ACG 314 UCG 414 GCG

024 124 CAG 224 AAG 324 UAG 424 GAG

034 134 CUG 234 AUG 334 UUG 434 GUG

044 144 CGG 244 AGG 344 UGG 444 GGG

According to Table 21.12, this primary code containing codons in the single nu-
cleotide form (C, A, U, G) encoded the first four amino acids: Gly, Ala, Asp, and
Val. From the last column of Table 21.14, we conclude that the connection between
digits and amino acids is: 1 = Ala, 2 = Asp, 3 = Val, 4 = Gly. In the primary code,
these digits occupied the first position in the 5-adic expansion (Table 21.15), and at
the next step, i.e., Γ5[4] → Γ5[42], they moved to the second position adding digits
1,2,3,4 in front of each of them.

In Γ5[42], one has 16 dinucleotide codons which can code up to 16 new amino
acids. The addition of the digit 4 in front of already existing codons 1,2,3,4 leaves
their meaning unchanged, i.e., 41 = Ala, 42 = Asp, 43 = Val, and 44 = Gly. Adding
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Table 21.16 The dinucleotide genetic code based on the p-adic genomic space Γ5[42]. Note that
it encodes 15 amino acids without the stop codon, but encodes serine twice

11 Pro 21 Thr 31 Ser 41 Ala

12 His 22 Asn 32 Tyr 42 Asp

13 Leu 23 Ile 33 Phe 43 Val

14 Arg 24 Ser 34 Cys 44 Gly

digits 3,2,1 in front of the primary 1,2,3,4 codons, one obtains 12 possibilities
for coding some new amino acids. To decide which amino acid was encoded by
which of 12 dinucleotide codons, we use as a criterion their immutability in the
trinucleotide coding on the Γ5[43] space. This criterion assumes that amino acids
encoded earlier are more fixed than those encoded later. According to this criterion,
we decide in favor of the first row in each rectangle of Table 21.14, and the result is
presented in Table 21.16.

Transition from dinucleotide to trinucleotide codons occurred by attaching nu-
cleotides 1,2,3,4 at the third position, i.e., behind each dinucleotide. By this way,
one obtains a new codon space Γ5[43] = C5[64] which is significantly enlarged and
provides a pattern to generate known genetic codes. This codon space C5[64] gives
a possibility to realize at least three general properties of the modern code:

(i) Encoding of more than 16 amino acids
(ii) Diversity of codes

(iii) Stability of the gene expression.

Let us give some relevant clarifications:

(i) For functioning of contemporary living organisms it is necessary to code at
least 20 standard (Table 21.10) and 2 non-standard amino acids (selenocysteine
and pyrrolysine). Probably these 22 amino acids are also sufficient building
units for biosynthesis of all necessary contemporary proteins. While Γ5[42] is
insufficient, the genomic space Γ5[43] offers approximately three codons per
one amino acid.

(ii) The eukaryotic (often called standard or universal) code is established around
1966 and was thought to be universal, i.e., common to all organisms. When the
vertebral mitochondrial code was discovered in 1979, it gave rise to a belief
that the code is not frozen and that there are also some other codes which are
mutually different. According to later evidences, one can say that there are at
least 16 slightly different mitochondrial and nuclear codes (for a review, see
[433, 618] and references therein). Different codes have some codons with
different meaning. So, in the standard code there are the following changes in
Table 21.14:

– 232 (AUA): Met → Ile
– 242 (AGA) and 244 (AGG): Ter → Arg
– 342 (UGA): Trp → Ter.
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Modifications in these 16 codes are not homogeneously distributed on 16 rect-
angles of Table 21.14. For instance, in all 16 codes codons 41i (i = 1,2,3,4)

have the same meaning.
(iii) Each of the 16 codes is degenerate, and degeneration provides their stability

against possible mutations. In other words, degeneration helps to minimize
codon errors.

Genetic codes based on single nucleotide and dinucleotide codons were mainly di-
rected to code amino acids with rather different properties. This may be the reason
why amino acids Glu and Gln are not coded in dinucleotide code (Table 21.16),
since they are similar to Asp and Asn, respectively. However, to become almost
optimal, trinucleotide codes have taken into account structural and functional simi-
larities of amino acids.

We presented here a hypothesis on the genetic code evolution taking into ac-
count possible codon evolution, from 1-nucleotide to 3-nucleotide, and amino acids
temporal appearance. This scenario may be extended to the cell evolution, which
probably should be considered as a coevolution of all its main ingredients (for an
early idea of the coevolution, see [820]).

21.7.4 Remarks

There are two aspects of the genetic code related to:

(i) Multiplicity of codons which code the same amino acid,
(ii) Concrete assignment of codon multiplets to particular amino acids.

The above presented p-adic approach gives a quite satisfactory description of the
aspect (i). Ultrametric behavior of p-adic distances between elements of the C5[64]
codon space radically differs from the usual ones. Quadruplets and doublets of
codons have natural explanation within 5-adic and 2-adic nearness. Degeneracy of
the genetic code in the form of doublets, quadruplets, and sextuplets is a direct con-
sequence of p-adic ultrametricity between codons. The p-adic C5[64] codon space
is our theoretical pattern to consider all variants of the genetic code: some codes are
a direct representation of C5[64] and the others are its slight evolutional modifica-
tions.

Aspect (ii) is related to the question: Which amino acid corresponds to which
multiplet of codons? An answer to this question should be expected from connec-
tions between physicochemical properties of amino acids and anticodons. Namely,
the enzyme aminoacyl-tRNA synthetase links a specific tRNA anticodon and a
related amino acid. Thus there is no direct interaction between amino acids and
codons, as it was believed for some time in the past.

Note that there are in general 4! ways to assign digits 1,2,3,4 to nucleotides
C, A, U, G. After an analysis of all 24 possibilities, we have taken C = 1, A = 2,
U = T = 3, G = 4 as a quite appropriate choice. In addition to various properties



686 21 Applications to Life Science

already presented in this chapter, also the complementarity of nucleotides in the
DNA double helix is exhibited by the relation C + G = A + T = 5.

It would be useful to find an analogous connection between 22 amino acids and
digits 1,2, . . . ,22 in p = 23 representation. Now there are 22! possibilities and to
explore all of them seems to be a hard task. However, a computer analysis may help
to find a satisfactory solution.

One can express many above considerations of the p-adic information theory in
linguistic terms and investigate possible linguistic applications.

In this chapter, we have employed the p-adic distances to measure similarity
between codons, which have been used to describe degeneracy of the genetic code.
It is worth noting that in other contexts the p-adic distances can be interpreted in
quite different meanings. For example, the 3-adic distance between cytosine and
guanine is d3(1,4) = 1

3 , and between adenine and thymine d3(2,3) = 1. This 3-adic
distance seems to be natural to relate to hydrogen bonds between complements in
the DNA double helix: the smaller the distance, the stronger the hydrogen bond.
Recall that C–G and A–T are bonded by 3 and 2 hydrogen bonds, respectively.

The translation of codon sequences into proteins is highly an information-
processing phenomenon. The p-adic information modeling presented in this section
[208–210] offers a new approach to systematic investigation of ultrametric aspects
of DNA and RNA sequences, the genetic code and the world of proteins. It can
be embedded in computer programs to explore the p-adic side of the genome and
related subjects.

The above considerations and obtained results may be regarded as contributions
mainly towards foundations of (i) p-adic theory of information and (ii) p-adic the-
ory of the genetic code.

Summarizing, contributions to

(i) p-adic theory of information contain:

– Formulation of p-adic genomic space (whose examples are spaces of nu-
cleotides, dinucleotides and trinucleotides).

– Formulation of p-adic bioinformation space (whose examples are DNA,
RNA and protein spaces).

– Relation between building blocks of information spaces and some prime
numbers.

(ii) p-adic theory of the genetic code include:

– Description of codon quadruplets and doublets by 5-adic and 2-adic dis-
tances.

– Observation of a symmetry between quadruplets as well as between doublets
at our table of codons.

– Formulation of degeneracy principle.
– Formulation of hypothesis on codon evolution.

Many problems remain to be explored in the future on the above p-adic approach to
genomics. Among the most attractive and important themes are:

• Elaboration of the p-adic theory of information towards genomics.
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Fig. 21.23 Liposomal drug

• Evolution of the genome and the genetic code.
• Structure and function of non-coding DNA.
• Ultrametric aspects of proteins.
• Creation of the corresponding computer programs.

21.8 Mathematical Model of Drug Delivery System

In this section, we apply stochastic analysis discussed in Chaps. 3 and 4 to the drug
delivery systems (DDS) following the paper of Hara, Iriyama, Makino, Terada, and
Ohya [318].

Standard chemotherapy for many tumors includes intravenous injection of anti-
cancer drugs, which in most cases shows insufficient therapeutic effects accompa-
nied by severe side effects. The main problems associated with systemic drug ad-
ministration are: the lack of drugs having specific affinity toward a pathological site;
the necessity of a large total dose to achieve high local concentration; non-specific
toxicity and other adverse side-effects due to high drug doses. Drug-targeting is ex-
pected to resolve most of these problems. That is, minimally required amount of
drug should be delivered to the target site when needed. Nanoparticles, such as li-
posomes, polymer micelles, and biodegradable nanospheres, have been studied as
drug carriers for several decades, and the features that make them attractive drug
carriers are well known. Nanoparticles encompass a variety of submicron (<1 µm)
colloidal nanosystems, and one of their major advantages is their small size which
allows them to pass through certain biological barriers.

A typical nanoscale drug, liposomal drug, is shown in Fig. 21.23.
Surface functionalities can sometimes be incorporated into nanoparticles since

the challenge includes finding a means to make drug carrier systems avoid the im-
munogenic and nonspecific interactions that efficiently clear foreign materials from
the body. The most noteworthy surface modification of the nanoparticles is the incor-
poration of polyethylene glycol (PEGylation) which serves as a barrier, preventing
interactions with plasma proteins, and thus retarding recognition by the reticuloen-
dothelial system (RES) and enhancing the circulation time of the drug carriers [321].

Passive delivery is targeted to solid tumor. Aggressive tumors inherently develop
leaky vasculature with 100–1000 nm pores due to rapid formation of vessels that
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must serve the fast-growing tumor. This defect in vasculature coupled with poor
lymphatic drainage serves to enhance the permeation and retention of nanoparticles
with the tumor region. This is called the EPR (enhanced permeability and reten-
tion) effect of a tumor, and is a representative form of passive targeting [496–499].
The basis for increased tumor specificity is the differential accumulation of drug-
loaded nanoparticles in tumor tissue versus normal cells, which results from parti-
cle size rather than binding. Normal tissues contain capillaries with tight junctions
that are less permeable to nanosized particles. Passive targeting can therefore result
in increases of drug concentrations in solid tumors of several-fold relative to those
attained with free drugs.

For the treatment of solid tumors, both liposomal and solid nanoparticle formu-
lations have received clinical approval for delivery of some anticancer drugs. Ex-
amples of liposomal formulations include doxorubicin (Doxil/Caelyx and Myocet)
and daunorubicin (Daunosome) [270, 666]. The mechanism of drug release may
depend on diffusion of the drug from the carrier into the tumor interstitium. This
is followed by the subsequent uptake of the released drugs by tumor cells. Also,
the Food and Drug Administration (FDA) approved Abraxane, an albumin-bound
paclitaxel nanoparticles in an injectable suspension for the treatment of metastatic
breast cancer [353, 354]. Other solid nanoparticle-based cancer therapies have been
approved for clinical trials. Thus, nanoparticles are potentially useful as carriers of
active drugs for making the drugs as efficiently as possible. In this section, the ef-
fects of nanoparticle size on the efficiency of passive targeting to the pores existing
in tumor vessels will be discussed.

21.8.1 Mathematical Model

In this subsection, we estimate the configuration of a drug which is most effective as
a remedy for tumors variously situated in a living body, following the steps below.

1. We start by constructing a dynamical model of nanoparticles inside the body,
based on mathematical physics.

Taking various interactions, the dynamical model should be one of the many-body
problems. This dynamical model is difficult to solve analytically, so that we treat it
under the following conditions by:

2. Taking some approximations to describe the interactions.
3. Analyzing the movement of drug particles in the blood.

In addition, we consider the movement of drug particles as a stochastic process, and
we approximate the blood plasma as a Newtonian fluid and the force working on
the drug particle as a mean field.

Based on above conditions, we

4. Calculate the probability that a drug particle is in the target tumor after a fixed
time.
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Fig. 21.24 The relation
between terminal capillary
and tumor tissues

5. Estimate the shape of a drug particle giving the maximum probability that the
injected drug stays in the tumor.

We will discuss our model of the drug movement below with the particle circu-
lation and the EPR effect of tumor.

Drug Particle Circulation and the Probability of Staying in a Tumor

The injected drug particles are circulating inside the body in the blood flow. The
diameter of a terminal capillary is measured in microns, and it is known that red
blood cells concentrate in the center of a capillary and a layer of blood plasma
forms near the vessel wall, which is called the sigma effect. Our target drug and
other substances such as water and proteins exist in this layer. Near a tumor, new
blood vessels come out from a normal vessel and connect to the tumor (Fig. 21.24).
Therefore, the drug particles circulating over the body pass close to the vessel near
the tumor, and some of them get into the new blood vessel and will be retained by
the tumor due to the EPR effect of the tumor.

Based on the above conditions, we construct a dynamical model of drug particles
in the body. We assume that (i) the stream in a blood vessel is divided into two
layers, red blood cell layer and plasma layer; (ii) the particles distribute uniformly
in blood. Let Lonce ≡ Lcapillary + Lbody be the length for one circulation of a drug
particle, where Lcapillary is the length of the capillary near the target tumor, Lbody is
the length getting back to that place after passing through the entrance of the new
blood vessel. In addition, let Tonce ≡ Tcapillary + Tbody be the time for a single body
circulation, where Tcapillary is the time in Lcapillary and Tbody is the time in Lbody.
Then, let the places where drug particles stay as follows: B1 is blood, B2 is tumor,
and B3 is RES, and let p

(n)
i be the probability of a drug staying in Bi after n times

of circulation. One has

p
(n)
i =

∑

k

t
(n)
ik p

(n−1)
k , n > 0,
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where t
(n)
ij is the transition probability from Bj to Bi at the nth body circulation.

The initial condition p
(0)
i at time n = 0 should be

p
(0)
1 = 1, p

(0)
2 = 0, p

(0)
3 = 0.

Let Tmax be the lifetime of a drug particle given by the drug maker, and let nmax
be the maximum integer n such that

∑n
k=1 Tonce < Tmax. The probability of a drug

staying in Bi at time Tmax is denoted by p
(nmax)
i . We will calculate the value “p(nmax)

i ”
with respect to several parameters characterizing the drug and the tumor.

The transition probabilities t
(n)
ij should depend on the mass m of a drug so that

t
(n)
ij = g

(n)
ij (m), where g is a proper function related to the characters of a drug

particle and the personal data of a patient. We have to look for this function, here we
take the first approximation such that t

(n)
31 = t = c1m + c2, where c1, c2 are certain

constants determined by the drug and the personal data of a patient. From these
considerations, we took t

(n)
ij as

t
(n)
11 = (1 − P)(1 − t),

t
(n)
21 = P(1 − t),

t
(n)
31 = t,

t
(n)
22 = t

(n)
33 = 1,

t
(n)
ij = 0 (otherwise).

Here P is the probability that a drug particle gets into the tumor. This probability
can be written as

P ≡ PEPRPplasma.

Here PEPR = h(v) which is the rate that a drug particle near the tumor is captured
due to the EPR effect of the tumor. We will describe h(v) in the following sub-
section. Then Pplasma is the probability that a drug particle is in the plasma layer.
Since we assumed that all particles are independent and identically distributed, we
set Pplasma as

Pplasma ≡
[

1 −
(

d

2
− deff

)2/(
d

2

)2]

× ε

πd
,

where d is the diameter of a capillary, deff is the thickness of the plasma layer, and
ε is the size of the new blood vessel.

Drug Particle Movement Model

We discuss in this section how we construct a mathematical model to compute h(v)

above. Let X be a set of drug particles and Y be a set of proteins in blood. The
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potential energy of a particle i ∈ X located at xi ∈ R
3 is denoted by

Ui =
∑

j �=i

I (xi, xj ) +
∑

k∈Y

I ′(xi, yk) + I ′′(xi),

where I describes the interactions among drug particles: I ′ denotes the interaction
between a drug particle and a protein in the blood at location y, and I ′′ that due to
the blood flow. These interactions come from physical considerations of particles,
which are of various types; one example of the potential energy which we used in
our simulation is:

I (x, x ′) = I0e
−γ |x−x′|,

I ′(x, y) = γ ′θ(y − x),

I ′′(x) = α · x,

where I0, γ, γ ′ are constants, α is a constant vector α = (α1,0,0) and θ is the
step function, θ(s) ≡ θ(s1)θ(s2)θ(s3) for s = (s1, s2, s3), and θ(τ ) = 1 for τ > 0,
θ(τ ) = 0 for τ ≤ 0.

In addition, we might need to consider a noise effect because the size of drug
particles is measured in nanometers. We suppose this noise is a white noise because
it is the most common due to Brownian motion. It is denoted by Wi(t) for the par-
ticle i. Let μ be the strength of the noise, ζ be friction from viscosity of the blood
stream, and m be the mass of a drug particle. We assume that the drug particle in
the blood plasma layer follows the Langevin stochastic differential equation

mdvi = fi dt − ζvi dt + μdWi, (21.14)

where vi is the three dimensional vector of the velocity of particle i, m = 4/3πρa3

(ρ is the mass density of a drug particle, and a is the radius of the particle), fi =
−gradUi , ζ = 6πηa (η is the viscosity of blood plasma), and μ = √

2ζkBθB (kB is
Boltzmann’s constant and θB is blood temperature).

It is very difficult to solve this stochastic differential equation, so that we need to
take some approximations. We consider the various forces affecting the drug parti-
cles in the blood by a mean field. We suppose that the injected drug particles first
diverge and will be almost static near the tumor; therefore, we might consider all
particles as identical and independent. Under this assumption, we take a mean field
approximation for the potential energy such as

∑

j �=i

I (xi, xj ) � Ĩ (xi),

∑

α∈Y

I ′(xi, yα) � Ĩ ′(xi).

Therefore, the potential energy Ui is rewritten as

Ui = Ĩ (xi) + Ĩ
′
(xi) + I ′′(xi).



692 21 Applications to Life Science

Difference Equation for Numerical Calculation

According to the property of Brownian motion, the difference between each instant
of time dWi(t) follows a Gaussian distribution. Thus the differences

ΔWi(k) = Wi(tk+1) − Wi(tk)

are independent and identically distributed Gaussian random variables with mean 0
and variance tk+1 − tk , for a given discretization

t0 = 0 < t1 < · · · < tn = T

of the time interval [0, T ]. We can use Gaussian pseudo-random numbers generated
by a computer.

In order to calculate the above processes, we need to replace the stochastic differ-
ential equation (21.14) by the difference equation. Using Euler–Maruyama method
[432], the stochastic differential equation becomes the following stochastic differ-
ence equation

vi(tn+1) = vi(tn) + fi(tn) − ζvi(tn)

m
(tn+1 − tn) + μ

m
ΔWi(n).

Based on the above formula, we use a computer simulation to obtain the velocity vi .

EPR Effect of Tumor and Its Mathematical Treatment

The Enhanced Permeability and Retention (EPR) effect of a tumor was proposed by
Maeda [496–499], and it has the following properties.

1. (Enhanced Permeability) The new blood vessels appearing near the tumor have
high permeability even for large molecules, compared with normal blood vessels.

2. (Retention) Since the retrieval mechanism of lymph vessel is not complete, the
large molecules tend to accumulate in tumor tissues.

A mathematical model of this effect was suggested by Hara, Iriyama, Makino,
Terada, and Ohya [318]. This mathematical model was formulated by taking vari-
ous parameters to characterize a tumor and the diverse spreading of the new blood
vessels. They focus on the velocity of a drug particle at a proper place (called the
“entrance”) of the new blood vessels. Here, we define the absorbing rate for drug
particles by the EPR effect of the tumor as follows. First, let L be the length from
a fixed place to the entrance of the new blood vessel associated with the tumor, and
v be the velocity of the drug particle arriving at the entrance. In addition, λ is a
parameter characterizing the EPR effect of the tumor. Since the EPR effect of the
tumor is applicable to the drug particle getting into the entrance, we have

∣
∣v(t)

∣
∣> 0, ∃T such that

∫ T

0
v dt ≥ L.
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Here, TL is the time satisfying

∫ TL

0
v dt = L.

Put

h
(
v(t)

)=
{

e−λv(t) (t = TL),

0 (t < TL).

Then we calculate the mean value of h(v) by using a computer: Let N denote the
total number of drug particles, then h(v) is obtained as

h(v) ∼= 1

N

∑

i

h
(
vi(TL)

)
.

21.8.2 Results and Discussion

In this section, we show the results of calculating the probability that a drug is at
each place Bi (B1 blood, B2 tumor, B3 RES) after a proper fixed time. First of all,
we should find and set the suitable values of parameters for the target condition. We
assign the parameters for a body in Table 21.17 and those for a drug in Table 21.18,
taking the conditions of the EPC liposome in [758] in our mind. The values of the
parameters d , Deff, Lcapillary, η, α, θB , and Tbody are taken from [196, 500], those of
the parameters λ, ε, c1, c2 are determined by sensitivity analysis and optimization
to fit with experimental data. We plot the probabilities p

(nmax)
i in Fig. 21.25 with

respect to the diameter of the drug. There is a peak of the probability p
(nmax)
2 near

100 nm and the probability p
(nmax)
3 has the opposite curve. These results well match

the results of in-vivo study [758]. The results imply that our mathematical model
can simulate the drug movement well. Note that in our computations, we took the
simplest approximation for Ui , that is, the linear approximation of Ĩ (xi) with respect
to xi .

We show some results of sensitivity analysis for the parameters ε, λ, a, m, Tbody,
and Tmax.

(i) We take three ε = 0.5 × 10−6, 1.0 × 10−6, 1.5 × 10−6 meter and plot the
probability p

(nmax)
3 in RES for each ε in Fig. 21.26.

(ii) We take three λ = 1.0 × 102, 1.5 × 102, 2.0 × 102 s/m and plot the probability
for each λ in Fig. 21.27. The other parameters are the same as above. The
parameters ε and λ, which are the parameters characterizing a tumor, affect
not only p

(nmax)
2 in the tumor but also p

(nmax)
3 in RES; however, the change

of ε, λ does not affect p
(nmax)
3 when the diameter of the drug particle is less

than about 10 nm. From these results, we may understand the total disposition
of a drug in body.
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Table 21.17 Parameters for the body

Parameter Physical meaning Value

d Diameter of blood capillary 10.0 µm

deff Height of blood plasma layer 1.0 µm

Lcapillary Length of the capillary near the target
tumor

1.0 cm

η Viscosity of blood plasma 1.3 × 10−3 Pa s

ε Size of new blood vessel 1.57 × 10−5 m

λ Constant corresponding to
Tumor and its EPR effect of tumor

2.0 × 102 s/m

α1 Intensity of blood flow 3.77 × 10−12 J/m

θB Blood temperature 310 K

Table 21.18 Parameters for the drug

Parameter Physical meaning Value

ρ Mass density of a drug particle 1.0 × 103 kg/m3 = 1.0 g/cm3

t = c1m + c2; transition rate c1 = 9.69 × 1015 kg−1

from blood to RES c2 = 5.0 × 10−3

Tcirc Circulation time 5 min

Tmax Lifetime of a drug particle 24 hour

a Radius of a drug particle Variable

Fig. 21.25 Our simulations
(curve) and experiments
(bar): This figure describes
the probabilities
p

(nmax)
1 ,p

(nmax)
2 ,p

(nmax)
3 and

the experiment data about the
RES uptake of EPC
liposomes in [758]. In the
figure, Blood, Tumor, RES
mean p

(nmax)
1 , p

(nmax)
2 , p

(nmax)
3

and “In-vivo RES” means the
experiment result
(average+/−SD)

(iii) We take two Tcirc = 5, 15 min and plot the probability p
(nmax)
3 for each Tbody in

Fig. 21.28. In the same figure, we also plot the RES uptake of EPC liposomes
and that of HEPC liposomes (i.e., whose membranes are less fluid than those
of EPC liposome) given in [758]. Comparing our result with their result, we
understand that HEPC liposome has a bigger circulation time Tbody than that
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Fig. 21.26 Sensitivity of the
parameter ε to the probability
in RES: The lines indicate the
probability p

(nmax)
3 for fixed

three ε = 0.5 × 10−6,
1.0 × 10−6, 1.5 × 10−6

Fig. 21.27 Sensitivity of the
parameter λ to the probability
in RES: The lines indicate the
probability p

(nmax)
3 for three

fixed λ = 1.0 × 102,
1.5 × 102, 2.0 × 102

of EPC liposome. That is, our simulation can explain the fluid ability of a
liposome through the parameter Tbody.

(iv) We take Tmax = 6 hour and plot (a) the probability p
(nmax)
2 in tumor in

Fig. 21.29 with respect to the diameter of the drug and its mass density; (b)
the probability p

(nmax)
2 with respect to the diameter for three fixed ρ = 0.5, 1.0,

2.0 g/cm3 in Fig. 21.30; and (c) the probability p
(nmax)
1 in blood in Fig. 21.31.

These are the sensitivity analysis of parameter a and ρ. The sensitivity analysis
suggests that (i) the size of a drug maximizing the probability p

(nmax)
2 depends

on its mass density; and (ii) the probability p
(nmax)
1 decreases as the mass den-

sity increase. These results (i) and (ii) imply that we can find the most effective
size of a drug for DDS with respect to the mass density ρ which is designed.

(v) We take three Tmax = 1,3,6 hour and plot the probability p
(nmax)
2 for each Tmax

in Fig. 21.32. From the simulation, we conclude that the most effective size
of a drug depends on its survival time. The size of a drug particle should be
determined with respect to the survival time Tmax which is designed.
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Fig. 21.28 Simulations
(curve) and experiments (bar)
for RES uptake: This figure
describes the probability
p

(nmax)
3 in RES for two fixed

Tbody = 5, 15 min, and the
RES uptake of EPC
liposomes and those of HEPC
liposomes in [758]
(average+/−SD)

Fig. 21.29 Sensitivity
analysis of parameter a and
ρ: This figure describes the
probability p

(nmax)
2 in tumor

after the time Tmax = 6 hour
with respect to the diameter
and the mass density

Fig. 21.30 Sensitivity of the
parameter ρ to the probability
in tumor: The lines indicate
the probability p

(nmax)
2 for

three fixed ρ = 0.5, 1.0,
2.0 g/cm3

From (i)–(v), the model makes clear a relation between the changing characters of
drug and its effect, therefore the simulation will indicate the way how to design a
drug.
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Fig. 21.31 Sensitivity of the
parameter ρ to the probability
in blood: The lines indicate
the plobability p

(nmax)
1 for

three fixed ρ = 0.5, 1.0,
2.0 g/cm3

Fig. 21.32 Sensitivity of the
parameter Tmax to the
probability in tumor: The
lines indicate the probability
p

(nmax)
2 for three fixed

Tmax = 1,3,6 hour

In this section, we explained some results of experiments by a mathematical
model and showed an ideal design of a drug for the drug delivery system. It was
found that the optimal diameter of a nanoparticle to be absorbed by the tumor is
about 100 nm. The model will help make drug delivery effective. Moreover, this
research could be used to understand which surface-modification of a drug particle
or some others such as ligand-receptor is effective for a drug delivery system.

21.9 An Application of Quantum Information to a Biosystem:
Biomolecular Modeling

21.9.1 Folding Problem

The sequence of amino acids in a protein defines its primary structure. As discussed
in Sect. 21.1, the blueprint for each amino acid is laid down by sets of three letters,
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known as base triplets, that are found in the coding regions of genes. These base
triplets are recognized by ribosomes, the protein building sites of the cell, which
create and successively join the amino acids together. This is a quick process: a pro-
tein of 300 amino acids will be made in little more than a minute.

The result is a linear chain of amino acids, but this only becomes a functional
protein when it folds into its three-dimensional (tertiary structure) form which is
called the native state. Protein folding involves physical timescales—microseconds
to seconds. This occurs through an intermediate form, known as secondary structure,
the most common of which are the rod-like α-helix and the plate-like β-pleated
sheet. These secondary structures are formed by a small number of amino acids that
are close together, which then, in turn, interact, fold and coil to produce the tertiary
structure that contains its functional regions.

Although it is possible to deduce the primary structure of a protein from a gene’s
sequence, its tertiary structure (i.e., its shape) currently cannot be determined the-
oretically. It can only be determined by complex experimental analyses and, at
present, this information is only known for about 10% of proteins. It is therefore
not yet known how an amino-acid chain folds into its three-dimensional structure in
the short time scale (fractions of a second) that occurs in the cell.

Can the three-dimensional structure of a protein be predicted given only its amino
acid sequence? What is the pathway from the unfolded to the folded state for any
given protein? What is the physical basis for the stability of the folded conforma-
tion? These questions constitute the “protein folding problem”.

Analogous folding problems are relevant also to DNA and RNA molecules. An-
other fundamental problem is the interaction of nucleic acids and proteins. One
hopes to make progress in these problems by using molecular dynamics simulation
and other methods.

We here refer to the book by Schlick [689] for molecular dynamics and to the
recent reviews by Ando and Yamato [57] and [686] for folding problem.

Note that there exists a p-adic approach to study the protein dynamics, see also
Sect. 21.7. It was shown that the results on protein dynamics obtained with the help
of p-adic methods coincide with the data of spectroscopic experiments for Mb–CO
rebinding. A p-adic diffusion equation which was suggested and studied in [783]
was used in [76] to describe the protein dynamics. It was shown that p-adic methods
are relevant for the dynamics on energy landscapes, interbasin kinetics and confor-
mational dynamics of proteins. In this case, an ultrametric parameter describes the
conformational coordinate for the protein [77].

21.9.2 Molecular Dynamics

The aim of the molecular dynamics simulations of the behavior of biomolecules is
not at describing of individual trajectories of a given molecule but rather at gaining
structural insights and predicting statistical properties of complex biomolecules with
the goal of relating structure and dynamics of biomolecules to biological functions.
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Quantum Mechanics and Molecular Dynamics

The structure and dynamics of any molecule, including the biomolecules, are de-
scribed in quantum mechanics by the Schrödinger equation

i�
∂ψ

∂t
= Hψ.

Here the wave function ψ and the Hamiltonian H = H0 + V depend on the atomic
coordinates. In principle, one could try to calculate the electronic and nuclear struc-
tures of atoms and molecules from the Schrödinger equation. Though this funda-
mental approach is impractical yet, quantum mechanics is used to study various ef-
fects on biological macromolecules. Usually, one uses the Hartree–Fock and Born–
Oppenheimer approximations.

Molecular Mechanics

In the Born–Oppenheimer approximation to the Schrödinger equation, the nuclei
remain fixed on the timescale of electronic motion. A molecule is considered as
built up from just two types of particles, nuclei with negligible size and electrons,
the motion of which can be separated. In this approximation, a molecule is described
as a system of N point masses satisfying the laws of classical mechanics and moving
in an effective potential field V . A molecule is modeled as a mechanical body. It is
considered as a collection of masses centered at the nuclei (atoms) connected by
springs (bonds); the molecule can stretch, bend and rotate about those bonds.

For a molecule consisting from N atoms, let xi = (xi1, xi2, xi3), i = 1, . . . ,N ,
denote the position vector of atom i in Cartesian coordinates, and let rij = xi − xj

denote the distance vector from atom i to j . The magnitude of the vector rij is
denoted by rij .

The potential energy V of a molecular model depends on all Cartesian variables
of the atoms: V = V (x1, . . . ,xN). The classical Hamiltonian of a molecule has the
form

H = H0 + V

where

H0 =
N∑

i=1

p2
i

2mi

is the kinetic energy, pi are momenta, and mi are masses of atoms.
The Newton equations for this Hamiltonian read

mi

d2xi

dt2
= − ∂V

∂xi

, i = 1, . . . ,N.
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The potential energy V is constructed as the sum of contributions from the following
five types of terms: bond length and bond strain terms (Vbond and Vbang), a torsional
potential (Vtor), a Lennard–Jones potential (VLJ) and a Coulomb potential (VCoul):

V = Vbond + Vbang + Vtor + VLJ + VCoul.

The typical form of the potentials is:

Vbond =
∑

i,j∈MB

Bij (rij − rij )
2,

Vbang =
∑

i,j,k∈MBA

Kijk(θijk − θijk)
2,

Vtor =
∑

i,j,k,l∈MDA

∑

n

V
(n)
i,j,k,l

[
1 ± cos(nτijkl)

]
,

VLJ =
∑

i,j∈MNB

(

−Cij

r6
ij

+ Dij

r12
ij

)

,

VCoul =
∑

i,j∈MNB

qiqj

εrij
.

The symbols MB, MBA, and MDA denote the sets of all bonds, bond angles, and
dihedral angles. The nonbonded set MNB includes the (i, j) atom pairs separated
by three bonds or more. Bij , Kijk , . . . are constant parameters, ε is the dielectric
constant. Bond and angle variables capped by bar symbols denote reference values
associated with these quantities. Typical values of n are 1, 2, 3, or 4.

A bond angle θijk formed by a bonded triplet of atoms i − j −k can be expressed
as

cos θijk = 〈rkj , rij 〉
rkj rij

.

A dihedral angle τijkl , defining the rotation of bond i − j around j − k with
respect to k − l, is expressed as

cos τijkl = 〈nab,nbc〉.
Here vectors nab and nbc denote unit normals to planes spanned by the vectors {a,b}
and {b, c}, respectively, where a = rij ,b = rjk and c = rkl .

Stochastic Dynamics

There are various mathematical models to represent the effects of the environment
(water or other stochastic dynamics method in which the influence of solvent parti-
cle of the solute is incorporated through additional frictional and random terms. The
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Newton equation is replaced by the stochastic Langevin equation (on the mathemat-
ical discussion of stochastic differential equations see Sect. 21.5.5 on Hida white
noise analysis): When there exists the density of the noise,

mi

d2xi

dt2 = − ∂V

∂xi

− γ
dxi

dt
+ Ri(t), i = 1, . . . ,N

where γ is the damping constant and Ri (t) = (Ri1(t),Ri2(t),Ri3(t)), the density
of the noise, with mean E(Ri (t)) = 0 and the covariance

E
(
Riα(t)Rjβ(s)

)= 2γ kBT δij δαβδ(t − s), i, j = 1, . . . ,N, α,β = 1,2,3.

Here kB is Boltzmann’s constant, and T is the temperature. The damping constant
γ controls both the magnitude of the frictional force and the variance of the random
forces; it follows from the fluctuation/dissipation theorem. According to the Stokes
law for the frictional resistance of a spherical particle in a solution, one can take
γ = 6πηa where η is the solvent viscosity, and a is the hydrodynamic radius of
atom.

The Brownian Limit

In the limit when the solvent damping is large and the velocity relaxation time is
much more rapid than position relaxation time, one can take the following approxi-
mation to the Langevin equation:

γ
dxi

dt
= − ∂V

∂xi

+ Ri (t), i = 1, . . . ,N

which is called the Brownian dynamics.

21.9.3 Molecular Dynamics for Harmonic Oscillator

Let us consider the method of molecular dynamics for studying the equation of mo-
tion for the simple harmonic oscillator to see at which scale it could give a good
approximation. One of widely used algorithms for integrating the equations of mo-
tion in molecular dynamics is the velocity Verlet algorithm below. The method is
symplectic and time-reversable.

If we have to integrate numerically an equation

ẍ(t) = F(t)

then the velocity Verlet algorithm is often used, which reads:

x(t + h) = x(t) + hv(t) + h2

2
F(t),
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v(t + h) = v(t) + h

2

[
F(t + h) + F(t)

]
.

Here h > 0 is the time step. We denote

xn = x(nh), vn = v(nh), n = 0,1,2, . . . .

As an example, we take a harmonic oscillator which is one of the terms in the
potential energy for biomolecules,

ẍ(t) = −ω2x(t),

we have
(

xn+1

vn+1

)

= A

(
xn

vn

)

where

A =
⎛

⎝
1 − h2ω2

2 h

−hω2 + h3ω4

4 1 − h2ω2

2

⎞

⎠ .

The solutions of the characteristic equation

det(A − λI) = 0

are

λ1,2 = 1 − h2ω2

2
± i

√

h2ω2 − h4ω4

4
= e±iϕ.

We represent the matrix A in the diagonal form:

A = QDQ−1,

where

D =
(

λ1 0
0 λ2

)

.

For simplicity let us set ω2 = 2. Then

Q =
(

h h

λ1 − 1 + h2 λ2 − 1 + h2

)

,

Q−1 = 1

h(λ1 − λ2)

(−λ2 + 1 − h2 h

λ1 − 1 + h2 −h

)

.

The solution of our discrete equation is
(

xn

vn

)

= QDnQ−1
(

x0

v0

)

= Q

(
einϕ 0

0 e−inϕ

)

Q−1
(

x0

v0

)

.
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In particular, for xn we get

xn = 1

sinϕ

[
x0
(
sinϕ cosnϕ + (1 − h2 − cosϕ

)
sinnϕ

)+ hv0 sinnϕ
]

where

sinϕ = h
√

2 − h2.

It would be interesting to compare the behavior of the obtained xn with v(nh)

where v(nh) is the known solution of the differential equation

x(t) = x0 cos(ωt) + v0

ω
sin(ωt)

and to see for which n and h the values xn will lead to a good approximation to
v(nh).

21.9.4 Examples of Molecular Dynamics Simulations

Long molecular dynamics computations are mathematically ill-defined and generate
cumulative errors in numerical integration that can be minimized with appropriate
selection of algorithms and parameters, but not eliminated entirely. Furthermore,
known potential functions are not sufficiently accurate to reproduce the dynamics
of molecular systems.

Better results, in principle, can be obtained from first principles by using a quan-
tum mechanical method known as Ab Initio Molecular Dynamics (AIMD), such as
the theory of the density functional. Due to the cost of treating the electronic degrees
of freedom, the computational cost of this simulation is higher than classical molec-
ular dynamics. This implies that AIMD is limited to smaller systems and shorter
periods of time. Classical molecular dynamics techniques allow a rather detailed
time and space insight into dynamical behavior for some systems.

In particular, in 2006 folding simulations of the Villin Headpiece with 20 000
atoms were performed; Simulation time: 500 µs, Program: “folding@home”. This
simulation was run in 200 000 central processing units (CPU) of participating per-
sonal computers around the world with a distributed computing effort coordinated
by Vijay Pande at Stanford University. The kinetic properties of the Villin Head-
piece protein were probed by using many independent, short trajectories run by
CPUs without continuous real-time communication. One technique employed was
the Pfold value analysis, which measures the probability of folding before unfold-
ing of a specific starting conformation. Pfold gives information about transition state
structures and an ordering of conformations along the folding pathway.
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21.9.5 Quantum Algorithm of Protein Folding

Molecular dynamics (MD) is an invaluable tool with which to study protein folding
in silico. Although just a few years ago the dynamic behavior of a protein molecule
could be simulated only in the neighborhood of the experimental conformation (or
protein unfolding could be simulated at high temperature), the advent of distributed
computing, new techniques such as replica-exchange MD, new approaches (based
on, e.g., the stochastic difference equation), and physics-based reduced models of
proteins now make it possible to study protein-folding pathways from completely
unfolded structures. In this review, we present algorithms for MD and their exten-
sions and applications to protein-folding studies, using all-atom models with explicit
and implicit solvent as well as reduced models of polypeptide chains.

We can write the quantum algorithm to calculate the position xi of all moleculars
in the Hilbert space ⊗C

2 in the following steps:

1. Prepare an input state of the tensor products of initial positions of molecules in a
protein.

2. Construct unitary operator which represents a dynamics of molecules.
3. Apply it into an initial state several times.
4. Obtain the final state (the positions of all molecules) for each specified time and

check whether the protein finally folds.

The details of this algorithm is discussed in [375].

21.10 Quantum Photosynthesis

In this section, we describe some results on photosynthesis. Recently, it was dis-
covered [172] that quantum mechanics might be involved in the process of photo-
synthesis in some marine algae at the room temperature. This experimental result
is very important for establishing quantum biology as an experimental science. We
will describe applications to theoretical investigation of photosynthesis of some re-
sults from quantum theory and quantum information discussed in this book.

We describe the relation between the chaotic amplifier in generalized quantum
algorithm discussed in Chaps. 10 and 14, and the efficient excitation transport in the
photosynthetic antenna. We also discuss a possible role of the entropy decreasing
mentioned in Chap. 20 for the process of photosynthesis.

Photosynthesis is vital for life on Earth. Photosynthesis changes the energy from
the sun into chemical energy and splits water to liberate oxygen and convert carbon
dioxide into organic compounds, especially sugars. Energy from sunlight is used to
convert carbon dioxide and water into organic materials to be used in cellular func-
tions such as biosynthesis and respiration. Photosynthesis occurs in plants, algae,
and many species of bacteria. In plants, algae, and cyanobacteria photosynthesis
uses carbon dioxide and water, releasing oxygen as a waste product and maintains
the normal level of oxygen in the atmosphere. Nearly all life either depends on it
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directly as a source of energy, or indirectly as the ultimate source of the energy
in their food. The amount of energy trapped by photosynthesis, is about six times
larger than the power consumption of human civilization. Photosynthesis is also the
source of the carbon in all the organic compounds within organisms’ bodies.

21.10.1 Photosystems

Photosystems (or Reaction Centers) are protein complexes in cells involved in pho-
tosynthesis. They are found in the thylakoid membranes of cells in plants and algae
where these are located in the chloroplasts, or in the cytoplasmic membrane of pho-
tosynthetic bacteria. Chloroplasts are organelles found in plant cells and other eu-
karyotic organisms that conduct photosynthesis. The thylakoid membrane is the site
of the light-dependent reactions of photosynthesis with the photosynthetic pigments
embedded in the membrane.

The thylakoid membranes of higher plants are composed primarily of phospho-
lipids and galactolipids that are asymmetrically arranged along and across the mem-
branes.

In and around photosystems, there are chlorophyll molecules. The chlorophyll
molecule is the active part that absorbs the sunlight, it is attached to the backbone
of a complicated protein.

Chlorophyll is a green pigment which absorbs light most strongly in the red, a bit
in the blue, but poorly in the green portions of the electromagnetic spectrum, hence
the green color of chlorophyll-containing tissues such as plant leaves. The basic
structure of a chlorophyll molecule is a porphyrin ring, coordinated to a central
atom. There are actually two main types of chlorophyll, named a and b. They differ
only slightly, in the composition of a sidechain; in a it is CH3, in b it is CHO. Both of
these two chlorophylls are effective photoreceptors because they contain a network
of alternating single and double bonds, and the orbitals can delocalize stabilizing the
structure. Such delocalized polyenes have very strong absorption bands in the visible
regions of the spectrum, allowing the plant to absorb the energy from sunlight.

Chlorophyll serves two primary functions. The function of the vast majority of
chlorophyll (up to several hundred molecules per photosystem) is to absorb light
and transfer that light energy by resonance energy transfer to a specific chlorophyll
pair in the reaction center of the photosystems. Because of chlorophyll’s selectivity
regarding the wavelength of light it absorbs, areas of a leaf containing the molecule
will appear green.

The two currently accepted photosystem units are Photosystem II and Photosys-
tem I, which have their own distinct reaction center chlorophylls, named P680 and
P700, respectively. These pigments are named after the wavelength (in nanometers)
of their red-peak absorption maximum.

The function of the reaction center chlorophyll is to use the energy absorbed by
and transferred to it from the other chlorophyll pigments in the photosystems to
undergo a charge separation, a specific redox reaction in which the chlorophyll do-
nates an electron into a series of molecular intermediates called an electron transport
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chain. The charged reaction center chlorophyll (P680+) is then reduced back to its
ground state by accepting an electron. In Photosystem II, the electron which reduces
P680+ ultimately comes from the oxidation of water into O2 and H+ through sev-
eral intermediates. This reaction is how photosynthetic organisms like plants pro-
duce O2 gas, and is the source for practically all the O2 in Earth’s atmosphere.
Photosystem I typically works in series with Photosystem II, thus the P700+ of
Photosystem I is usually reduced, via many intermediates in the thylakoid mem-
brane, by electrons ultimately from Photosystem II. Electron transfer reactions in
the thylakoid membranes are complex, however, and the source of electrons used to
reduce P700+ can vary.

The electron flow produced by the reaction center chlorophyll pigments is used to
shuttle H+ ions across the thylakoid membrane, setting up a chemiosmotic potential
mainly used to produce ATP chemical energy, and those electrons ultimately reduce
NADP+ to NADPH a universal reductant used to reduce CO2 into sugars as well as
for other biosynthetic reductions.

Reaction center chlorophyll-protein complexes are capable of directly absorbing
light and performing charge separation events without other chlorophyll pigments,
but the absorption cross section (the likelihood of absorbing a photon under a given
light intensity) is small. Thus, the remaining chlorophylls in the photosystem and
antenna pigment protein complexes associated with the photosystems all cooper-
atively absorb and funnel light energy to the reaction center. Besides chlorophyll,
there are other pigments, called accessory pigments, which occur in these pigment–
protein antenna complexes.

A photosystem is an enzyme which uses light to reduce molecules. The mem-
brane protein complex is made of several subunits and contains numerous cofac-
tors. In the photosynthetic membranes, reaction centers provide the driving force
for the bioenergetic electron and proton transfer chain. When light is absorbed by
a reaction center (either directly or passed by neighboring pigment-antennae), a se-
ries of oxido-reduction reactions is initiated, leading to the reduction of a terminal
acceptor. Two families of photosystems exist: type I reaction centers (like photosys-
tem I (P700) in chloroplasts and in green-sulphur bacteria) and type II reaction cen-
ters (like photosystem II (P680) in chloroplasts and in non-sulphur purple bacteria).
Each photosystem can be identified by the wavelength of light to which it is most
reactive (700 and 680 nanometers, respectively, for PSI and PSII in chloroplasts),
and the type of terminal electron acceptor. Type I photosystems use ferredoxin-like
iron–sulfur cluster proteins as terminal electron acceptors, while type II photosys-
tems ultimately shuttle electrons to a quinone terminal electron acceptor.

21.10.2 Biophysics of Photosynthesis

The process of photosynthesis begins when energy from light is absorbed by pro-
teins of photosynthetic reaction centers that contain chlorophylls. In plants, these
proteins are held inside organelles called chloroplasts, while in bacteria they are
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embedded in the plasma membrane. Some of the light energy gathered by chloro-
phylls is stored in the form of adenosine triphosphate (ATP). The rest of the energy
is used to remove electrons from a substance such as water. These electrons are then
used in the reactions that turn carbon dioxide into organic compounds. In plants,
algae and cyanobacteria this is done by a sequence of reactions called the Calvin
cycle.

In photosynthesis carbon dioxide and water are converted into glucose and oxy-
gen. The photosynthesis equation is

6CO2+12H2O + light → C6H12O6+6O2+6H20.

Photosynthesis occurs in two stages. In the first stage, light reactions capture the
energy of light and use it to make the energy-storage molecules. During the sec-
ond stage, the light-independent reactions use these products to capture and reduce
carbon dioxide. Most organisms use visible light to produce oxygen.

The proteins that gather light for photosynthesis are embedded within cell mem-
branes. In the light reactions, one molecule of the pigment chlorophyll absorbs one
photon and loses one electron. This electron is passed to a modified form of chloro-
phyll called pheophytin, which passes the electron to a quinone molecule, allowing
the start of a flow of electrons down an electron transport chain.

21.10.3 Quantum Mechanics in Photosynthesis

It was discovered [172] that quantum mechanics might be involved in the process
of photosynthesis in some marine algae at room temperature. Previously the role of
quantum effects in the photosynthesis at room temperature was ruled out because of
the quantum decoherence.

The evidence comes from a study of how energy travels across the light-
harvesting molecules involved in photosynthesis. The work by Scholes et al. [172]
demonstrated that the light-harvesting molecules involved in photosynthesis in a
marine algae may exploit quantum processes at room temperature to transfer energy
almost without loss.

The antenna proteins absorb light and transmit the resultant excitation energy
between molecules to a reaction center. The efficiency of these electronic energy
transfers was investigated in many works on antenna proteins isolated from pho-
tosynthetic organisms to uncover the basic mechanisms at play. Recent work has
documented that light-absorbing molecules in some photosynthetic proteins cap-
ture and transfer energy according to quantum-mechanical probability laws instead
of classical laws at temperatures up to 180 K. Photosynthesis starts with the ab-
sorption of a photon of sunlight by one of the light-harvesting pigments, followed
by transfer of the energy to the reaction center, where the primary electron trans-
fer reactions convert the solar energy into an electrochemical gradient. The trans-
fer of this excitation energy towards the reaction center occurs with a near unity
quantum yield. The Fenna–Matthews–Olson (FMO) pigment–protein complex is
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found in low light-adapted green sulfur bacteria. Under physiological conditions,
this complex is situated between the so-called base-plate protein of the large pe-
ripheral chlorosome antenna and the reaction center complex, and it is transporting
sunlight energy harvested in the chlorosome to the reaction center pigments. The
complex is a trimer made of identical subunits, each of which contains seven bacte-
riochlorophyll molecules.

In [377], the spatial and temporal dynamics of excitation energy transfer through
the FMO complex at physiological temperature are investigated. The numerical re-
sults demonstrate that quantum wave-like motion persists for several hundred fem-
toseconds even at physiological temperature, and suggest that the FMO complex
may work as a rectifier for unidirectional energy flow from the peripheral light-
harvesting antenna to the reaction center complex by taking advantage of quantum
coherence and the energy landscape of pigments tuned by the protein scaffold. The
observation of long-lasting and robust quantum coherence prompts the speculation
that quantum effects may play a significant role in achieving the remarkable effi-
ciency of photosynthetic excitation energy transfer. In [227], it is proposed that the
FMO complex performs a quantum search algorithm that is more efficient than a
classical random walk suggested by the hopping mechanism. Quantum coherence
enables the excitation to rapidly and reversibly sample multiple pathways to search
for bacteriochlorophyll molecules that connects to the reaction center.

This contrasts with the long-held view that long-range quantum coherence be-
tween molecules cannot be sustained in complex biological systems, even at low
temperatures. In [172], two-dimensional photon echo spectroscopy measurements
on two evolutionarily related light-harvesting proteins isolated from marine crypto-
phyte algae are presented, which reveal exceptionally long-lasting excitation oscil-
lations with distinct correlations and anti-correlations even at ambient temperature.

These observations provide compelling evidence for quantum coherent sharing
of electronic excitation across the 5-nm-wide proteins under biologically relevant
conditions, suggesting that distant molecules within the photosynthetic proteins are
‘wired’ together by quantum coherence for more efficient light-harvesting in cryp-
tophyte marine algae.

For the experiments [172], the proteins were isolated from the algae and sus-
pended at low concentration in aqueous buffer at ambient temperature (294 K).
The femtosecond laser pulse (25-fs duration) excites a coherent superposition of
the antenna protein’s electronic vibrational eigenstates (absorption bands). The ini-
tial state of the system is thus prepared in a non-stationary state, where electronic
excitation is localized to a greater or lesser degree compared to the eigenstates. The
time-dependent solution to quantum dynamics for electronically coupled molecules
with this initial condition predicts that excitation subsequently oscillates among the
molecules under the influence of the system Hamiltonian until the natural eigen-
states are restored owing to interactions with the environment.
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21.10.4 Quantum Network Model

Electron transport in organic molecules, such as proteins and polymers, may be
described by quantum graphs [112, 292, 446, 529, 635]. Indeed, it follows one-
dimensional pathways (the bonds) changing from one path to other due to scattering
centers (the vertices). Charge transport in solids is also well described by quantum
graphs. A simplified version of a quantum graph is given by a quantum network.
Here we describe some recent works on application of quantum networks to photo-
synthesis.

Light-harvesting complexes are typically constituted of multiple chromophores
which transform photons into excitons and transport them to a reaction center. Ex-
perimental studies of the exciton dynamics in such systems reveal rich transport
dynamics consisting of short-time coherent quantum dynamics which evolve, in the
presence of noise, into an incoherent population transport which irreversibly trans-
fers excitations to the reaction center. In order to elucidate the basic phenomena
clearly without overburdening the description with detail, we consider the relevant
complexes as systems composed of several distinct sites, one of which is connected
to the chromosomes while another is connected to the reaction center. This complex
effective dynamics will then be modeled by a combination of simple Hamiltonian
dynamics which describe the coherent exchange of excitations between sites, and
local Lindblad terms that take into account the dephasing and dissipation caused by
the external environment.

The pigment–protein complex will be considered as a network composed of dis-
tinct sites, one of which receives a single initial excitation, while another is con-
nected to the reaction center.

A network of N sites will be described by the Hamiltonian [151]

H =
N∑

j=1

�ωjσ
+
j σ−

j +
∑

j �=k

�vjk(σ
−
j σ+

j + σ+
j σ−

k )

where σ+
j = |j〉〈0| and σ−

j = |0〉〈j | are raising and lowering operators for site j ,
the state |j〉 denotes one excitation in site j and |0〉 is the zero exciton state. The
local site energies are ωj , and vjk is the coherent tunneling amplitude between the
sites j and k.

The dynamics of the network’s density matrix ρ(t) is described by a Markovian
master equation of the form

d

dt
ρ(t) = −i

[
H,ρ(t)

]+ Ldiss
(
ρ(t)

)+ Ldeph
(
ρ(t)

)

where the local dissipative and pure dephasing terms are described respectively by
GKS-L super-operators

Ldiss(ρ) =
N∑

j=1

Γj

(−{σ+
j σ−

j , ρ} + 2σ−
j ρσ+

j

)
,
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Ldeph(ρ) =
N∑

j=1

γj

(−{σ+
j σ−

j , ρ} + 2σ+
j σ−

j ρσ+
j σ−

j

)
.

The total transfer of excitation is measured by the population in the ‘sink’, num-
bered N + 1, which is populated by an irreversible decay process with rate ΓN+1
from a chosen site k as described by the GKS-L super-operator

Lsink(ρ) = ΓN+1
(
2σ+

N+1σ
−
k ρσ+

k σ−
N+1 − {σ+

k σ−
N+1σ

+
N+1σ

−
k , ρ}).

The initial state of the network at t = 0 is assumed to be a single excitation in
site 1 (i.e., state |1〉). The model is completed by introducing the quantity by which
we measure. The efficiency of network’s transport properties will be measured by
the population transferred to the sink psink(t), which is given by

psink(t) = 2ΓN+1

∫ t

0
ρkk(τ ) dτ.

For a fully connected uniform network, when �vjk = J for any j �= k, and more-
over, when ωj ,Γj and γj are the same on every site, i.e., ωj = ω,Γj = Γ and
γj = γ , an exact analytical solution is found in [151] for the density matrix. It fol-
lows that for Γ = 0 (no dissipation) one gets different behavior of the network for
the cases γ = 0 and γ �= 0. If γ = 0 then

lim
t→∞psink(t) = 1

N − 1
.

If γ �= 0 then

lim
t→∞psink(t) = 1. (21.15)

The result psink(∞) = 1 means that there is the complete excitation transfer.
Therefore, it is shown that the dephasing noise leads to the enhancement of the
transport of excitons in this quantum network modeling the photosynthetic com-
plexes.

It is found in [152] that the quantum and classical capacities for a family of quan-
tum channels in the complex network dynamics can be enhanced by introducing
dephasing noise.

21.10.5 Chaotic Amplifier and Decreasing of Entropy

Note that a constructive role of chaos in quantum computations was investigated in
[369, 600, 602], see Chap. 14.

The phenomenon of the enhancement of the transport of excitons might be re-
lated with the decreasing of entropy discussed in Chap. 20.
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21.10.6 Channel Representation of Photosynthesis

Here, we introduce the complete positive trace-preserving quantum channel which
describes the photosynthesis. Let H = (C2)⊗N be the Hilbert space of the total
system where N is the number of vertices, ρA ∈ S(C2) the initial state of the site 1,
and ρE ∈ S((C2)⊗N−1) the state of the environment. The output state at time tout is
given by

ρB(tout) = Λ∗(ρA) = trEU(tout)ρA ⊗ ρEU∗(tout)

where U(tout) of the unitary evolution of system and environment for time tout. Let
us see the change of von Neumann entropy of the state. Let ρ(0) be the state at time
t = 0 as

ρ(0) =
(

p γ

γ ∗ 1 − p

)

.

According to [152], the output state ρB(t) = ρ(t) at time t can be written by

ρ(t) =
(

η(t)p
√

η(t)s(t)γ√
η(t)s(t)γ ∗ 1 − η(t)p

)

.

Now we represent ρ(t) in the form given in Sect. 20.2.6 such that

ρ00(t) = η(t)p.

Then we solve the GKSL equation. One has

η(t)p = r01

r01 + r10
− r01

r01 + r10
e−(r01+r10)t + pe−(r01+r10)t .

Since η(t) should not depend on p, we take r01 = 0, then we have

η(t) = e−r10t . (21.16)

Similarly, ρ01(t) is written as

ρ01(t) =√η(t)s(t)γ

= γ e− 1
2 (r00+r01+r10+r11).

According to (21.16), s(t) becomes

s(t) = e−(r00+r11)t .

If the von Neumann entropy of ρ(t) increases in time t , p should be

p >
r01

r01 + r10
+ r10 − r01

2(r01 + r10)
e(r01+r10)t .
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In the case of r01 = 0, this condition becomes

p >
r10

2r10
er10t = 1

2
er10t ,

or equivalently,

η(t) >
1

2p
.

This condition might correspond to a condition in [151] for obtaining (21.15). The
general version of the above discussion will be given in [374].

21.11 Quantum-Like Models for Cognitive Psychology

A few authors pointed to a possibility to apply the mathematical formalism of quan-
tum mechanics to cognitive psychology, in particular, to games of the Prisoners
Dilemma (PD) type [44, 73, 144–146, 177, 256, 415–417, 420, 424–426]. It was
found that statistical data obtained in some experiments of cognitive psychology
[182, 339, 340, 703, 704] cannot be described either by a classical probability model
(Kolmogorov’s model) or by the conventional quantum mechanics [420, 426]. These
experiments play an important role in behavioral economics; these are tests for ratio-
nality of agents acting in the market (including the financial market). Note though
that in [44] statistical data from one of experiments (Tversky–Shafir [704]) was
described by a quantum Markov chain. Khrennikov suggested that the decision-
making process in PD-type games could be described by a “quantum-like model”,
which has a mathematical structure different from the conventional quantum me-
chanics. Recently, a quantum-like model of decision making for two-players games
was proposed [73]. The quantum-like decision-making in this model is described by
a simple system of differential equations for the quantum state. Our final aim is to
describe the decision making process in the PD-type game intuitively more plausi-
ble, for which quantum-like representation should be essential. For instance, we are
looking for a new interpretation of equilibrium such as Nash’s.

21.11.1 Quantum-Like Model for Decision-Making in Two-Player
Game

Pay-off Table of Two-Player Game

Let us consider a two-player game with two strategies. The two strategies players A
and B choose are denoted by “0” and “1”. Table 21.19 shows pay-offs assigned to
possible four consequences of “0A0B”, “0A1B”, “1A0B”, and “1A1B”.

In Table 21.19 a, b, c and d are the values of pay-offs.
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Table 21.19 The values of
pay-off A\B 0B 1B

0A b\b d\a
1A a\d c\c

We have the relation a > b > c > d for the game of prisoner’s dilemma (PD)
type. The goal of this game is to maximize the pay-off for each player independently.
For the player A, his pay-off will be a or c if the player B chooses “0” and b or d

if the player B chooses “1”. In both cases, from the relations of a > b and c > d , he
can obtain larger pay-offs if he chooses 1. The condition for the player B is same
as that for the player A. We conclude that, in a PD game, a “rational” player always
chooses “1”.

However, the above discussion does not completely explain the process of
decision-making in real player’s mind. Actually, as seen in statistical data in some
experiments, real players frequently behave “irrationally”. The model proposed in
[73] is an attempt to explain such real player’s behaviors in “a quantum-like model”.

21.11.2 Decision-Making Process in Player’s Mind

Let us focus on player A’s mind. In principle, the player A is not informed about
the action the player B chooses. The player A will be conscious of two possibilities
of B’s action. This indeterminacy of the player A is described by means of the
following quantum superposition:

|φB〉 = α|0B〉 + β|1B〉 ∈ C
2. (21.17)

The values of α and β relate to the degrees of consciousness to B’s actions. This vec-
tor is called a prediction state vector. In accordance with the formalism of quantum
mechanics, |α|2 + |β|2 = 1 is assumed.

When the player A decides to choose the action “0”, he will be conscious of two
consequences of “0A0B” and “0A1B” with the weights α and β , respectively. This
situation is described by the vector on C

2 ⊗ C
2 such as

|Φ0A
〉 = α|0A〉 ⊗ |0B〉 + β|0A〉 ⊗ |1B〉
= |0A〉 ⊗ |φB〉. (21.18)

Similarly,

|Φ1A
〉 = |1A〉 ⊗ |φB〉 (21.19)

is given for the situation when A decides to choose “1”. By using these state vectors
|Φ0A

〉 and |Φ1A
〉, we define the following vector for the player A:

|ΨA〉 = x|Φ0A
〉 + y|Φ1A

〉 ∈ C
2 ⊗ C

2, (21.20)
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(|x|2 +|y|2 = 1), which is called a mental state vector. The player A with this mental
state chooses his own action probabilistically. His decision is described as “quantum
measurement” of |Φ0A

〉 or |Φ1A
〉 in the state |ΨA〉. The probabilities of “0” and “1”

are given by P(0A) = P0A
= |x|2 and P(1A) = P1A

= |y|2.
The decision-making process is described as a dynamics changing |x|2 and |y|2,

and its dynamics has a stability solution. Such a stabilization of mental state explains
the following psychological activity in the player A’s mind: The player A has two
psychological tendencies, one is to choose 0 and the other to choose 1. The two
tendencies change in his mind, and they become stable balance. We do not consider
here quantum dynamics of the mental state vector and focus only on the diagonal
part of the density matrix. As a most simple classical dynamics, the equations like
chemical equilibration are assumed as

d

dt
P0A

= −kP0A
+ k̃P1A

,

d

dt
P1A

= kP0A
− k̃P1A

.

(21.21)

The parameter of k (k̃) corresponds to the velocity of psychological reaction from
0A to 1A (from 1A to 0A). The stable state of the probabilities P0A

and P1A
is given

as

P E
0A

= k̃

k + k̃
, P E

1A
= k

k + k̃
, (21.22)

where E means equilibrium. From the above discussions, the player’s tendency to
choose 1 or 0 is proportional to the velocity k or k̃, and these parameters decide the
stability solution of (21.22). It is assumed that k̃ is not zero in the case of PD, which
explains the irrational behavior of the player A. The next question is how we can
derive the velocities k and k̃ from fundamental considerations.

21.11.3 Definition of Velocities of k and k̃

In this model, the values k and k̃ are given by the “comparison” of possible conse-
quences, 0A0B , 0A1B , 1A0B , and 1A1B . The player will consider the following four
kinds of comparisons:

0A0B

k1�̃
k1

1A0B, 0A1B

k2�̃
k2

1A1B,

0A1B

k3�
k̃3

1A0B, 0A0B

k4�
k̃4

1A1B.

(21.23)

These comparisons are represented again by chemical-like equilibrations, each of
which is specified by reaction velocities, ki and k̃i . We note, in the next subsection,
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the relation between ki (k̃i ), and the pay-off table of game is explained. Here, let us
consider four maps from B(C2 ⊗ C

2) to B(C2 ⊗ C
2) with forms of

Vi (·) ≡ Vi · V ∗
i , Ṽi (·) ≡ V ∗

i · Vi (i = 1,2,3,4), (21.24)

where {Vi} are the transition operators defined by

V1 = |1A0B〉〈0A0B |, V2 = |1A1B〉〈0A1B |,
V3 = |1A0B〉〈0A1B |, V4 = |1A1B〉〈0A0B |. (21.25)

Each Vi gives state transitions in the four comparisons of (21.23). Furthermore, the
map providing state transitions between |Φ0A〉〈Φ0A| and |Φ1A〉〈Φ1A| is considered

V (·) ≡ V · V ∗,
Ṽ (·) ≡ V ∗ · V,

(21.26)

where

V = |Φ1A〉〈Φ0A|. (21.27)

Using V and Ṽ , the differential equations of (21.21) are rewritten as

d

dt
tr
(

V (Θ)
) = −k tr

(
V (Θ)

)+ k̃ tr
(

Ṽ(Θ)
)
,

d

dt
tr
(

Ṽ(Θ)
) = k tr

(
V (Θ)

)− k̃ tr
(

Ṽ (Θ)
)
,

(21.28)

where Θ is the mental state |ΨA〉〈ΨA| of (21.20). The maps V and Ṽ specify the

“comparison” in the player’s mind. Thus, depending on the forms of V and Ṽ , the
values of k and k̃ are decided. V and Ṽ have forms depending on α and β , which are
the coefficients of the prediction state vector |φB〉 of (21.17). In general, V �= Vi , if
α or β �= 0 or 1. Actually, from the definition of |Φ0A,1A

〉 of (21.18) and (21.19), one
can easily check that

V =|α|2|1A0B〉〈0A0B | + |β|2|1A1B〉〈0A1B |
+ αβ∗|1A0B〉〈0A1B | + α∗β|1A1B〉〈0A0B |

=
∑

i=1,2,3,4

ciVi, (21.29)

where {ci} = {|α|2, |β|2, αβ∗, α∗β}. Equation (21.27) is rewritten as

V (·) =
∑

i=1,2,3,4

|ci |2 Vi (·) +
∑

i �=j

cic
∗
j Vi · V ∗

j ,

Ṽ (·) =
∑

i=1,2,3,4

|ci |2 Ṽi (·) +
∑

i �=j

c∗
i cjV

∗
i · Vj .

(21.30)
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The term of
∑

i |ci |2 Vi (·) (or
∑

i |ci |2Ṽi (·)) indicates that the four kinds of compar-
isons affect the player’s tendency to choose 0 (or 1) simultaneously. The terms of∑

i �=j cic
∗
jVi · V ∗

j and
∑

i �=j c∗
i cjV

∗
i · Vj indicate that the four comparisons are not

done independently in the player A’s mind. The player A in our model holds inde-
terminacy about B’s action, so his concerns about the consequence of “0A0B” and
“0A1B” (or “1A0B” and “1A1B”) are always “fluctuated”. Under such a situation,
the player A cannot do four comparisons independently. The “correlation” terms of∑

i �=j cic
∗
jVi · V ∗

j and
∑

i �=j c∗
i cjV

∗
i · Vj represent psychological influences from

the situation where the player A is not informed of B’s action. The velocities of
k and k̃ should have the forms reflecting effects of the four comparisons and the
correlations between them. Such the k and k̃ are defined as

k = |μ|2, k̃ = |μ̃|2, (21.31)

where

μ ≡ |α|2μ1 + |β|2μ2 + αβ∗μ3 + α∗βμ4 =
∑

i

ciμi,

μ̃ ≡ |α|2μ̃1 + |β|2μ̃2 + α∗βμ̃3 + αβ∗μ̃4 =
∑

i

c∗
i μ̃i .

(21.32)

Here μi=1,2,3,4 and μ̃i=1,2,3,4 are complex numbers satisfying |μi |2 = ki , |μ̃i |2 = k̃i

for given ki and k̃i , then k and k̃ are given as

k =
∑

i=1,2,3,4

|ci |2ki +
∑

i �=j

cic
∗
jμiμ

∗
j ,

k̃ =
∑

i=1,2,3,4

|ci |2ki +
∑

i �=j

c∗
i cj μ̃iμ̃

∗
j .

(21.33)

These are similar forms as V and Ṽ represented in (21.30). In (21.33), the most
important point is to present the complex numbers μi and μ̃i . These parameters
will have no meanings as physical quantities, rather, they have meanings similar to
“amplitudes” introduced in the quantum mechanical sense. The “correlation terms”
as
∑

i �=j cic
∗
jμiμ

∗
j will give the effect similar as “quantum interference” to the value

of k.
One can simplify the representation of k and k̃, by defining the operator called

“comparison operator”:

Tσ ≡ |Φ1A
〉〈Φ1A|T |Φ0A

〉〈Φ0A| + |Φ0A
〉〈Φ0A|T |Φ1A

〉〈Φ1A|
= μ|Φ1A

〉〈Φ0A| + μ̃|Φ0A
〉〈Φ1A|, (21.34)

where T is a matrix given in the form of

T =

⎛

⎜
⎜
⎝

0 0 μ̃1 μ̃3
0 0 μ̃4 μ̃2
μ1 μ4 0 0
μ3 μ2 0 0

⎞

⎟
⎟
⎠ , (21.35)
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and the index σ of Tσ denotes the prediction state σ ≡ |φB〉〈φB |. By Tσ , k and k̃

are represented as

k = 〈Φ0A|T ∗
σ Tσ |Φ0A〉 ≡ 〈Φ0A|Kσ |Φ0A〉,

k̃ = 〈Φ1A|T ∗
σ Tσ |Φ1A〉 ≡ 〈Φ1A|Kσ |Φ1A〉. (21.36)

Here, Kσ = T ∗
σ Tσ is Hermitian because it represents an operator of the velocity.

This operator is different from conventional operators of physical quantities defined
in quantum mechanics since its form is determined depending on the prediction
state σ . This property indicates that the dynamics in our model has the “state adap-
tivity” which is an important concept in the adaptive dynamics theory proposed in
[608].

21.11.4 Decision-Making in PD-Type Game and Irrational Choice

The parameters ki and k̃i introduced in the previous subsection specify the player’s
four kinds of comparisons, see (21.23). It is natural that these comparisons depend
on a given game, namely its pay-off table is Table 21.19.

The most simple relation of the pay-offs and the parameters ki , k̃i is determined
by the magnitude relation between the pay-offs. In the case of prisoner’s dilemma
(PD) type game, the relation of pay-offs is a > b > c > d , and then, ki and k̃i are
given as

k1 = 1, k2 = 1, k3 = 1, k4 = 0,

k̃1 = 0, k̃2 = 0, k̃3 = 0, k̃4 = 1.
(21.37)

Such a setting is very simple, but not realistic. The real player’s decision-making
will depend on differences between the pay-offs, not only magnitude relations. That
is, the following setting will be more realistic:

k1 = f1
(|a − c|), k2 = f2

(|b − d|), k3 = f3
(|b − c|), k4 = 0,

k̃1 = 0, k̃2 = 0, k̃3 = 0, k̃4 = f̃4
(|a − d|).

(21.38)
The functions fi(x) are assumed to be monotone increasing functions.

Under the settings of ki and k̃i of (21.37) or (21.38), the probability P E
0A of

(21.22) is not zero as a result. Thus, our model explains that the player A generally
has the possibility to choose the “irrational” choice of 0 in a PD game. The reason of
this result is that the parameter of k̃4 is not zero. k̃4 represents the degree of tendency
to choose 0 which occurs from the comparison between consequences of 0A0B and
1A1B . It should be noted that such a comparison is not considered in the classical
game theory.
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21.11.5 Non-Kolmogorovian Structure

This model is a non-Kolmogorovian model. Let us consider the following probabil-
ities relating with the player A’s decision.

P(mA): Probability that the player A chooses the action mA (mA = 0 or 1).
P(nB): Probability that the player A decides “the player B will choose nB (nB = 0
or 1)” in a definitive way.

P(mA|nB): Conditional probability that the player A chooses m under the condi-
tion that he decided “the player B will choose n”.

The player A in this model has a prediction state of σ . The probability of P(mA)

corresponds to PmA
of (21.22), whose form depends on the prediction state σ . The

probability of P(nB) is assumed to be tr(σ |nB〉〈nB |). When A decides that B’s
choice will be nB , A’s prediction is changed from σ to |nB〉〈nB |. One can check
that

P(0A|nB) + P(1A|nB) = 1,

P (mA|0B) + P(mA|1B) �= 1,

which can be seen in the classical probability theory. However, one can find that

P(mA) �= P(mA|0B)P (0B) + P(mA|1B)P (1B),

in general. This is a violation of the total probability law, so that the PD has given
us one example of non-Kolmogorovian models.

In the vein of the above researches, the “subjectivity” will play very important
role, and mathematical study to describe decision making process with the subjec-
tivity should be done.
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ESR, 515
Essential spectrum, 41
Essentially entangled, 215
Euclid’s algorithm, 15, 355
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Eukaryotic, 612
Euler closed path, 27
Euler function, 359, 444
Euler’s theorem, 359
Event, 29
Event system, 103
Evolution operator, 62
Exact divergence center, 236
Expectation value, 71, 76
Exponential vector, 469

F
Fault-tolerant quantum computation, 407
Feinstein’s theorem, 121
Fermat’s little theorem, 358
Fermionic Fock space, 46
Fidelity, 399, 481
Finite measure, 32
Finite operational partition of unity, 543
Finite rank operator, 41
First coding theorem, 121
First kind of measurement, 84
Fock representation, 47
Fock space, 44, 469

Boson, 44
Fermion, 44
total, 44

Fock–Darwin energy level, 507
Fock–Darwin Hamiltonian, 506
Free particle, 63
Fuzzy entropy, 256
Fuzzy set, 256

G
Galilean relativity principle, 73
Galilei transformation, 75
Gate

AND, 23
NOT, 23
OR, 23
Toffoli gate, 25

Gaussian distribution, 294
Gaussian form, 294
Gaussian wave function, 296
Gel’fand triple, 50
Gelfand-Kolmogorov-Yaglom

theorem, 109
General state, 66
Generalized beamsplitting, 471
Generalized entanglement, 200
Generalized Markov chain, 528
Genetic code, 616
Genetic difference, 637
Genetic matrix, 638

Genome, 612, 617
Genome annotation, 617
Gibbs entropy, 529
Gilbert–Varshamov bound, 403, 404
GKS-L super-operator, 709
GKSL master equation, 532
Gleason’s theorem, 77
GNS construction theorem, 54
Gödel encoding, 19, 20
Gödel number, 20
GQTM, 327
Graph, 27
Grover’s search algorithm, 336
Grover’s unitary operator, 337
Gupta–Bleuler formulation, 421

H
H-transposition operation, 196
Hadamard gate, 323, 331
Hahn–Banach theorem, 204
Halt, 315

conventional, 326
halting problem, 19
probabilistic, 326

Hamilton closed path, 27
Hamiltonian, 70
Hamilton’s equation, 296, 298
Heisenberg equation, 61
Heisenberg picture, 63
Heisenberg uncertainty relation, 446
Heisenberg’s uncertainty principle, 82
Helmholtz free energy, 530
Hermite polynomial, 73
Hermitian operator, 40
Hida distribution, 50
Hida rotation group, 51
Hida–Malliavin derivative, 632
Hidden variable, 173
Hilbert space, 38

direct sum, 42
tensor product, 42

Hilbert–Schmidt norm, 42
Hilbert–Schmidt operator, 42
Holevo–Levitin quantum mutual entropy, 146
Holevo’s upper bound, 230
Human genome project, 617

I
Identity function, 22
Independent, 32, 426
Indicator, 31
Infinite dimensional differential operator, 50
Information, 2, 103
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Information transmission process, 102
Inner product, 37
Insertion lemma, 315
Instrument, 93
Interference term, 69, 87
Internal symmetry, 98
Involution, 35
Ion traps, 510
Isometry operator, 40
Iwadare code, 665

J
Jamiolkowski isomorphism, 204
Jaynes–Cummings model, 562
Jensen’s inequality, 34
Joint distribution, 94
Joint probability, 31
Joint probability distribution, 33

K
Kallen–Lehmann representation., 428
Klein–Gordon–Fock equation, 426
Klein’s inequality, 105, 129, 257
KMS condition, 57
KMS state, 57
Kolmogorov–Chaitin complexity, 259
Kraus–Sudarshan representation, 88, 136

L
Langevin equation, 570
Language, 16, 19
Laplace operator, 415
Lebesgue measure, 33
Lie algebra, 74
Lifting, 152, 522, 525

affine, 152
attenuation, 154
completely positive, 152
compound, 155
isometric, 154
nondemolition, 153, 525
pure, 152

Linear functional, 35
Linear operator, 39
Liouville equation, 298
Literal, 27, 370
Local causality

Bell’s, 171
condition

Bogolyubov, 169
Local commutativity, 187
Local realism, 184

Bell’s, 184

in the sense of Einstein, 187
Locality, 169

Bell, 173
Locally finite diffuse measure, 468
Logistic map, 270, 381
Lorentz-invariant form, 420
LQTM, 328
Lyapunov exponent, 271

M
Marginal state, 194
Markovian master equation, 709
Martingale, 34
Mathematical model of DDS, 688
Maximally entangled state, 498
Maximum subspace rate, 248
Maxwell equation, 414
McMillan’s theorem, 117
Measurement problem, 83
Memory space, 632
Message units, 442
Minimal finite resolution, 241
Minkowski space, 169
Minkowski space–time, 420
Mixed state, 66
Mixing S-entropy, 159
Modular conjugate operator, 58
Modular exponentiation, 360
Modular operator, 58
Momentum operator, 492, 577
Multiple alignment, 618
Multiplicity, 40, 674
Mutual entropy, 111, 113, 114, 116

N
n-fold symmetric tensor product, 44
Natural extension, 58
Negation, 24
Nernst’s theorem, 531
Net, 53
NJ, 638
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No-cloning theorem, 448
Noncommutative spectral

representation, 437
theorem, 437

Nondegenerate spectrum, 40
Nondemolition, 522
Norm, 38
Normal form QTM, 315
Normal operator, 39
Normal order, 50
Normalized map, 498
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NOT gate, 371
NP-complete problem, 27
NP-problem, 27
NPT state, 203
Nuclear magnetic resonance, 512
Nucleic acid, 614
Nucleoside, 615
Nucleotide, 614
Number operator, 45
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Observable, 70
Observable-adaptive, 263
ONB, 41
One-particle Hilbert space, 467
ONS, 41
Open system, 610
Operation, 88
OR gate, 372
Oracle, 335
Organelles, 612
Orthnormal basis, 41
Orthogonal complement, 38
Orthogonal extremal decomposition, 234
Orthonormal system, 41

P
Poincaré transformation, 423
p-adic bioinformation space, 675
p-adic distance, 673
P-problem, 26
Pairwise alignment, 618
Parametric down-conversion, 516
Parity check matrix, 403
Partial function, 18
Partial trace, 44
Partial-isometry operator, 40
Partially recursive function, 21
Pauli equation, 422
Pauli matrix, 74, 446
Pegg–Barnett phase, 503
Peierls inequality, 129
Phase difference of beams, 503
Phenotype, 617
Photon detector, 449
Photon emitter, 449
Photosynthesis equation, 707
Photosystem, 705
Plaintext, 442
Planck’s constant, 70
PMV, 92
Point spectra, 40
Poisson noise, 52
Poisson process, 52

Polarization, 449
Populations of excited neuron, 630
Position operator, 492
Positive map, 498
Positive map-valued measure, 92
Positive operator, 39
Positive operator-valued measure, 80, 91
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PPT criterion, 203
PPT state, 203
Primitive recursion, 22
Privacy amplification, 450
Private key cryptography, 11, 443
Private key cryptosystem, 444
Probabilistic error model, 311
Probability, 29
Probability amplitude, 68
Probability distribution, 31
Probability measure, 29, 77
Probability space, 29
Problem of observation, 87
Processing, 634
Product lifting, 526
Product state, 214
Projection operator, 40
Projection theorem, 38
Projection-valued measure, 41, 81
Projective unitary representation, 74
Prokaryotic, 612
Protein, 613
Protocol, 444
Pseudo-mutual entropy, 228
Pseudo-quantum capacity, 228
Pseudo-quantum code, 233
Pseudo-random number, 591
Public key cryptosystem, 444
Pulse amplitude modulation, 542
Pulse position modulation, 542
Pure state, 446
Pure-state fidelity, 247
Purification, 195
PVM, 81

Q
q-compound state, 200
q-entanglement, 200
QMC, 219
QPT, 76
Quadratic interpolation, 160
Quadratic mean, 160
Quantum algorithm, 334

efficient, 361
Quantum Baker’s map, 571, 595
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Quantum channel, 136
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chaotic, 136
deterministic, 136
ergodic, 136
noisy optical channel, 138
optical communication processes, 137
orthogonal, 136
quantum measurement, 137
reduction, 137
Schwarz type, 136
semigroup evolution, 136
single qubit quantum channels, 138
stationary, 136
unitary evolution, 136

Quantum chaos SAT algorithm, 265
Quantum circuit, 322
Quantum code, 234
Quantum coding, 102
Quantum coding scheme, 247
Quantum conditional probability, 77
Quantum context, 439
Quantum cryptography, 509
Quantum data processing inequality, 147
Quantum dot, 505
Quantum duality, 67
Quantum entropy, 127

additivity, 128
CNT, 162
concavity, 128
continuity, 128
entropy increase, 128
entropy rate, 248
lower semicontinuity, 128
of a general state, 159
positivity, 128
strong subadditivity, 128
subadditivity, 128
symmetry, 128

Quantum error-correcting code, 404
Quantum Fano inequality, 249
Quantum gate, 319

AND, 372
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COPY, 372
fundamental, 371
Hadamard, 331
OR, 6, 372
universal, 323

Quantum joint probability, 77
Quantum Markov chain, 219, 544

Quantum measurement, 83, 97
first kind, 84
measurement procedure, 84
second kind, 84

Quantum mechanical correlation, 174
Quantum mechanics, 64
Quantum mutual entropy, 3, 144

generalized, 148
Ohya’s, 144, 161

Quantum oscillator, 72
Quantum parallelism, 67
Quantum probability, 75
Quantum relative entropy, 131
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Araki’s, 160
functional, 160
invariance under the unitary mapping, 131
joint convexity, 131, 161
lower bound, 131, 162
lower semicontinuity, 131, 162
monotonicity, 131, 162
positivity, 131, 161
Uhlmann’s, 161

Quantum SAT algorithm, 264
Quantum teleportation, 462, 509
Quantum teleportation channel, 500
Quantum transition channel, 327
Quantum Turing machine, 314
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linear, 328
normal form, 315
QND-type, 325
unitary, 328

Quantum well, 505
Quantum wires, 506
Quantum-like model, 712
Quasi-free, 157
Quasi-mutual entropy, 211
Qubit, 8

R
Radon–Nikodym derivative, 109
Radon–Nikodym theorem, 32
Random process, 32
Random variable, 31, 426
Range, 39
Raw key, 450
Recognition of signal, 628
Reduction of quantum state, 85
Reduction of the wave packet, 75
Reduction of wave packet, 85
Relative entropy, 108, 113

additivity, 108
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continuity, 108
expansibility, 108
joint convexity, 108
lower semicontinuity, 110
monotonicity, 108
positivity, 108
symmetry, 108

Renyi entropy, 130
Repetition code, 397
Resolvent, 40
Ribonucleic acid, 613
Riemann zeta function, 418
RNA, 613
Rotation group, 74
RSA cryptosystem, 445

S
S-matrix, 65
Sample space, 29
SAT problem, 28, 370
Satisfiable, 27, 370
Scattering, 65
Schatten decomposition, 127
Schrödinger equation, 70, 699
Schrödinger picture, 62
Schrödinger’s cat states, 503
Schwarz inequality, 37
Second coding theorem, 122
Second kind of measurement, 84
Second quantization, 45, 470
Security, 445
Self-adjoint map, 498
Self-adjoint operator, 39
Self-orthogonal convolutional code, 664
Separable state, 193
Shannon’s inequality, 147
Shor code, 402
Shor’s quantum factoring, 361
Simple spectrum, 40
Simulate, 317
Singlet state, 430
Size scaling, 283
Space-dependent correlation function, 432
Spatially separated, 486
Spectral theorem, 41
Spectrum, 40
Spherical spinor, 431
Spin, 74
Spin correlation, 432
Spin down vector, 462
Spin up vector, 462
Standard Borel space, 93
Standard representation, 238

State, 52, 426
Bernoulli type, 115
compound, 193
ergodic, 115
faithful, 54
mixture, 54
normal, 54
pure, 54
q-compound, 200
separable, 193
stationary, 115

State-adaptive, 263
Stationary, 315
Stationary channel capacity, 120
Stochastic approximation, 567
Stochastic limit, 393
Strong ∗ (operator) topology, 53
Strong (operator) topology, 53
Stronger correlation, 215
Successor function, 22
Sum of photon number, 503
Symmetric cryptosystem, 443
Symmetric operator, 40
Symmetry group, 73
Symplectic transformation, 156

T
Takesaki theorem, 59
Tape, 16, 313
Tape head, 18
Teleportation channel, 462
Teleportation map, 499
Tensor product Hilbert space, 42
The scaling dimension, 559
Threshold, 411
Threshold theorem, 409
Time evolution, 97
Time scaling, 283
Tinkerbell map, 275
Toffoli gate, 25
Tomita theorem, 58
Tomita–Takesaki scheme, 205
Total capacity, 238
Trace, 42
Trace class, 54
Trace class operator, 42
Trace norm, 42
Transcription, 616
Transition expectation, 153, 523, 525
Transition function, 18
Transmission rate, 120
Transmitted complexity, 253, 540
Transposed cone, 207
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Travel salesman problem, 27
True quantum, 200
Truth assignment, 27, 370
Turing computable, 21
Turing machine, 16, 18, 313

reversal, 315
universal, 21

Two-mode squeezed operator, 492
Two-qubit quantum gate, 508

U
Ultimate security, 451
Ultrastrong ∗ (operator) topology, 53
Ultrastrong (operator) topology, 53
Ultraweak (operator) topology, 53
Umegaki relative entropy, 131
Unbounded operator, 39
Uncertainty relation

with mutual entropy, 447
Uniform (operator) topology, 53
Unitary, 74
Unitary operator, 40
Unitary transformation theorem, 320
Universal basis, 26
Universal Turing machine, 21
UPG, 638
UQTM, 328

V
Vacuum vector, 45, 578
Value of information, 628

Velocity Verlet algorithm, 701
Von Neumann algebra, 52

σ -finite, 56
finite, 55
infinite, 55
purely infinite, 56
semifinite, 55

Von Neumann entropy, 3

W
Wave function, 68
Weak ∗ closed convex hull, 54
Weak (operator) topology, 53
Weak teleportation problem, 463
Weight, 620
Weyl algebra, 47, 156
Weyl form, 47
White noise, 48
White noise probability space, 49
White noise process, 49
Wick order, 50
Wiener process, 52
Wightman axioms, 423

X
XOR, 509

Z
Zero function, 22
Zero-particle Hilbert space, 468
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